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PREFACE. 



Algebra is allowed to be the grand pillar on which the 
whole science of Mathematics depends. It is the foundation on 
which the glorious superstructure of the abstruse sciences has 
been reared, and is therefore of undoubted importance and utility. 
Indeed, volumes have been written on the elegance and impor- 
tance of this study, but the subject is inexhausted ; and the au- 
thor deems no apology necessary for dwelling a few moments 
on a subject which has occupied much of his time, and which has 
proved a source of the purest gratification while engaged in its 
pursuits. 

We have said that Algebra is the foundation of all the abstruse 
sciences ; the assertion is not made at random, but admits of am- 
ple proofs and clear demonstrations. Unlike arithmetic in this 
respect, it does not merely consist in understanding the common 
routine of mechanical and mercantile pursuits, but its study ex- 
pands the intellect, enlarges -the reasoning faculties, and accustoms 
the juvenile mind to patient attention and accurate reasoning. By 
its operations, the laws which govern the planetary system have 
been calculated, their order, harmony, and regularity have been 
displayed, and their general characteristics have been developed; 
the trackless ocean has been traversed, its boundaries have been 
determined, and a communication has been opened with every 
corner of our globe. Hence the increasing taste for these studies 
is readily accounted for, and we cease to wonder at the numerous 
compilations which have appeared, in order to facilitate the labors 
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of the student. Unfortunately, however, the increase .omand 
for works of this nature has called into existence an ephemeral 
race of authors, who, instead of lessening the labors of the student, 
have strown his path with new difficulties, and harassed and per- 
plexed him with unmeaning and tautological rules and expressions, 
insomuch that many have given up its pursuit on the very thresh- 
old, and others, having proceeded a short distance, and found new 
. and increasing difficulties at every step, have closed the volume, 
and with it all attempts at mathematical studies, in hopeless despair. 
It may be here mentioned, that some of these works on algebra 
• are mere copies of others, and in one instance a person of this city, 
though, to our credit be it spoken, not an American, having repub- 
lished a European work, claimed the merit of it as his own, after 
having copied verbatim from another, and with so little judgment 
that the very errors of the press, in the London edition, appear 
glaringly, and without comment, in the work which this individual 
(James Ryan, N. Y.) claimed as exclusively his own. 

As it respects the method which should be adopted in pursuing 
the study of algebra, it should be remarked, that it is of primary 
importance that the student should in the first place make himself 
master of the common rules of arithmetic. Unless this is accom- 
plished, it would be mere waste of time to attempt proceeding in 
the study of this science, which, although beautifully simple in 
its rules, is precise and accurate in its investigations. It is also the 
nature of all mathematical sciences, and of algebra in particular, 
to advance in continued progression, patiently but steadily ; and 
hence the obvious necessity of the student's learning every thing 
thoroughly, and of perfectly understanding every rule and ques- 
tion as he advances, before he proceeds to another. 

By these means the study, instead of being a toil, will become a 
pleasure, what at first appeared difficult will become easy, and the 
student will find new beauties allure him at every step, and cheer 
him through every difficulty. Let the diligent student also bear 
in mind that genius without application is useless, and that con- 
tinued and untiring perseverance can accomplish almost every 
thing, however arduous it may appear at the outset. When, 
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however, to a genius and a taste for mathematical pursuits 
is added a persevering industry, the juvenile mind ascends the 
ladder of science to the topmost round, and gazes eagle-eyed on 
that imperishable tablet where are recorded the names of a New- 
ton, an Euler, Galileo, Leibnitz, Lagrange, and Laplace, who, by 
their works, have not only shed a lustre upon the science, but 
have gained for themselves an immortality that shall endure till 
time shall be no longer. Our own country too, though it is com- 
paratively young, and has made but little progress in the mathe- 
matical sciences, has yet produced a few men who would have 
done honor to any age or country ; and when the green sod of the 
valley shall have covered their mortal remains, when the present 
generation shall have passed away and been forgotten, their names 
will acquire unfading lustre, and be hailed by generations yet un- 
born, as the luminaries of science, and as the benefactors of the 
human race. Posterity must pass their eulogia, to posterity "they 
must look for their fame and their immortality. And here, could I 
find suitable language, I might pay a passing tribute to the memory 
of him who sleeps beneath the waves of the Atlantic, the youn£, 
the accomplished, the lamented Fisher.* But what avails it? He 
hath passed from his sphere of usefulness ; his bright and glorious 
career is finished; but his memory yet lives, and will be cherished 
in the hearts of his countrymen as a legacy never to be forgotten. 

It only remains now for the author to state the reasons which 
have induced him to this compilation, and the manner in which it 
has been treated. 

To make an excuse, or to offer an apology for a work of this na- 
ture, is, I believe, unnecessary, because, if it should prove unwor- 
thy of the public patronage, no excuse will palliate its defects, and 
no prefatorial apology will be received in extenuation for accidental 
or wilful error. Hence, apology is needless ; but the author be- 
lieves it to be a duty he owes to the public to state the reasons 
which have caused this compilation, and they are briefly these : 
In his own opinion, and in that of some of the best mathemati- 
cians of our city, the different algebras at present in use in this 

* He was a passenger in the packet-ship Albion, lost on the coast of Ireland. 
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country are defective in many particulars. The rules, it is believed, 
are generally not the best that could be given, and in some cases 
are tediously abstruse and perplexing ; and though there is gene- 
rally an ample sufficiency of theory, yet there is not practice 
enough to engage without wearying the attention of the student, 
and to excite without overburdening his reasoning faculties. 
These objections it has been the aim of the author to remove, and 
to treat the subject on a clear and rational foundation, with as 
much simplicity as possible, and, instead of making a mystery of 
the science, and putting new and imaginary difficulties in the way 
of the student, to remove them by every possible method. 

For these reasons the questions are worked out at full length, 
and every thing explained in the operation ; and it is believed that 
the time is gone .by -when the best method of teaching algebra was 
thought to be by giving the student a difficult question, and leav- 
ing him to ponder and pore for weeks over a set of, to him,' 
unmeaning symbols and figures. 

The solutions of the greatest part of the difficult questions, being 
all given, will be of utility, also, in an economical point of view; 
as* to all the algebras now in use, Keys, containing solutions, have 
been published, and by the necessity of purchasing them the stu- 
dent is subjected to additional expense. 

The student will find a greater number of new equations than 
have ever been published in any treatise before. As they are 
problems which possess a degree of interest to the mind of the 
young student, it has been thought they would prove highly use- 
ful by blending amusement with study. The method of solving 
the irreducible case of cubic equations is new and of great im- 
portance, as it solves the most difficult questions with the greatest 
ease. 

The author, in conclusion, would take this opportunity of re- 
turning his grateful thanks to the public for the liberal patronage 
bestowed on his former publications ; and in offering this new work 
to their notice, he fearlessly depends on the candor and impar- 
tiality of an enlightened and liberal public. 

JOHN D. WILLIAMS. 
Dighton, March 1, 1829. 



ALL THE DIFFERENT FORMS OF CUBIC EQUATIONS. 



"Given z*-\-a? — 5z-\- 25, to find the value of z true to abo* 

figures, and also z 9 — a?— 2z = — 1, to find z. \ 
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See Rules that follow page 11 
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All the possible forms of Cubic Equations exhibited at one vi 

1. Given z* + ax*=r t or s 8 + z 2 =500. 

2. Given x 9 — az*=r, ox x 9 — 3a 2 =5. 

3. Given x 9 — ax*=— r, or z 8 — 48Z 3 =—200. 

4. Given x 9 -j- ax= r, or z 3 -f- 9x= 6. 

5. Given x 9 — az = r, or x 9 — 27rr = 36. 

6. Given x 9 — ax = — r, or x 9 — 12a: = — 12. 

-7. Given a^4-a^ + 3a:=r, or a: 8 -4- 5z*-f 29s = 1829. # 

8. Given af-f-az* — bx= r, or z 9 -\-2z* — 3z=9. 

9. Given z 9 — ax*-]-bx=zr y or x 9 — 39, 6a*+ 585,6s =293* 

10. Given x 9 — ax* — bx = *r } or x 9 — 120a 9 — 300z = * 

11. Given x 9 — ax 2 — bx= — r, or x 9 — z* —2x = — 1 . 

12. Given x 9 — ag?-{-bz= — r, or a 8 — 5z*-\-2z = — 1! 

13. Given a^ + oa 2 — bx—— r, or x 9 +2z*—23zax S *--7i 
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I ELEMENTS OF ALGEBRA. 



DEFINITIONS AND NOTATION. 

1. Algebra is a general method of computation, in which ab- 
stract quantities are represented by letters, and their connexion 
pointed out by means of certain indeterminate characters or sym- 
bol*, which have been invented for this purpose. 

2. The leading rules in Algebra are the same as those in Arith- 
metic, viz: Notation, Addition, Subtraction, Multiplication and 
Division. 

3. Known quantities are usually expressed by the first letters 
of the alphabet, a, b, c, &c., and unknown quantities by the last, 
z, y, z, &c., and this must be always understood, unless the 
contrary be expressed. 

4. A simple equation, or an equation of the first degree, is that 
which contains the unknown quantity simply; that is, without 
any of its powers except the first. A quadratic equation, or an 
equation of the second degree, is that which contains the square, 
but no higher power, of the unknown quantity. 

5. The sign > is called greater than, and the sign < is called 
less than; and the expression in which either of these signs oc- 
curs is called an inequality ; thus, the inequality a ]> b denotes 
that a is greater than b, and the inequality a <^b denotes that a 
is less than b ; the greatest quantity being always placed at the 
opening of the sign. 

6. The sign Plus, or -|-, denotes addition, and means that the 
quantities between which it is placed are to be added together; 
thus, a -f- b means that the quantity represented by b is to be 
added to the quantity represented by a, and is read, a plus b. 
If a represents 9, and b 5, then a -f- b represents 14. 

7. This character — (or minus) is the sign of subtraction, and 
means that the quantity to which it is prefixed is to be taken from 
the former. If a represents 9, and b 5, then a — b represents 4. 

8. The sign X is called the sign of multiplication, and placed 
between two quantities, denotes that they are to be multiplied to- 
gether. A point is often used instead of this sign, or, when the 

auantities to be multiplied together are represented by letters in 
lie form of a word, tne sign may be altogether omitted ; thus, 

1 1 
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2X4X5, or 2.4.5, is the continued product of 2, 4 and 5. 
Likewise, 7 X « X i> or 7.a.b., or 7ab, is the continued pro- 
duct of 7, a, and 3. 

9. -5- divided by. This character is the sign of division, and 
signifies that the former of the quantities between which it is 
placed is to be divided by the latter ; thus, a -5- b means that the 
quantity a is to be divided by -b. The division of one quantity by 
another is frequently represented by placing the dividend over the 
divisor, with a line between them, in which case the expression is 

called a fraction ; thus, j)iyi sor '-t> signifies a divided by b ; then 

a is the numerator and b the denominator of the fraction. 

10. A quantity in the denominator of a fraction is also expressed 
by placing it in the numerator, and prefixing the negative sign to its 

index; thus, a~ l ,a~*, ar* 9 ar*, signify -j, -g, -3, — , respectively ; 

these are called the negative powers of a. 

11. Points are generally made use of to denote proportion ; thus, 
a ; b : : c ; d, signifies that a bears die same proportion to b 
that c bears to d. 

5= equal to. This sign means that the quantities between 
which it is placed are equal to each other ; ax — by = cd -f- ad, 
signifies that the quantity ax — by is equal to the quantity cd -j- ad. 

12.. The sign X between two quantities means or signifies their 
difference ; thus, atfXfisaSxorx fa, according as a or x 
is the greater ; a+x signifies the sum or difference of a and x. 

13. A vinculum , is a line drawn over several quantities, 

and signifies that the terms under it are to be taken as one whole, 
and to be affected with the same operation. The modern method 
of expressing the same thing is by the parenthesis ( ) or bracket, 

[ ]. Thus (a^\-b) X x, a-\-b X x, or \a-\- *] X x, means that 
the quantity represented by a -j- b is to be multiplied by the quan- 
tity represented by x. Let a == 3, b = 4, then (a -f- b) X # = 7x, 
and if x ;= 1, then 7x as= 7. 

14. The powers of algebraic quantities are denoted by placing 
a small figure, called the index or (indices) exponent of the power, 
to the right hand of the letter, as a 9 , a 9 , a 4 , &c. ; so when the index 
is a fraction the numerator shows the power to which the quantity 
is first to be raised, and the denominator expresses the root to be 

extracted ; thus a* denotes the cube root of a square ; a* is the 
square root of a 9 ; and a* denotes the square -root of a, the same as 

*/a; aS, the cube root of a, the same as ttya\ a* the fifth root of 
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the cube of a, or jjf<£ ; and a* is the ninth root of a fifth power of a, 

or />ya?; and (a -^ £)■ denotes the nth root of the sum of a and b. 

15. A surd, or irrational quantity, is that of which the value can- 
not be accurately expressed in numbers ; thus 2, 3, 5, and 7, the root 
of quantities, are denoted by the radical a/, with the proper index in 
it. The signs >^/, or £/, \f, \f, &c. r are used to express the square, 
cube, biquadrate, &c, roots of the quantities before which they 
are placed ; thus, a/2, tya, fya* *» a, /f/a* = a. 

16. The reciprocal of any quantity is that quantity inverted, or 
unity divided by it i so the reciprocal of a, or -J, is -, and the recip- 
rocal of - is i. 

b a 

17. A rational quantity is that which has no radical sign or in- 
dex annexed to it, as a, fa, or 8a. 

18. The words therefore, consequently, or that is, are usually 
expressed by the symbol .\ ; thus the sentence therefore a -{- b 
is equal to c -f- d, is expressed by .*. a -|- b = c -(7 d. 

19. Positive or affirmative quantities are those which are to be 
added, as a or -f-a, or Sax, or -(- Sax. See ex-1, p. 5- For when 
a quantity is found without a sign it is understood to be positive, 
or to have the sign -J- prefixed, that is, always when it is a leading 
quantity ; and a quantity without any coefficient is supposed to 
nave one or unity before it; thus, a = once a, (la.) 

20. Negative quantities are those which are to be subtracted, 
as Ex. 11, viz : — 2btf, — 6bf, — bf, — Sbtf, — hf. 

SI. When two quantities are multiplied together, each, consid- 
ered separately, is termed the coefficient of the other ; but when 
one of them is a known quantity, it alone is termed the coefficient. 
Thus in the quantity ab, a is the coefficient of b, and b of a; but 
in 4r, the numeral 4 is the coefficient of x, and z is never termed 
the coefficient of 4. Sometimes the coefficient is a compound 
quantity, as (a -J- b)x, or ax -f- bx ; here the coefficient is a -f- b. 

22. Like signs are such as are all positive, (-}-)> plus, or all 
negative, ( — ), minus. 

23. Unlike signs are when some are positive, plus, (-}-), and 
others minus, ( — ). 

24. Like quantities are such as do not differ except in their co- 
efficients ; as 2ax*, and — Sax 2 . Unlike quantities are those which 
differ in letters or power, as 2, a and b, or 6a*£*, and 4o 2 y s . 

25. A monomial, or simple quantity, is a quantity consisting of 
One term only, as a ; Sbx ; — 2xy ; -j- Sxy. 

} 28. A binomial quantity consists of two terms, as a -(- x, or 
) ft — b 9 the latter of which, being connected by the sign — , is some- 
times called a residual. 
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27. A trinomial consists of three, &s a -{- bz — 3y. 

28. A quadrinomial is a quantity consisting of four terms, as 
to? -f- Sxy — 3y -j- bxtp* or a -\- b — x-\*y. 

29. A multinomial, or polynomial, is a quantity consisting of 
many terms, or of an indefinite number of terms, as a -f- b — 
c-f-a* — x -j- y, &c. 

30. When two equal quantities are compounded with the sign 
c= between them, the comparison is called an equation ; thus 34-4 
b= 7, or 2x -f- 4 = 8, is an equation ; the quantity on the left 
hand side of the sign = is called the first member of an equa- 
tion, and the quantity on the right hand of it the second. In the 
equation 2x -|- b = a ; 2x -J- b is the first member, and a is the 
second. When the quantities which compose a number are sep- 
arated by the signs -f- or — , each quantity, so separated, is called 
a term ; thus, the first member of the equation 2x -}- 3 = a, con- 
tains two terms, viz. 2x and b ; also a and b are the terms of ab or 

b 

— » and a> b, x % y are the terms of the proportion a : b : : x : y 

31. A quantity is said to be a multiple of another when it con- 
tains it a certain number of times exactly ; thus 16a is a multiple 
of 4a, as it contains it exactly four times. 

32. An equation of the third, fourth, &c., degree, is one in which 
the highest power of the unknown quantity is the third, fourth, 
dec., powers ; and in general, an equation, in which the unknown 
quantity is called an equation of the with degree, and each of the 
two members of an equation is called a side. 

33. If equal quantities be either increased or diminished by the 
same quantity, the results will be equal, or, in other words, if each 
side of an equation be either increased or diminished by the same 
quantity, the result will be an equation. 

34. If each side of an equation be either multiplied or divided 
by the same quantity, the result will be an equation. 

35. If each side of an equation be either involved to the same 
power, or evolved to the same root, the result will be an equation. 

36. Hence, generally, whatever operations be performed on one 
side of an equation, if the same operations be performed on the 
other side, the result will be an equation. 

37. Notation in Algebra is the method of representing any pro- 
posed quantity by means of certain symbols. 

1. What is the numeral value of a -j- b — c, supposing a sb7, 
b as 5, and c = 8 ? 



ADDITION. O 

Here a + b — c = 7 + 5 — 8 = 12 — 8 = 4, Ans. 

2. What fs the value of } , where a = 4 ; 5 = 6; a: =3, 
an<ly = 7? * + * 

Here os + ty, or 4x3 + 6x7 = 12 + 42 = 54 

And b + ar,or 6 + 3 = 9. Hence ^i^ = ^ = 6 > Ans. 
1 l 3 + # 9 

3. What is the numeral value of — -j - */&&<> sup- 
posing = 9; 3 = 4; c = 3 ; a* = 2 ; and 2; = 8 ? 

a3 . as— d 3 _ -^ (9 X 4) , (9X8)— 2* 

c "*"* 3 ** 3 " r 4 

— ^(9X4X4) = 16. 

Here, ab, 01 1 9 X 4 = 36, which, divided by c or 3, gives 12, the 
value of the first term. Then ax,, or 9 X 8=72, from which sub- 
tracting a 9 or 8, there remains 64 ; which, divided by 3, or 4, gives 
16, the value of the second term. Therefore the sum of the first 
and second terms is 28. Then ab 2 , or 9 X 4 X 4 =5 144, the 
square root of which is 12, the value of the third term ; and this 
subtracted from the sum of the former terms, because connected 
by the sign — , gives 16, , the value of the whole expression*. 



ADDITION. 



38. Addition in Algebra is the method of finding the sum of Seve- 
ral algebraic quantities, and connecting them together by their pro- 
per signs. This rule is generally divided into three cases.. 

Case: L To. add like quantities with like signs* 

Rule. Add the coefficients of the several quantities together, and 
to their sum prefix the common signs and annex the common let- 
ter or letters. 

Ex. 1. Ex. 2. Ex. 3. Ex. 4.. Ex. 5. Ex. 6. 

a la — 4az 5ax 6x + 3y. 4x + ly 

2a 2a — 2ax 9ax 2x + 5y x -\- y 

4a 9a — 6ax l&ax Sx + &y 5x + 8y 

Ex. 7. "" Ex. 8. Ex." Ex. 10. Ex. 11. 

3a — Sax 2ay 2b 4- 3y — 2bjf 

5a — 6ax 5ay 5b -- ly — 63y* 



a —ax 4ay b + 2y — btf 

"la ~2ax lay 83 -- y — 83y* 

12g — lax IGay 4* + 4y — 3y* 

~2Ba ~-19ga: May 20b + 17y — 183y« 

1* 



2b -j 


h % 


53- 


- ly 


3- 


- %y 


83- 


- y 


43- 


- 4y 



ALGEBRA. 



Case II. To add like quantities with unlike or different signs. 

Rule. Add all the positive or plus quantities into one sum, and 
ail the negative or minus into another sum ; subtract the less of 
these sums from the greater ; to their difference prefix the sign of 
the greater sum, whether -f- or — , and annex the common letter 
or letters. 



Ex. 1. 
+ 5a 
— 3a 

-j- 2a sum. 



Ex.2. 
— 5x 

+ 3x 



Ex. 3. 

+ 3a 
— 2a 



Ex. 4. 

—6y 



Ex. 5. 

— &y*/x 




2x sum. -[- la sum. -\-3y sum. — 3y*/x sum. 

fx!§ Ex 10. 



Ex. 7. Ex. 8. 

2a — 37* 6r 4- 5ay 

— 7a-|-5r 2 — 3r + Say 

— 3a -j- f 8 t — 6ay 
-|_ a —3^ 2r+ ay 



— 2a 3 

— 3a 2 

— 8a 8 
+ 10a 2 
+ 13a 2 



"Ex. 

3ay — 7 

— ay + ® 
+ 2ay — 9 

— 3ay — 11 
-f 12ay + 13 



+ lla — 7a 



6r + 2ay -f 10a 2 + 13ay — 6 



Note. In the 6th example, the sum of the positive or plus quan- 
tities exceeds the sum of the negative by lla; consequently the 
sign is -f" t according to the rule. In the 7th example, the sum 
of the positive or -f- (plus) quantities is less by 7a than the sum 
of the negative or — (minus) quantities ; consequently, the sign 
is — , according to the rule. In the 9th example, the sum of the 
positive terms is 23a 2 , and the sum of the negative ones is — 
13a 9 ; their difference, therefore, is -f- 10a 2 , which is the sum re- 

?[uired. The other examples are wrought in a similar manner, 
f the positive and negative quantities be equal, the sum is noth- 
ing, and they are said to destroy each other. See example 7, 
tight hand column. 

Ex. 13. 

— §a*/x 
-4- bajs/x 
+ a*/x 

— 5a*/ x 



Ex. 11. 

+ 9x 

— 6z 
-f 7x 

— x 



Ex.12. 

— 4a 2 

+ < 

— 9a 9 

+ 70 2 

— 6a 2 



Ex. 14. 
+ 6as 

— 2aa: 
+ 7aa: 

— ax 



t 



Ex. 15. 

6a -j- 4* 
4a + 8x 
5a — 2x 
la — Zx 



— 6at/x -f lOaar — 2a + 7x 



Ex.16 
— 6* +43* — 8 

-i-fe-f 3**+l 
4-&*— 3x* + 9 
+ 7s —6a? — 7 



Ex. 1.7 

7*/y — 4(a4-fc) 
6Vy+2(a- -£) 

Vy--3(«-M) 



a( 

— 4a( 

— 2a( 

6a{ 



14a:— 3a? — 5 lS*/y—±(a+b) ""^"^ 



Ex. 18 

•*) — 3V(a— x) 
-b) + 7*/{a—x) 
•b) — 8V(a— x) 
•b) +U A /{a~x) 
+10*/(a—x) 



ADDITION. 7 

HI. To add quantities, when some are like and otters 
: or when aU the quantities are unlike. 
:. Add the like quantities together, according to cases 1 

connect the unlike quantities in any order, with their 
signs and coefficients prefixed. 

:. 1. 

+ 4 Ex.2. Ex. a Ex.4. 

+ 12 — 3ax* + 10^/ax -f 3y -f tax* 

— 14 4- ax* — 3/s/az — y — §ar* 

+ 3 + & axh + W« + *y + 2^4 

— 10 ^6az* — 12^/ax _2i/-|-6*e* 

— 5 — 3rfa*x==3azl — a/ ax 4y-}~ 7 oaf 

IfiX. o. Ex. 6. 

a $<* , 7 s/lc ^ab+x . 3a t 4-4$c— «M-10 

r~T H — * — 9{ ~d~ ' —6a*+6bc+ ^— >* 

to . 7c 9 12V3c . at ab+z. —4^— 93c— 10^+21 

to . 4c 2 5\/3c Q/ a£ -f- x. 

" » "^ ~ — — ' — 3 — ' 

ax a 

7. Ex. 8. Ex. 9. Ex. 10. 

-y 2a:r — 30 2xy— 2x* 6xy — 12a? 

3s* — 2az 3z*4- xy 3xy — 4z* 

5z* _ 3x* 3*+'** 2*y4- 4a? 

_ 3 Va: + 10 4x* — 3xy 3xy + 4x* 

2 8^—2 63^+ sy 14ry — 82 * 

;. When quantities with literal coefficients are to be added 
r, it may be done by ax-\-b ax*-{-bx 

the coefficients, witn cx-\-d cx*—dx 

oper signs, under a (a-\-c)x-\-b-{-d (a-f^^-M^ — Q* 
m, or between brackets, and then subjoining the common 
j to the sum or difference thus arising, as in the margin. 
Ex. 1. Ex. 2. 

ax-^-by 1 x*-\-adz 

cdx-f-ady 1 £x* — nz 

bx-r—cy 1 bx*-\-cez 

dx^—wiz 



tx 

ry 

vx 



\-b)x-\-{b-\-ad — c)y* {d-\-b-\-\ i ) a;> "K fl ^ — w-f-ce — m)z 



squired the sum of —J- and——. Answer,. a. 

dd 5x — 3a-f-J+ 7 > **& —&& — 3a>f-24— 9, together. 



8 SUBTRACTION. 

31 Add* 2a-f 35— 4c— 9, and 6a— 3W-2c— 10, together. 
4. Add a^+o^-jr3a;-j-2, and a?-{-ca?-\-dz — 1, togetker. 

SUBTRACTION. 

39. Subtraction in Algebra is the method of finding the dif- 
ference between two algebraical quantities, and connecting those 
quantities together with their proper signs. 

Rule 1. Set those quantities from which the subtraction is to he 
made in one line, and the quantities to be subtracted in a line 
below them, observing to place like quantities under each other 
when they occur. 

Rule 2. Subtraction in Algebra is performed by simply chang- 
ing the signs (-f- into — , and — into -|-) of the lower line of 
quantities to be subtracted, and then adding or connecting them 
as in addition, and the result will be the difference required. 

Ex. 1. Ex. 2. 

From 8a or changing the ) To 8a From -f- 6a -4- &y — 7 
Take 3a sign of 3a ) Add— 3a Take — 3a + 2y — 3" 

The answer or remainder, -|- 5a -f- 9a -f- 3y — 4 

Here the quantity to be subtracted is — 3a-f-2y — 3 ; we there- 
fore change its signs according to the 2d rule, and it becomes 
-f-3a — 2y -f- 3, and thi3 added to the other quantity gives the 
remainder + 9a -J- 3y — 4. 

Ex. 3. Ex. 4. Ex. 5. Ex. 6. 

5a* — 2b x*— 2y+3 5xy+ 8a^-2 +8^ — 2y — 5 

2a 8 + 5b 4r»-f- 9y— 5 3xy— Sx—1 — y» -f 3iy+2 

3a 8 — n — 3a 8 —! ly-f 8 2xy+16x+5 - f 9y* -l^gy — 7 

EXAMPLES WITH LITERAL COEFFICIENTS. 

Note. When the quantities that are to be subtracted have lit* 

ax — b ax*-\-bx 

eral coefficients, the opera- cx ^ ex 9 — ex 

tion may be performed by -. — r-z — =- ' . , , ■ — 

placing the coefficients, with (a-c)x+d-b (a— c)z*+(b+c)x 

their proper signs, between brackets, as in addition, and then sub- 
joining the common quantity, the same as in the margin. 

Ex. 19. From pxy-\- qxz — rz*-\-s 
Take mxy — pqxz — nz*-j-a 

Remainder , (p — m)xy-\-(\-\-p) qxz-\-(n — r)z*-\-s — a. 

1. Required the difference of -5—» and — — . Answer, b. 

2. From ax 9 — bx*-\-cx — 5a*, take bx*-\-ex — 12a\ 



MULTIPLICATION. -9 

MULTIPLICATION. 

40. Multiplication in Algebra is the method of finding the pro* 
duct of two or more indeterminate algebraic quantities, and is ge- 
nerally divided into three cases. 

Cass I. When both factors are simple quantities. 

Rule. Multiply the coefficients of the two quantities together, 
and annex to the result (or product) all -the letters in both factors, 
which will give the whole product required. If the signs of the 
factors be like, that is, both -f- or both — , the sign of the product is 
-f- ; but if they are unlike, or one of them — and the other -4-, 
-the sign of the product is — : and this is commonly expressed by 
saying, like signs give plus, and unlike signs minus. 

Ex. 1. Ex. 2. Ex. 3. Ex. 4. Ex. 5. 

Multiply 4a 4abc 9xy* — 3abc — 6a*bc 

b y 3& 2ac —2z 5a*b —2b*x* 

\2ab 120*60* — l&V — TEaWc +\2a*b z cz t 

Case II. When one factor is a compound and the other a 
simple. Rule. Multiply each or every tenn of the compound 
factor separately by the simple factor, and to each product 
prefix its proper sign, and the result will be the whole product. 

Ex. 6. Ex. 7 . Ex.9 . Ex.10 . 

3a— 2b 6zy— 8 \2x-~af* a *—2x+\ 

4a Sz 6a 4z 

12a 9 — Sab I8z*y— 24* 60ax— 5a*b 4a*z— 8a*-ffe 

Ex. 11. Ek. 12. Ex. 13. 

35x—7a 12xy—ax-l-6 Slxf—A^/x ■ a 

. —2x 3zy —2*/b 



—70?- -14<w: 36zV— &ufy+lSzy — 62xtf*/b+8^bx— 2a*/b 



Case III. When both factors are compound quantities. 
Rule. Multiply every part of the multiplicand by each part of 
the multiplier, placing the products one after the other, with their 
proper signs ; then add the several products together, as in com- 
mon multiplication. 
Ex.1- Multiply a+b Ex. 2. a+b Ex. 3. a*+ ab+b* 

by &-\-b a — b a — b »- 

l«t, by a**a % +ab a*+ab a^+cFb+cff * 

2d, by& .. ab+b* —ab+b* —g*b—ab*—b 9 

Product a*+2ab+b* a* *— b* a 3 * * — b* 

When we have two or more quantities to multiply together, it is 
indifferent which two we begin with ; for the products will always 
be the same, as will appear from the following example. 

2 



> • 



10 



REDUCTION OF ALGEBRAIC FRACTIONS. 



Let it be proposed to find the value or product of the four fol- 
lowing factors, viz : 

(II.) 



(a+b) (rf+ab+P) 

1st. Multiply the factors I. and II. 
a*+ab+P 
a+b 



(in.> . (iY.v 

(a — by and (a 8 — ab-\4P\ 
Next the factors III. and IV. 

a — b 



*b+aP+P 



^-f-afl 2 
*b—ab*—b* 



tf—2a*b+2atf—& 



e?+2a*b+2ab*+b* 

It remains now to multiply the first product L IL by the second 
product III. IV. 

a 3_ 2 ^+2^ 2 — b 3 



^_|_2« 5 £+2a 4 £ 2 +a 3 £ 3 
— 2a 5 3— 4a 4 3 2 — 4a 8 3 3 — 2£b K 

+2a 4 b 2 +4a 3 b 3 +4<?b 4 -{-2aF 
—c?b 3 —2(fb i —2ab 5 —l> 9 

rt* IF tI* tt tt tI* ey 

2d. Change the order of the question ; that is x multiply the 
factors I. and III., then II. and IV. together. 

Then multiply the products I. III., 
and the II. IV. 
fl+d Then a*+ab-\-P 

a—b 



<?-\-ab 
ib—b* 

# —& 



c? — ab\fr 

tf+cfb+cfb* 
—a 3 b—a*b*—ab 3 



a*+a*b* + &* 
g 2 — b* 

a* + a%*+<?b* 



+(?#+ ab 3 +b 4 a 6 * 



* — b* which 

a* # -j-a 2 3 2 * -f"^ 4 i s tne product required. 

3d. Again multiply the I. factor by the IV., and next the II. 

by the III. It remains to multiply the 

product L IV. and II. Ill 
tf—ab+& Next J+ab-\- & a 3 +b 3 

a-\-b a — b g 8 — b 3 

a*+rfb 3 
—c?b 3 — V 



tf—tfb+ati 1 
? * *4-5 8 



tb—atf—b 3 



c? 



# — » 



a° 



m 



as in the two foregoing cases. 

It will be proper to illustrate this example by a numerical ap- 
plication. Suppose o=3, and 3=2, we shall have a-\-b=5, and 
a — #=1 ;. further, a 2 =9, ab=6, and £ 2 =4, therefore 0*+^+^*= 
19> and a 8 — a£-{-M==7 : so that the product required is that of 



■ULTITUCATION. 



fXl»XlX?=6«5. Now o«=729, and M^M ; eottsequoatly 
the product is a' — i*=665, as we have already seen. 



Ex.4. 



Ex. 5. 



oM-arVI-aizM-:*" 

«■— aiVt-a^— ** 

o"+oo"-)-«<?— o"»— <ft— ate <j"+3rfi+ai'a?-l-«'i" 

^a-U'+ac*— ae 1 — oic— i"c — 3a"z— 9aV— 9«V— &rV 

«■ » +f « — aaic+tt — »V— 3gV— aia'-^' 



451 



.. i + 



» 



>■> 



■ IF 



HSLTimCATIOIT. 

|S ||s -I £ s 1* 

I* 111 Sj d i £2 

■!r I|-*-2 H af.l +g 






f! 11 IIl.W 



.|Kj'li4i Irlffl 



••■Zxf 






S 2 3 HI'S a H" «3a B " 

& > \hijjnhiel4 



l\ nl J-I >?sa a 



Ex.9. 

Multiply »WWM 
by «^faH<g4-gr' 

dcr'+dm-j?+dnx'-\-dri> 



MTTLTTPLICATlOIC. 



fc 



Ex. 10* 
114— a/ \ 196a?— (^+24) 8 } or, 1 14- t/(\W7*-<£— 48**— 676) 
©rmult. 114— */{\48z*— x a — 676) 
by 114— ^/(148z s -^r 4 — 676) 



1 14*— 1 14*/( 148a*— a*— £76) 

—1 Hy/( 148fc»— g^^-676)+C148^— a; 4 — 676 ) 

ftod. 12996— 228V(148^^^—576)+(1482?—^— 676) 

Ex. 12. Ex. 13. 

3a^2aY+3« 8 a «+^-fc 4 

6^4-4^^-f 6 ^ o^faV-f^ 1 ^ 4 



— ftsV— 6zV— 0aV — <tV— <iV— c? 

+l&y+10ay-fl5^ a? 



# # 



6a?— &zY— (SaY-j-gigy+ay+ig/ 



Note. When the quantities that are to he multiplied together 



oa>-|-& a — bx 

ex — d c — dx 



acx*-^-bcx ac — hex 

— adx — bd r—adx-^-bdz* 



-tare literal co- ^ 
efficients, pro- 
ceed as before, 
putting the 

* Um ' °J ^ iffer " acx*+(bc— ad)x— bd ac—(bc+ad)x+bdx* 

BflC6 OI UlC CO* A 

efficients of the resulting terms, between brackets, as in the for- 
mer rule. And if several compound quantities are to be multiplied 
together, multiply the first by the second, and then that product by 
the third, and so on to the last factor, as below. 

&-\-2z 3a — x 

0r--3x 2a-f-4s 

<t-\-2ax 6a 2 —2ax 

Sax— So* +I2ax— 4s» 

£ — ax — 6x* 6a*-\-10ax— -Ax 9 

a\Ax 4a — 2x 



(t—tfx—Sax* 24^+40^—160^ 

-}_4a 2 q:— W--24a 8 — 1 2a*x— 2Qgs 2 -f8g s 

< ?+3a*x—10ax 2 —24 x d 24g 8 +28g a a;— 36^—82* 

To this we may add, that it is usual, in some cases, to write 
down the quantities that are to be multiplied together, between 
brackets, or under a vinculum, without performing the whole ope- 
ration ; as 3ab(a-\-b)X&A/(a* — #*) 
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DIVISION.. 

41. Division in Algebra is the method of finding the quotient aris- 
ing from the division of one algebraic quantity by another. Divi- 
sion is generally divided into three cases, namely, when the divisor 
and dividend are both simple quantities ; when the divisor is a 
simple quantity and the dividend a compound one ; and when the 
divisor and dividend are both compound quantities. 

Case I. When the divisor and dividend are both simple terms. 

Rule. Place the divisor in the form of a denominator under 
the dividend ; cancel those letters which are common to both, and 
divide the coefficients by any number that will divide them with- 
out a remainder, and the result will be the quotient required. 

Rule II. Divide the coefficients as in common arithmetic, and 
to the quotient annex those letters in the dividend which are not 
found in the divisor. 

A general rule for the signs in all the cases of division . 

When the signs of the divisor and dividend are alike, (that is, 
both -|- or both — ,) the sign of the quotient will be -}-• When 
they are unlike, (that is, the one -J- and the other — ,) the sign 
of the quotient will be — . 

The above rule briefly expressed in one view, is as follows: 
Div'r. Div'd. Quo't. Div'r. Div'd. Quot. 

Both minus. 
} - 



h Plus J Plus 1 Plus 

2 - J - J + 

Minus ) Minus ( Plus 




AGAIN, THUS : 

4-ab . , — ab , _ — ab , A-ab * . 

-\-a — a -\-a — a 

and these four are all the cases that can possibly happen with 
regard to the variation of the signs. 

rowers and roots of the same quantity are divided by subtract- 
ing their idices, that is, subtract the index of the divisor from the 
index of the dividend. 

Thus, — .== <r x = a\ or a; -z = a = <r =«* 
a a 3 a* 

a i or s a a \ 

.*-*_.,,. •._*-*„ *•.!-* _^r. £__-_.; 

a"** _ „ ar m a~ m+B . 

~ *• __■___■ __i * ^____ 

a n ' cr n 



DIVISION. 15 

f. Divide 16a* by 8s: 2. Divide 12as by 3a. 

16s 2 « A 12os M 4 

- — = 2s, Ans.. — n — = 4s, Ans. 

8s 3a 

3. Divide —10s 8 by —2s. 4. Divide — 18as*y by —Sax. 

— 10s 2 . _ A — ISasfy , 9sy . 

___ + &> Ans. ___ = + _, Ans. 

5. Divide 12a*a^ by — 8a 9 s. 6. Divide — 15ay 2 by 3ay. 

-gg =- ^Ans. — j- =- *, Ans. 

PPfora the coefficients of the divisor and dividend are both frac* 
tions. 

Rule. Invert the coefficients of the divisor, that is, put the de- 
nominator of the divisor in the numerator's place, and the nume- 
rator in the denominator's place ; then proceed as in multiplica- 
tion of fractions in arithmetic. 

7. Divide 12a s s 3 3y 3a 9 s. 8. Divide — 15a3* by — 3abk> 

\2a*x* A . — 15oA , \5a$ = 5bt~* =&£- 
= — 4s, Ans. - = -J - 

-3aV — 3ab* 2ab* 

9.Divide 18affib* by — fc^s* Divide — 13ah 3 c by — 7a W # 
18a*b*z* _ ^ — ISah'c _ 13a^ ac *"* iaAc *_ 

-J&a&z* —7ah*£ 7 7 

Case II. When the divisor is a simple quantity and the divi" 
Send a compound one. 

Rule. Divide each term of the dividend separately by the di- 
visor, and put down such as will not divide in the form of a frac- 
tion, and the result will be the quotient required. 

1. Divide 18a 2 3— 54a 2 by 6a 9 . 2. Divide 16as— 40s 3 by 8s. 

]8a*b — 54a 9 M „ 16as— 40s 3 
r^TT^T !! _ 33—9. =^- = 2a— 5s 9 . 

6a 51 * 8s 

3. Divide 12a 2 s-j-4as 9 — 16a By 4a. 

Ka 2 s+4as 9 — 16a , , . . 
!— =3as+s* — 4, Ans. 

4. Divide 3s 3 +6s 9 +3as — 15s, by 3s. Ans., s 9 +2s+a— 5. 

5. Divide —8^+52^-12+23 by —2s. 

. _8s 3 +5s— 12+23 , A , 5.6 b . 

! — ! = + 4s* — jr-\ , Ans. 

— 2s ' 2 ' x x 

6. Divide a"+)x — a"+*x — a*+*z — a^z — , &c, by a n . 

^x—^^x—a^x—a^x Q 9 4 

— ; — z=.ax — arx — arz — a*z — , Ans. 



16 DIVISION. 

Case III. When the divisor and dividend are both compound 
quantities. 

Rule. Arrange both divisor and dividend according to the 
powers of the same letters, beginning with the highest ; then find 
now often the first term of the divisor is contained in the first term 
of the dividend, and place the result in the quotient ; multiply the 
whole divisor by this quantity, and place the product under the cor- 
responding or like terms in the dividend, and subtract it from them ; 
to the remainder bring down as many terms of dividend as are 
requisite for the next operation, and divide as before, and so on 
till the work is finished, as in common arithmetic. 

Dividend. ) 2*+3 Divisor. 

323*4-243 \ 16s 4 — 24^+36^— 54s+81 quotient. 

32s s -f48s 4 ) D ivis . D ivi <L Quotient. 

— 48s 4 +243 3s_6)62: 4 — 96(2s 8 +4s 8 -f8s+16 

— 48s 4 — 72s 8 6s 4 — 12s 3 

72s 8 +243 12s 3 — 96 

72s 3 -fl08s 8 12s 3 — 24s 8 

— 108s 8 +243 24s 9 — 96 

—108s 8 — 162s 24s 8 — 48s 



162s4-243 48s— 96 

162s- -243 48s— 96 



Dividend. ) 2s — 3a Divisor. 

48s 8 — 760s 2 — 64a 2 s+105a 3 J 24s 8 — 2os— 35a 8 quot. 
48s 8 — 720S 8 Dividend. Divisor. 



-40S 8 — 64a 8 s 4s 4 — 9s 8 -f 6s— 1 ) 2s 8 -)-3s— 1 



.- 4fis 8 +6g 8 s 4s 4 +6s 3 — 2s 8 ) 2s 8 — 3s-f 1 quot. 

— 70a 8 s+105o 8 _6s 8 _7s 8 -f-6s 

— 70a 2 s4-105a 8 —6s 8 — 9s 8 - -3s 



Dividend. +2a*-f3a>— 1 

3*_|Y ) s-f-y divisor. 2^ 2s 2 +3s— 1 

a ^-j-sfy > s 3 — syf-sy 8 — y 3 -)- s+y 1 

— sV-j-y 4 Dividend.s 8 — y 8 ( s-f-y Divisor. . 

— sfy — s 8 */ 8 af+tfy \ tf —ni+i?— -^---quot. 

sY + sy 8 — tfy—xtf 

—ztf+rf xtf—tf 

Remainder 2^ Remainder — 2^ 

1 . Divide s 8 — s 8 — 13s— 11 by s+1. Ans. s 2 - -2s— 11. 

Answer s 3 — a? — 13a? — 11, and s 8 — 2s — 11. 



DIVISION. 



IT 



^y)a?-f-ary-fy(a:-f-y 
z*-\-xy 

xy^-ff 



dividend. a-\-x divisor. 
<t+5a*z+5ax*+x 3 (a l +4ax+z t 
c?-\-c?x quotient. 



4a 2 x-\-5ax* 
AcPx-i-Aax* 



Dividend. 
-3)2?—92*+27z— 27(0^— 6z4-9 quotient. 



atf-V-x 3 
ax*--x* 



rfSx* 
—6^+272: 



Divisor. Dividend. 

y— 8)2^— 1 VH-2%— 16(2j^— 3y+2 
2J/ 3 — 16*/ 2 quotient. 



9x— 27 
9x— 27 



_3^24y 



2y— Iff 
2y— 16 



a 4 — ^ *— y 



quotient. 



b 3 y—3y* 
b'y—bY 



by—3y* 
bV—btf 



2a* 
a 3 -^-a*x quotient. 



ty?—tf 

— 2y* remainder- 



*x— a* 
2 x — ax 9 



ax 2 — x 3 
az*+x* 

—2z* 



vis. Divid. 12a^ 

-z) a 3 -f-5a 2 a;+5<22^-j : -^(a 3 -f-6aa:-j- 1 l^-f- quotient. 

a 3 — a 2 x Divis. Divid. 

6a*x — 6ax* x — c^x 3 — Sax i -\-'<k?x — (^(x* — 2az^a*x 

§d?x-\-Smx* x 3 — ax 9 



llax 2 -\-x 3 — 2a3*4-&ft: 

llax^—Ux 3 —2ax 9 —2a Q x 



Remainder 123 3 



a*x 



— a 8 



Divisor. Dividend. a x — a 



Quot. 
— 2ax -f z> 5 — 5a*x + lOaV — 10^7+5^— *V— 3fl»3 

a 5 — 2a*x\- a 3 x* f +3*2*— s 8 



— 2a 4 x 4- 9a 3 x* — 10aV 



3a 4 2; 



6aV — 3aV 



3^ — 7aV 4- 5ax* 



So 3 ** — 6aV 



3ax 4 



2* 



— aV 4- 2ax 4 — z* 

— a*x* -f 2aa; 4 — 3 s 

3 



18 REDUCTION OF ALGEBRAIC FRACTIONS. 

ON THE REDUCTION OF ALGEBRAIC FRACTIONS. 

(42.) The rules managing algebraic fractions being of the same 
nature as vulgar fractions in common arithmetic, the operations are 
performed exactly in the same manner. 

Case I. To reduce a mixed quantity to an improper fraction. 

Rule. Multiply the integer, or whole part, by the denominator 
of the fraction, and to the product add the numerator ; then under 
their sum place the original denominator. 

b x 

1. Reduce a-\ and a — —each to improper fractions. 

, b ay^aA-b a*4-b . x ab — x . 

aA = ■ — = — — Ans. a r = — ; — Ans. 

1 a a a b b 

2. Reduce 4r - — and lax - — to improper fractions. 

Sx—5 16x— 3x-\-5 _ 13a:-f 5 . 
xiere **x ■• . — — ■ ■■ ■ . ■— •■ . ^^ns. 
4 4 4 

b* ±axX2ax—b Sa'x'—b 2 . 

and 4ax ^ — = ~ = — ~ Ans. 

2ax 2ax 2ax 

3. Reduce x and y - to improper fractions. 

a*—x*—c _ g*—g*+x*+c _ 2x*—a*-{-c 2tf—b*-\-d 
x x x y 

Case II. To reduce an improper fraction to a whole, or mixsd 
quantity. This is the same as Case II. in division. 

Rule. Divide the numerator by the nominator for the integral 
part ; and if there be a remainder, place it over the denominator 
lor the fractional part, with the proper sign prefixed. 

ab— 2a 9 a*+x* , lOz 8 — 5a;+3 , , 

1. Keduce t — , — ~- — , ana - ! — to whole quan- 

oo a^j^x ox 

tities. 

ab— 2a 2 - 2a . 10z*— 6x+3 ft , , 3 A 

1 — = 1 7- Ans. F ! — = 2x — 1+ — Ans. 

ab b ox * ox 

2x* 
and azba)a*-{-i?(a±x -\ — — Answer as required. 

=Faa:-{-2*Herea±a; is the integral part of the quantity. 

"4- flKC 1 — ~3r . 2x^ 

Bem5a5a? a,Mi 5d5 1S the fractional part - Therefore 

2x* 

0±s+ "-77 is the mixed quantity required. 
a^zx 
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2 . Beduce-^*, t=±, and «H*»H*-Y to ^ 

proper terms. Ans. a^zbry-f-y 8 , and ar+2a ~r- Answer. 

Case III. Fractions reduced to a common denominator. 

Rule. Multiply each numerator separately by every denomi- 
nator except its own, for the new numerator, and all the denomi- 
nators together for a common denominator. • 

t*-. 2x . b ax . x .. x , x4-y 

1. Reduce — and — ; or -pr and -r. Also, — and — — 

a c 3 4 y z 

each pair to equivalent fractions, that shall have common denomi- 
nators. 

2xXc=2cx ) ( The new fractions are 

aXb=ab ) the numerators < 2cx , ab . 

aXb=ac the common denominator ( ~^T and "^ Ans# 

a2:X4=4aa; ) ( The new fractions are 

3Xz=3* \ new numerators - j to_ &nd 3x 

3x4=12 common denominator ( 12 4 

%Xz=xz ) ( The new fractions are 

(^y)X2/^+2H neWnU,nerat0,r - j xy ^xy+f 

fXz=y z common denominator. ( yz yz 

' ^ „ 2*4-3 . 5x+l . 7z*— 1 . 4z*— x+2 

2. Reduce ! — and — ^— ; again, — — and : — ' 

each pair of fractions to a common denominator. 
4 6*4-9 , 5x*+x k 14a*z t —2a* . 8z»— 2ar4-4* 

4"*-ST and & ; Ans ' 4fe - and 5^ ' 

" - _ , a-\-x , a — x ) 5x a — x , 1 

3. Reduce — ! — and — r— ( or — | — , — ^~ and sr- to a com- 

a—x a~f-x ) a-j-2? 3 2x 

mon denominator. 

(a+x) X {a-\-x)=a*+2ax+z> ) numera tors 

{a—x)X(a—x)=a 2 —2ax+x i \ W 

{ ^x)X(a + x)=*>-x> J An ,^jg and "5i£ 
The common denominator. ) ar — x* ar — or 

Here 5*X3x2s=30z* ) • * • The new ^ cti °S^ are 

(a— x)K(a+z)2z=2a*z— 2a? ) 30s 8 2^—2^ 

lX(a+*)X3=3g+3a; ) 6oa:+6a* ' 6aa:+6^ 

{aA-x)X3X2x=6az+6x* 3g+3s 

6az+6x* 

n , a 2v , fl-H/ s #4-1 , 1 — a: 

4. Reduce -«, -^, and — L£ - ; or -5, — ~- and ■ rT - to a com- 

3 b a—y 3 o 1-f-s 

mon denominator. 



» 
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Here xX^X{l+x)=5x i -\^x ( 
(x+I) X3X (l+z)=3x*+6x+3 I 
(1— a:)X3x5=15— 15a; i 



,\ the new fractions are 
5z*+5» 15— 15a; 



and 



3X5X (l+ar)=15-f-15ar com- 
mon denominator. 

«X^X (« — y)=a 9 b — aby 
2y X 3 X (a— y)**=&ay— 6y" 
(g+y)X3X^=3^+3^ 
3X^X (a—<y)=3ab—3by 
common denominator. 

t» ^ 3a; 

5. Reduce -?r, — , and 
2 7 






a — x ' 



15+15a; ' 15-frI5x 

3^+6^+3 Ann 
15+15* AnS * 
.v the new fractions are 
d?b — aby 6ay — 6^ 

3ab— Sby y Sab—Sby 

3**+3% 

3ab—3by A ™' 

A . 3 3a: _ . £x ' 
Again, -r, -^- and a \ - each 



and 



set of fractions to a common denominator. 

a X 7 X (a — x)=:7a 2 —7ax ) 

3a:X2X(0 — a;)=6oa; — 6a? > new numerators, 

( fl ^.a:)X2X7=14a+14r ) 

2x7X(a — 2r)=14fl — 142; common denominator* 

Case IV. To find the greatest common measure, or divisor, of 
the terms of a fraction, consisting of compound quantities, or to 
reduce a fraction to its lowest, or most simple terms. 

Rule I. Range the quantities according to the powers, or di- 
mensions of some letter, as in Division, and by inspection expunge 
the common factor or factors, if any, either in the divisor or divi- 
dend ; then divide that quantity which has the highest power by 
the other, whether it be the numerator or denominator \, and divide 
the' last divisor by the last remainder, and so on till nothing re- 
mains ; the last divisor will be the greatest common measure : but 
if such a divisor cannot be found, the fraction has no common mea- 
sure. Having found the greatest common measure, divide the 
terms of the fraction by it, and the resulting fraction will be in its 
lowest terms. 

Note. If any of the divisors become negative, they may have 
their signs changed without altering the truth of the result. Also, 
if the first term of a divisor be not contained an exact number of 
times in the first term of the dividend, the latter may be multiplied 
by any quantity that will make the division complete. And lastly, 
any quantity which is common to all the terms of the dividend or 
divisor, may be expunged before the division is commenced. 



1. Find the. greatest common measure of - 



§a*-\-7ax— 3a* 



then reduce the fraction to its lowest terms. 
§a*+7ax— Zx*)§a*+\ laa;-}-3a*( 1 

6a*+7ax— 3x* 



60 a +lla2+3a* 



^ and 
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Mow dividing this 4ax-{-6x* remainder by 2x % the quotient is 
£tt-4^3s,; and dividing the divisor 6^~7ob— -3a* by this quotient, 
we have 2a+3x)6d i -l-7ax—3x*(3a— x 

§c?-\-§ax 

— 2oaf— 3z* 

— 2ax — 3x*, and since there is no remainder, 
therefore 2a-\-3x, the last divisor, is the greatest common measure 

required. 2«+3*) ^n^^ g^ Ans. 

In this example the dimension of the numerator is the same as 
that of the denominator ; therefore, it makes no difference whether 
we divide the numerator by the denominator, or the denominator 
by the numerator. This will be evident from the following ope- 



ration : etf+llax+Sx*)^ 



.7^—3^(1 



6a*-\-llax+3x* 



Now, dividing this — 4ar — 6ar* remainder by — ftx 9 the 
quotient is 2a-\-3x ; or, as the remainder above is now, negative. 
And, by changing all the signs, we obtained 4aar-j-6a^, or 2a-{-3a?, 
fcr the new divisor. 2a-]-3x)6(Z l -{-llax-\-3x l (3a-\-x 

6c^-\-9ax 

2^-4-32* 

2ax~\-3x 9 Hence 2a-\-3x is 

'found to be the greatest common measure, as before. 

2. Required to find the greatest common measure of 

a*—zy—2tf x*—l 7x*—23a64-W . x 9 —^ 

or : — or rr-s — «^ o> , v, ,o — ^t» and - 



a*—3xy-\-2tf ax+a 5rf— laW-f-Ilotf— *& **— « 4 
and then reduce each fraction to their lowest terms. 
^^0^—2^)^—3^+2^(1 
x 2 — xy — 2y* 

Divide this —2xy-\Atf remainder, each term of which can be 
divided by 2y, and the signs of the terms being changed, we ob- 
tain x — 2y for a new divisor, x — 2y)z* — xy — 2if(x-\-y 

x 9 — 2xy 
+xy—2tf 

-\-xy — 2y* and since there 
)b no remainder, therefore x — 2y, the last divisor, is the greatest 
common measure required. 

a 8 — xu — 21? x-\-v . 
x—2y) . y , /, = --£-?• Answer. 
*'z* — 2xy-\-3y > x — y 

In this example, the dimensions of the numerator is the same 
as that of the denominator; therefore it makes no difference 
whether we divide the numerator by the denominator, or the de* 



82 ALGEBRAIC FRACTION!. 

nominator by the numerator. The same remark will apply to the 
next example. This will be evident from the following operation. 
2*—3xy+2tf)x*— xy— 2tf( 1 

a*—3xy-jr2if 

2xy — 4y* the remainder, which is now positive, 
and divide by -\-2y, and we obtain x — 2y, for our new divisor, the 
same as before. 

ax-{-a, or ) x* — l(x — 1, the least common measure. 
z~\-\ ) x*-\-x 

x \ x-\-l) r— = Ans. 

— x — 1 ax-\-a a 

3d expression solved. Multiply the denominator by 7, we- shall 

have 7 J— 23ab-\r6b*)35a 3 — 126a*b+77a# i — 42£ 3 (5a— 1 U 

35a 3 — 115^^4-30^ 

— lla 2 £+47a£ 2 — 42£ a 
Multiply by 7 

—77a*b+329atf—29te B 
_77a 2 3+253^ 2 — 66* 3 



Divide thisTemainder by 76£ 2 and 76ab* — 2!28b* we hare for tfie 
divisor «— 3£)7a 2 — 23ab-(-^(7a— 2b 

7tf—2\ab 

— 2ab-$-6b* Therefore a — 35 is the greatest 

— 2ab-\-§V* common measure sought. 
7a?— 23ab+6b* __ 7a— 2& 

ar ~^ b) 5tf— 18a 2 £+lla$ 2 — 65 s- 5a 2 — 3ab+2& 

Now, for the last fraction in example second, the greatest comma* 

~ v r - . J*?- — & x*-\-ax-t-a 2 

measure of the fraction is x — a)— A T =-^-. — ' , ' — ■ — =-Anjsr. 

' ~4 „4 a^- J-aar*+a 2 a;-j-a 3 



ADDITION OF FRACTIONS IN ALGEBRA.. 

Rule. Reduce the fractions to a common denominator, ada 
the numerators together, and under this sum place the common 
denominator ; the result will be the sum of the fractions required. 

-r mjj 3x . x x x . x £x , x — 2 , 

1. Add — and - ; or ^» ^ and j ; or — and ■ together;. 

Zcl o £ o 4 7 o 

SxX5+2aXx _ 15x+2ax 3 x4X* , 2X*X4 xX2X& 

2aX^=10a ~ 10a ' ° r 2x3x4 + 2.3.4 + 2.3.4 
13a: 4a:X5+7(a:— 2 ) _ 20a:-f^— 14 _ 27ar— 14 

^ 12 ; 5X7 — 35 — 35 ' 

2. Add 2a % 3a-{~=- and a — : or 2a4- — , and 

a 9. ' 5 cu — x 

together;. 
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. 2z Sz 18zu-40r n 22x 

O KAA 2* J 5X Iff j l+2s **: j ax 

3. Ada — and — » or 15a; and -~r — or r and r-j— *°* 

{ether. 

gg.7+5.£a; _ 14a+25a: 39a: 15a:.8+l+2a: _ 120a+ 1+ 2x 

57 ~ 35 ~ 35 ,0r 1X8 " 8 
122a+l az{b-\-c)-{-ax(b — c) a&z+aca+ai&a; — ^^ 

— 8 ' (b—c)X(H-c) ~ y—A=(b+c)"^cT = 

2«&r . 
•» Ans. 



4. Add -=— and — or -^- and —• or — ^ — and — - — to- 
gether. 7 5 3 8 8 7 

12ar5+7-3a: 60a+21a: 81a: 5y 8+3% _ 40y+9y _ 

7-5 — 35 ~ 35 ,OT $8 — 24 — 
4% (10s— 9)X7+(3s-^)X8 _ 70as-63+24g— 40 _ 

2T ° r 8-7=8x7=56 — 56 — 

$4*— 103 . 

— -=s » Ans. 

oo 

. AJJ fl2« , 5£ 2a+3 3a:— 1 .4a: 

5. Add y ^ and j- or -J-, — — and - together. 

aX3* X 4*=1&« ) 12a 2 5+8a 9 3+15^ 20^+153 3 ,.. 

2a X *X^ *»[ " i&? = 12a*» =(dl " 

»X *X3*==15y ) ^0a 2 +a» 

JX3*X4fl=12^ 2 viding by*) -y^— Ans, 



(2a:+3)X2a;X7 = 28a*+4 2 * 

(3x_l) X 5 X7=105a:— 35 

4*X5 X2x= 40a* 



5X2a:X7=70a5= com. den. 



2 8a*+42a:+105a:— 35+40a* 

70a; 
\ 68z*+147a:— 35 A 

= Wn Ans - 

70a; 



SUBTRACTION OF ALGEBRAIC FRACTIONS. 

51. Rule. Reduce the fractions to a common denominator, if 
required ; then place the difference of their numerators over the 
common denominator, and it will be the difference required. 

4a; . 3a+ 1 4a+2 A . 2a:— 3 1 . 1 
1. From — take — ~-> or — ^ — take — 7c — , or take 



5 "* a+1 ' vx 3 " 3a; y x— y^z+y 

4s 3a+l _ 4a;(a:+l)— 5(3a+l) 4a*+4a>- 15a;— 5 

T a+1 — 5(H-1) _ 5z+5 

4a*— 11a;— 5 (4a+2)3a:— (2a>— 3)3 _ 12a*+6a;— 6a+9 

§x+5 ,or 3X3z=9a: — 9a: — 



ALGBWL4IC FBAGTI0N8. 



12a*+9 4a*+3 1 1 1 X (*+?)—* X (a— yl 

9x " 3a; ' a? — jf *+y (*— y) (a;+y)=±a^-V^ 



**-Y 



', Ans. to the last. 



. _ a— a: . <z+a: . <&— a: tf-f-tf 

2. Froma+- — ; — - take ■ x ,ora-J p— take - ------ 

1 a(a-\-x) a(a — x) a-\-x 



_ . , a — x . a+a: <^ — 2ax-\-x* . oM-2a&-4-£? 

Reduced — — : — r and — -* — . are — r-s — l sr-, and — J-s — ^r— ,\ 
a(a-\-x) a(a — x) a(ar — or) a(ar — ar) 

t g*—2ax+x* a*-\-2ax-\ -x* _ iz 

* + a(a*—x*) Tfittf — ^ atf—x*) ' AnS ' 

24. Reduced are a -| -jp—J {a \^_J ) = j^f • 



MULTIPLICATION OF ALGEBRAIC FRACTIONS. 

52. Rule. Multiply all the numerators together for the nu- 
merator of the product, and all the denominators together for its 
denominator ; the former placed over the latter will give the pro- 
duct required. 

, __. ... 2a;. 3a: 3x \ 5x 2x . 3x 

1. Multiply y hy -j , or -^ hy ^, or — - hy y . 

2arX3a: _6a^ _3a? ^xSx_JL5^ 2xXSx_ 6z* 
Sx2a~10a ~ 5a ° X 2x3* ~ 2b'° T 7{x—T)~ 7x^7* 

o mvi 3a 5 — 5a:, la 3a* . 15a:— 30 

2. Multiply --J- by §?= ~, or g-jg by——-. 

3«a>— 5a 3a*(15a:— 30) _ 3a*X3 _9a* 9x 

4^—6 ,0r 2a:(5a:— 10) — 2a: — 2a: ~ 2 ,An8, 

3. Multiply — g- by y , or 2a:, — by y , or 7a:, — by ^p 

(x— 2)\x _ 4a?— -8 a: 2a:X3aQ< 5a: 30a* _15a* A 

5X7 — 35 ' ° r 1X4X7" ~ 28 — 14 ' Ans * 
T . 7a:X2a:X3a? 7arX*X3a? 21a: 4 . 
LaSt fr' l X 5X2a = l X 5 X a ^^ Anfc 

a Multiply . + ±_^ by a:-^+^-. 

By reduction I have ( — /f~ — )X( — ~~^o — — )«r 

4aP— 8a 4 a:+16^a^— 5gV4^A 8 a:4-2^4.8flg 4 — 4a^ A 

16^ ' Ans# 



DIVISION OF FRACTI0N8. 



DIVISION OP FRACTIONS IN ALGEBRA. 

53. Rule. Invert the divisor, and then proceed as in Multi- 
plication. 

EXAMPLES. 

, tv ., 3 s — 9 , *+3 4a* , _ 9y»— 3y . V 
1. Divide — - — by — £— or — by 5s, or * by -|-, or 

z+l r 2a: 
6^3- 
«*— 9 z+3 _ (a*— 9)4 4s— 12 A 4z* ^_ 4a;S 

~T~ : ~4~~ ~ (s+3)5 — — 5— Ans., or _h-5— T X 

6a: - 35 Ans ' ~ 7~ ' 7" — — 7~~ X ^ ~~y~"~ ' 
g-f-1 2x_ 3a;-f3 _ ar-{-l 

0F 6 : 3 — 6><2i — lET' 

_ _ . .. 20x4-2? , a: a: 4 — b* . x*~\-bx 

3. Div.de -j-jr by — or ^^j^ by -£-, 

(2a-\~x)x m x 2ax-\-x* c — x . 2a-\-x . 

c 3 — x 3 ~*~ ^ = ~^W~ X "V" = ^+^+?' AnS - 

. a: 4 — b l ^x^bx _ x 4 —b* x—b _ 

A Z* m > x'—2bx+b* * a:—* — (x—bf X a^+fcr — 
(z>+b*) (x*—b 2 ) (x—b ) __ (x°-+b 2 ) (x*—b 2 ) __ x*+b* 

(x—b)(x—l)(z-\-b)Xx~ {x'—b^Xx ~ x nS# 

. _ . . . x*-\-xy , a: 4 — y* da* — 5b A . 6a*-4-5ab 

4. Divide — - by _-, or ^^^ by -^^g- 

(ar^-fay) (a?— 2a;y-{-y 2 ) _ (ar»-fa:y) (x— y ) _ a^-fay==a:(a:-f-y) 

(a: — y) (x A — 1/) x* — y K ar'-j-arfy-j-ay'-l-V 

5a* — 5b A # 6a 9 + 5/z3 (5a 4 — 5£ 4 ) X (4a — 43) 



2a 2 _4a£ + 2£ 2 ' 4a — U ~ (2a?— lab— 2b*) (6a*+5ab' 
(5X2) (a 4 — £ 4 ) 5.2.(a 3 +a s 3+a3 2 -f ^ _ 10(a 3 +a a &-f a# 4-S 8 

( a _3) (6« 2 +5a3) — 1 X (6a a -f5a£) — 6a*-J-5a3 ' 

INVOLUTION. 

54. Involution is the raising of any given quantity to any pro- 
posed power ; such as the square, cube, &c. 

If a quantity be continually multiplied by itself, it is said to be 
involved, or raised ; and the power to which it is raised is expres- 
sed by the number of times the quantity has been employed in the 
3 4 



96 INVOLUTION. 

multiplication ; thus aX<*< or s , is called the second power of a; 
oX«X«. cr a 1 , the cube, or third power; aX«- ••■'(«), or a", the 
nth power. 

Bulb. When the quantity or root has no index, its power will 
be represented by placing the index of the required power above 
it ; thus the fourth power of x is x* ; the fourth power of a:-j-y ' 
is (£-|-y)*' If the quantity proposed be a compound one, the in- 
volution may either be represented by the proper index, or it may 
actually take place. If the quantity to be involved be negative, 
the signs of the even powers will be positive, and the signs of die 
odd powers negative ; for — aX — a — a* ; — «X — ax — o= — a\ 

If the quantity be a fraction, raise both the numerator and de- 
nominator to the same power. When the quantity to be raised is 
itself a power, multiply the index of the quantity by the index of 
the power ; thus the cube of a* is a* =ac a**' : or generally let m 
or n represent any powers whatever ; then z", raised to the nth 
power is a"*", or a™" ; and — a", raised to any power, n, will give 
+, plus, or — , minus, according as n is an odd or even number. 
If n be used for an uneven number, the sign will be -f, if odd — ; 
then — x" to the nth power, will be represented by 7*11" 1 ii~*" 

Roots and Powers of Numbers. 



Root 


1 


2 


3 


4 


■3 


6 


7 


a 


9 


10 


Square 


1 


1 


9 


16 


25 


86 


49 


61 


81 


100 


Cube 


1 


S 


27 


61 


125 


216 


343 


512 


729 


1000 


4th power 


1 


16 


81 


256 


625 


1296 


2401 


4096 


6561 


10000 


5lh power 


1 


32 


243 


1024 


3125 


7776 


16807 


32768 


59049 


100000 



The operation is performed in the same manner for simple 
algebraic quantities, except that in this case it must be observed, 
that the powers of negative quantities are alternately -(- and. — ; 
the even powers being positive, and the odd powers negative. 
Thus the square of -f-2a is -J-2aX+2a, or 4a f ; the square of 
— 2n is — 2aX— 2a, or -j-la 3 ; but the cube of — 2a=—2aX— 
2aX — 2a=+4a'x— 2o=— 8o*. 

The several powers of ? are, square =r- X-; =tt. cube =r 
b b fr 

, , a a a"., a a a a a' 

X i Xj=jr,4lhpowe,=j Xj X s - Xj=jp 
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«r 



Upon this principle the poweTs of the several roots in the fol- 
lowing table are calculated. 

Roots and Powers of Simple Algebraic Quantities. 



o 

o 


. a 


r-b 


2^ 


a 
2b 


3a* 

V 


2a 
33 


a 2 3 


a 2 
3 3 


3z 
5 


X 

4y 


3 


a 9 


+V 


43 4 


a* 
43 s 


, 9a: 4 


4a 2 
9b 2 


a 4 3 2 


1 3 6 


9x* 
"*" 25 


a* 




1 f 


16y» 




a 8 


—b* 


8b* 


a 8 

83 s 


27z* 


8n 3 
27b* 


aV 


a 6 
3 s 


27X 3 
125 


X* 

64y» 


4th 
power 


a 4 


+* 4 


"iw 


a 4 
163 4 


, 81 x* 


16a 4 
813 4 


a 8 3 4 


+" 8 

1 ^ 


81a: 4 


a: 4 


1 y* 


+625 


256y« 


5th 
power 


a 5 


— b 5 


32b 10 


a* 

32b 5 


243a: 10 


32a 5 

243/, 5 


a"V 


a 10 
3 15 


243a* 
3125 


a* 


y 5 


1024y* 



"What is the square of a-\-2b ? 
a 4-23 



What is the cube of a 2 — a:? 



a 



a 



2 



-a: 
-a: 



a 9 4-2«3 
__2a3+13* 



« 



a 2 a: 



a 9 a:-f-a^ 



Sq. = a *-\-4aI>+4tP 
a —2b 



S*quare = a A — 2a' 2 x-\-x 3 



a 



-X 



tf+±d*b+ 4a3* 
--2a 2 3+ 8<z3 2 +83 3 



a* — 2a A x-\- aV 
— a 4 x4-2a i z 9 —x 9 



Cube g 3 -f-6g 2 3-t-12a3 2 +83 3 



Cube = a*—3a i x+3a*z*—z 9 



It is very well known that the value of the figures in the com- 
mon arithmetical scale increases in a tenfold proportion from the 
right to the left ; a number, therefore, may be expressed by the 
addition of the units, tens, hundreds, &c. of which it consists. 
A number of 2 figures may be expressed by 10a-f-3. 

3 figures by 100a-f-103+c. 

4 figures by 1000a + 1003+ 10c-fo\ 

EVOLUTION. 

55. Evolution is the reverse of Involution, and consists in 
finding the square, cube, &c. roots of any given quantity. 

Case I. To extract the roots of a simple quantity, or powers. 

Rule. Extract the root of the numerical coefficient, if it have 
any, as in common arithmetic ; then divide the index of the given 
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power by 2, for the square root, 3 for the cube root, 4 for the bi- 
quadrate root, and depending on the index of the root required ; 

2 

thus the square root 93^=32r=^x l ==3x ; and the cube root of 

8tf=2A=2z*. 

If the coefficient be a fraction, extract the root both of its nu- 

4 2 11 

merator and denominator ; thus, the square ~a^=^-a;, or jr x % s=s-^x. 

\j %j £ *± 

1. Find the square root of l6<?a?=16xd i X2?> or 
^16a 2 a^==V 16 XV^X/v/a^= = fc4XaXax===±4ar, Ans. 

2. Find the cube root of Sa 3 ^, or (8Xa?Xa?)- 

.-. /^8a 8 ^=== A ^8X/4/fl 3 X/^^===2XaXa^==5aar, Ans. 

3. Find the cu be root of — 125gV, or — 125X« 8 X^. 

32a: ! V 5 Ans 

4. Find the 5th root of — .* ' - 

243a 16 

oa 

Case II. To extract the square root of a compound quantity. 

Rule. Arrange the terms according to the power of some let- 
ter, as in division. Find the a*-^2ab^{-tf l -\-2ac-{-2bc-\-c*(a~\-lh\-c 
root of the first term, and set a 2 
it in the quotient. Subtract 2aA-b)2ab-\-b % 
the square of the root thus 2ab--b* 

found from the first term, and 



there will be no remainder. i » c ' ~ T o* \ < * 
Then bring down the next ac ' — £i__ 

two terms for a dividend, and take double (or two times) the root 
already found for a divisor. Divide the dividend by the divisor, 
and put the result both in the quotient and divisor. Then proceed 
as in common arithmetic. 

1. 9z 4 — 12^+16^— &r+4(3z*— 2z-f-2 
9** 2 



6x* — 2x — \2j£-\-1§x* 6a 2 constant trial divisor. 

Divisor. — 12.r 3 -f- Ax* 

6a*— 4s-f-2| 12^— 8ar+4 

First, we extract the square root of 9a 4 , the first term. This 
gives 3x* for the first term of the root required. This we place 
on the right hand of the dividend, in the manner of the quotient, 

in division. Squaring this term, and subtracting it from the 
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dividend, we get for a remainder — 12a*-\-l62? — 8a:-|-4 : we now 
double 3x*, and place it as a divisor on the left of this remainder, 
and dividing by it, 6a 2 , the first term of the remainder, we get or 
obtain the quotient — 2a:, the second term of the root sought, 
which we annex, with the proper sign, to the double root 6sf; 
multiply the whole of this quantity, 6af* — 2x, by — 2x t and sub- 
tracting the product from the first remainder, we obtain for a se- 
cond remainder 12z* — 8r-|-4 ; then by doubling 32? — 2z, the two 
terms of the root thus found, and dividing 122T, the first term of 
the new remainder, by 6a 2 , the first term of the double root, we 
obtain -\-2 for a quotient, which is the third term of the root 
sought ; and by annexing it to the double root 62? — 4#, and then 
multiplying the whole of this quotient, 62? — ^r-f-2, by 2, and 
subtracting the product from the second remainder, we find for 
a new remainder, which shows that the root required is 3x* — 2j:-|-2. 

1 . 4r 6 + I2x 5 -j-5x l — 2x 3 -}-7x 2 — 2x+ 1 (2^+3^— x+ 1 
Mult. 4r 6 2 



4r 3 +3z* 
Mult. 



i2x 5 -\-5x i 
12^4-9a: 4 



4z* constant trial divis. 



4s3_j_6z*_ z 



— 4z«_2aA-J~7* 2 
— 4a: 4 — 6X 3 — x* 



4*34-62?— 2.r+l 4*4-62?— 2z-fl 

4a: 3 4-62r 2 — 22:+l 



Dividend. 



2. 



13 



4a?— 20z*a*+25x*efi+24Jy*b*— 60s*y*a***+36$y* 
4s 3 

2x'— 5x*a%— 6yM root. 



42^— 5A*)— 202:M+25A* 
1st divisor. _ 20 ^ +25 A* 



2d divisor. 



.***, 



4* 2 — 10x 4 a 3 -f6xy 6 £ a )+24x*yM— 60zV<* 3 * z +3% 



JUAJ 



* 



3 ft 



24a: V **— SOe'y V**+3M» ¥ 



}JJ 



3. Extract the square root of ldbr. 
l±x)l±ix— K±tVi 3 - 
1 

"2±PJ±2T 



& -r 4 



±, &c. 



(— tV e4 X4 = — ^w 



2±z— K)~ ia* 



-A* 1 



2+*— i*M-A**)±J**-A* 



zbj^+A^T ^+2^ 



2±x— K±K— T*s a: 4 )*— A**±Aa*— sis** 



3* 



30 
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4. Extract the square root of e?zk.z* 
. . o . x 1 x* x 9 



a 8 



1X2 2a 



5z* 



2a± 



z» 



2a 



=fc**4 



8a 3 ± i5?" - 155?" ^ ** answer ' 

1 



4a 2 



2±J)±1 



2adb 



a* 



a 



8a 8 



x* 
4a 1 " 

X 4 



2=fcl— J)-J 

-*=F44 



A 



r=F 



4a 2 ' 8a 4 ' 64a 6 



±* 



*» 



&c. 



2»ztr 



±: 



a 4a 3 - 1 -16a 4 



8a 4 
a* 

8a" 4 ~* 



64a 6 
a* 



,10 



=F 



16a" ' 64a 8 ' 256a 



f 



.IS 



.10 



2a± 



x 2 



a 



■± 



5a^ 



4a 3 - 1 " 8a 5 128a 7 



.U 



5x* _a^ 

64a 6 ± 64a 8 256a 10 ' 



&c. and 



so on to an infinite number of terms. 



To extract the Cube Root of a Compound Quantity. 

56. Rule. Arrange the terms according to the dimensions of some 
letter, as in division, and extract the root of the first term, which 
must be a cube. Place this root in the quotient, subtract its cube 

a s +3a*£+3a#4-$»(a4-* 
a 3 



from the first term, and there 
will be no remainder. Bring 
down the three next terms for 
a dividend, and put three 
times the square, just found 



3a»+3^-i_3 3 )3a s ^+3a3 9 +y 
3a*b+3ab*+b 9 



in the divisor's place, and see how often it is contained in the first 
term of the dividend, and the quotient is the next term of the root. 
Add three times the product of the two terms of the root, plus the 
square of the last term, to the terms already in the divisor's place, 
and. the divisor will be complete. Multiply the divisor by the last 
term of the root, subtract the product from the dividend, and bring 
down the next three terms for a dividend, and proceed as before. 

1. Extract the cube root of of— e^+l&r 4 — 2(te 8 +15a s — 6z+l. 
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81 



^_6^-|-152: 4 — 20^+15^— 6a:+l(^—ar+l. 

3^_6^ 4r 2|_ 6a: 5^_ 15a .4_ 20a j 

I— 6^-\l\2x a — 8a* 



3 x *—12a?+15z i — 62+ 1 



3x i —\2x 3 -i-15x i — 62+I 
3x*— 122*- -153 s — 6*- -1 



2. Extract the cube root of 2*+62r> — 402^+962: — 64. 

^+6^— 40^+96^—64(^+22:— 4 
a; 6 



ar 4 +6^+4^ 



62*— 402* 

e^+i^+ar 8 



3o: 4 +12^— 24r+16 



_12z 4 — 482^+96ar— 64 
— 1 2z 4 — 482*- -96z— 64 



If the root consists of three terms, a, b, c, they may be obtained 
by first finding a and b, as above, and then deriving c from (fl+fl) 
in the same manner that b was derived from a. 

(fl+3) 3 +3(a+3) 2 c+3(a+*)c 2 +c s (a+3+c 

(a+bf 

3(a+*) 2 +3(a+*)c+c 2 )3(a+3) 2 c+3(a 



3. Extract the cube root of 82^+362^ 

4. Extract the cube root of 272*- 

+1. 



-362*+542+27. Ans. 22+3. 
—542f+632; 4 — 442^+212^— 62: 

Ans. 3-r 2 — 22+1. 



SIMPLE EQUATIONS. 

1. An equation is a proposition which declares the equality of 2 
quantities, expressed algebraically. This is done by connecting 
these quantities by the sign (==) : thus, x — 4 = 6 — x is an equa- 
tion expressing the equality of the quantities x — 4, and 6 — x. 
Also, x — 5=0 is an equation which asserts that x — 5 is equal to 
nothing, and therefore that the positive part of the expression is 
equal to the negative part. 

( 2. ) A simple equation is one which, when cleared of fractions 
and surds, contains only the first power of the unknown quantity. 
(See Definitions 3 and 4, page 1 ; and also Definitions 32 to 36, 
page 4.) 

( 6. ) A cubic equation, or an equation of three dimensions, is 
erne into which the cube of the unknown quantity enters, with the 
simple and quadratic powers. 

( 7. ) A pure quadratic is one into which only the square of the 
unknown quantity enters. 
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( & ) An adfected quadratic is one which involves the square of 
the unknown quantity, and also the simple power and unknown 
quantities. Thus, wx*-\-b = is a pure quadratic, and ax*-\~bx-\* 
c=0 is an adfected quadratic. 

( 9. ) The resolution of equations is the determining from some 
quantities given the values of others which are unknown, so that 
these latter may answer certain conditions proposed* 

(10.) And these values are called roots of the equation. 

(11.) If equal quantities be added to equal quantities, the sums 
will be equal. 

(12.) If equal quantities be taken from equal quantities, the re- 
mainders will be equal. 

(13.) If equal quantities be multiplied by the same or equal 
quantities, the products will be equal. 

(14.) If equal quantities be divided by the same or equal quan- 
tities, the quotients will be equal. 

(15.) If the same quantity be added to and subtracted from ano- 
ther, the value of the latter will not be altered. 

(16.) If a quantity be both multiplied and divided by another, 
its value will not be altered. 

(17.) Any quantity may be transposed from one side of an 
equation to the other, by changing its sign : 

Because, in this transposition, the same quantity is merely sub- 
tracted from each side of the equation ; and if equals be taken 
from equals, the remainders are equal. Thus, if x | 15, and 
9 be subtracted from each side, :r=15 — 9, or 6. Also, if 2r-f-3= 
a, and b be subtracted from each side, x=a — b. And if x — c=rf, 
and c be added to each side, x=d-\-c. 

Also, if 5x — 7 = 2:r-f-2, and 2x be taken from each side, 5x — 
2x — 7 = 2, or 3a: — 7 = 2 ; and if — 7 be subtracted, or (which is | 
the same thing) if -\-7 be added to each side, 3ir=2-{-7=9. 

Also, if x — a-\~b=c — 3x, then, by subtracting — a-\-b — 3x from 
each side, we have x-\-3x=a — b^-c. 

Cor. 1. Hence, if the signs of all the terms on each side of an 
equation be changed, the two sides still remain equal ; because in 
this change every term is transposed. 

Cor. 2. Hence, when the known and unknown quantities are 
connected in an equation by the signs -f- or — , they may be se- ■ 
parated by transposing the known quantities to one side, and the 
unknown to the other. 

Cor. 3. Hence, also, if any quantity be found on both sides of 
an equation, it may be taken away from each ; thus, if x-\-y=s5 
-f-y, then x=5. If a — l=e-\-d — b, then a=c-\-d. 

(18.) If every term on each side of an equation be multiplied 
by the same quantity, the results will be equal : 
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Because, in multiplying every term on each side by any quan- 
tity, the value of the whole side is multiplied by that quantity ; 
and (13) if equals be multiplied by the same quantity, the pro- 
ducts will be equal. Thus, if x = 5 -j- a, then 6x = 50-}-6a, by 
multiplying every term by 6. 

Cor. 1. Hence an equation, of which any part is fractional, 
may be reduced to an equation expressed in integers, by multiply- 
ing every term by the denominator of the fraction. If there be 
more fractions than one in the given equation, it may be so re- 
duced by multiplying every term either by the product of the 
denominators, or by a common multiple of them ; and if the least 
common multiple be used, the equation will be in its lowest terms. 
Thus, if \x -{- \x -f- Jz = 13 ; if every term be multiplied by 12, 
which is the least common multiple of 2, 3, 4 ; 6x-\-4x-\~3x=156. 

Cor. 2. Hence, also, if every term on both sides have a com- 
mon multiplier or divisor, that common multiplier or divisor may 
be taken away ; thus, if ax*-\-abx=cdx ; each term being divi- 
ded by the common multiplier x, ax -f- ab = cd. Also, if $x -}- 

«4-6 4a:— 7 

w ' — j— , then also 5x-{-a-{-6=lz — 7. 

.. ... ax-\~ab ad 4ax , . . . . , c . . , 

Also, if ! = j , then, multiplying by -, x-f-b = a 

C C C CL 

-f-4*. 

Cor. 3. Also, if each member of the equation have a common 
divisor, the equation may be reduced by dividing both sides by 
that common divisor ; 

Thus, if ax* — a*x=abx — a*b, each side is divisible by ax — <f 9 
whence x=b. 

Cor. 4. Hence also any term of an equation may be made a 
square, by multiplying all the terms of the equation by the quan- 
tities necessary; as, if <zr J -f-£c:r=cd 2 , the first term may be made 
a square by multiplying each term by a, and d*x* -j- obex = acd*. 

(19.) If each side of an equation be raised to the same power, 
the results are equal ; thus, if z=6, 2^=36 ; 

If z +a=y— b, then 2 5 +2^+a 2 =y 2 — 2by+b*. 

And if the same roots be extracted on each side, the results are 
equal ; thus, if 2^=49, rr=7. 

If x*=a*b*, then x=ab ; if x*+2x+\=]f— y+ J, then x+l= 
y— J, and if x*— tex+la^tf+Gby+M*, then x— 2a = y+3b. 

For (13 and 14) when equal quantities on each side of an equa- 
tion are multiplied or divided by equal quantities, the results will 
be equal. 

Cor. Hence, if that side of the equation which contains the 
unknown quantity be a perfect square, cube, or other power, by 
extracting the square root, cube root, &c. of both sides, the equa- 
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tion will be reduced to one of lower dimensions : thus, if 3 s -[-8r 
+16=36, a:+4=6 ; 

If z 3 +3.r+3;r+l=27, a+l=3; 
If x 4 +2x*+2>=100, x*+x=lQ. . * 

(20.) Any equation may be cleared of a single radical quan- 
tity by transposing all the other terms to the contrary side, and 
raising each side to the power denominated by the suid. If there 
are more than one surd, the operation must be repeated. Thus, 
if £=>\/(02+£ 2 ), by squaring each side a?=az-\-b 2 , which is free 
from surds. Also, if \Z(z*-\-7) + x = 7, then, (17) by transposi- 
tion, ^/(:r+7)=7 — x ; and (19) by squaring each side, 3 2 +7= 
49 — Ma+a 2 , which is free from surds. Also, if z-\-£/(cPx) =b, 
then, (17) by transposition, /s/(a 2 x) = b — x; and, (19) by cubing 
each side, a*x= b 3 — Sb 2 x + Sbx 2 — x 3 , which is free from surds. 
Also, if /y^2*+^/{a?+-21)} — l=a:, then, (17) by transposition, 
/s/\x 2 -\-s/(x*-\-2\) j=2+l, and (19) by squaring each side, 3*+ 
V(^+21)=r+2.r+l ; therefore, (17, Cor. 3,) V(* 8 +21)=2& 
+1, and, (19) by squaring each side, :c s +21=4a£+4a+l, which 
is free from surds. And, if 4/\a 2 x + a/{cPz*)\ =c, (19) by 
cubing each side, d*x + /s/{a 3 x*) =c 3 , and (17) by transposition, 
A y(a 3 x 3 )=c 3 — crx; therefore, (19) by squaring each side, flVssc 1 
— 2a 2 c 3 x-\-a 4 x 2 > which is free from surds. 

(21.) Any proportion may be converted into an equation ; for 
the product of the extremes is equal to the product of the means. 

(S c 

Let a : "I lie : d, by the nature of proportion t=j 5 therefore, 

(18, Cor. 1,) ad=b<:. 

Rule I. Any term may be transposed or transferred from one 
side of an equation to the other, by changing its signs.- 

Thus, if a+3=7 ; then will x=7 — 3, or z=4. 

And, if a:— 4+6=8 ; then will z=8+4— 6=6. 

Also, if x — q-\-l=c — d; then will x=a — b-\-c — d. 
From this rule it also follows, that if a quantity be found on eacK 
side of an equation, with the same sign, it may, be left out of both 
of them ; and that the signs of all the terms of any equation jjfey 
be changed from + to — , or from — to + , without alteriijjjtits 
value. . # 

Thus, if 2+5=7+5; then, by cancelling, x=7. 
And if a — x==b — c ; then, by changing the signs, x- 
or 2==fl+c— b. 

1. Given 2z+3=a+17 to find #. Aria. 
By transposing, gives 2x — :r=17 — 3 =14. Whence 1^=14, J 

2. Given 5x — 9=42+7 to find x. Ans. 
By transposing, gives 5x — 4z==7+9=16. Whence #=16^ 
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3. Given 2?r|-9 — 2=4 to find x. Aos. x= — 3. 
By transposing, gives 2==4-f-2 — 9= — 3, Ans. 

4. Given 9z — 8=82: — 5 to find x. Ans. rr— 3. 
By transposing, gives 9z — 82==8 — 5=3. Whence x=3, Ans. 

5. What number is that, to. the double of which if 18 be added 
the sum will be 82 ? 

Let 2== the number required. Then 2x-\- 18=82 ; .'.by trans- 
position, 2:&=64, and 2=32. 

'6. What number is that, to the double of which if 44 be added, 
the sum is equal to four times the required number? 
. .Let x= the number. Then 2x-\4k=Ax\ .\ by transposition, 
11 . for, and 2 2 — x . 

7. What number is that, the double of which exceeds its half 
by 6? 

Let x= the number. Then 2x — ±x=& ; .\ 42; — 2==12, or 3a: 

8. From two towns which are 187 miles distant, two travel- 
lers set out at the same time with an intention of meeting. One 
of them goes 8 miles and the other 9 miles a day. In how many 
days will they meet ? 

Let x= the number of days required ; then 82?= the number 
of miles one travelled, and 92== the number the other travelled ; 
and since they meet, they must together have travelled the whole 
distance, consequently 82>-|-925=187, or 172==187, .*. x=\\. 

Rule II. If an unknown quantity has a coefficient, its value 
may be found by dividing both sides of the equation by that coef- 
ficient, because if two equal quantities be divided by the same or 
equal quantities, the quotients will be equal. 

Thus, if ax=3ab — c ; then will 2^=3£ . 

a 

And, if 2a:+4=16 ; then will 2;+2=8, or x=B— 2=6. 

1. A cask which held 146 gallons was filled with a mixture of 
brandy, wine, and water. In it there were 15 gallons of wine 
more than there were of brandy, and as much water as both wine_ . f 
and brandy. What quantity was there of each ? 

Let 25= the number of gallons of brandy, .*. a?-f- 15= numberv 
of gallons of wine, and 22;-}-15= number of gallons of water. 

.•. x-\-x-j-15-\-2z-\-15=146, ,\ by transposition, 425=116, and 
25=29. .*. there were 29, 44, and 73 gallons respectively of bran- 
dy, wine, and water. 

2. A person employed 4 workmen ; to the first of whom he 
gave 2 shillings^ more than to the second ; to the second 3 shil- 
lings more thari to the third ; and to the third 4 shillings more 
than to the fourth. Their wages amounted to 32 shillings. What 
did each receive ? 
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Let as= the sum received by the fourth, 

.•. x-\-4= third, 

jc4-7= second, 

and a:-j-9=s first. 

... a;-f-a:+4+a:-f-74-a:-|-9==32, 
and, by transposition, 4a==12, 
consequently x=3. 
.\ they received 12, 10, 7, and 3 shillings respectively. 

3. What number is that, the treble of which increased by 12 
Bhall as much exceed 54 as that treble is below 144 ? 

Let x= the number. .\ 3z-}-12 — 54=144r— 3x, ,\ 6&=186, 
and a==31. 

4. Two persons began to play with equal sums of money: 
the first lost 14 dollars, the other won 24 dollars, and then the 
second had twice as many dollars as the first. What sum had 
each at first ? Let x= the sum ; 

Then x — 14 ) = the sums each had after playing; 
and s+24 \ .-. 2x— 28=a:-f 24 ; .\ x=52. 

5. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 

Let a== the number of votes the unsuccessful candidate had ; 

.\ x-\-65= the number the successful one had. .\ x-\-x-^-65 
=943'; 2a==878, and a==439. .*. the numbers were 439 and 504. 

Rule III. Any equation may be cleared of fractions by multi- 
plying each of its terms, successively, by the denominators of those 
fractions, or by multiplying both sides by the products of all the 
denominators, or by any quantity that is divisible by each of the 
denominators. 

It also appears, from this rule, that if the same number, or quan- 
tity, be found in each of the terms of an equation, either as a mul- 
tiplier or divisor, it may be expunged from all of them, without 
altering the result. 

Thus, if ax=ab-\-ac ; then, by cancelling, x=b-\-c» 

And if — (--=-; then, x-\-h=c y or x=c — b. 
a ' a a ' 

1. Given ^±1 _|_ f+H _ 16— ^±? to find x. Ans. as=13. 

Multiplying by 12, we get 6s-f 6+4x+8=192— 3x— 9, or 13* 
=169 ; and, by division, x= J ^£ ==13, Ans. 

2. Given -4- + - = ^-4- to find a:. 

b ' c ad 

Here -^ — \- - = f- -^— ; then, multiplying by b 9 x^-a 
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% bx 2bx . ab+P . , . . _ 2bcz , «*c+c# 
+T = "T + d^ mult ' ^ C ' cz+ca+bx=— H ^ 

and, by multiplying by a and d successively, we have adcx-\-c?cd 
^abdz==2bcdz-\-crbc^\-acP, or, by transposition, adcx-{-ab€L 



2bcdx-\-a*bc-\-acb* — a*cd, and, by division, x — ~V — j , A. 

Rule IV. If the unknown quantity be a surd, transpose the 
rest of the terms, and let the surd quantity stand alone on one 
side of the equation ; then take away the radical sign from it, and 
raise the other side of the equation to the power denoted by the 
index of the surd. 

Thus, if */x — 2==3 ; then will fi/x=3-]-2=5, or, by squaring, 
3=5*=25. 

And if V(3z-H)=5; then will 3a;-f-4=25, or 3;z==25— 4= 
21, or z=*j- =7. 

Also, if^(2x-f-3)+4=S; then will ^(2z-f 3)=8— 4=4, or 
22r-f-3=4 3 =54, and .-. 2^=64—3=61, or a==^ 1 -=30J. 

1. Given 2^2+3=9 to find x, Ans. x=9. 
Here 2/ V /x-J-3=9 ; then, 2>v/*"=9 — 3=6 by transposition, and 

4x=36 by squaring, or z= 3 £=9 J Ans. 

2. Given ^s+l)— 2=3 to find x. Ans. z=24. 
Here */ (z-\-l)—2=l ; then V(H~l)=3+2=5, or x +l= 

25 by squaring, and consequently jc=25 — 1=24, Ans. 

3. Given y V /(4fl ? +^)=V(4^ l -fa; 4 ) to find x. 

Here a/( 4 « 2 +^)=a/( 4 * 4 +^) 5 then > b y squaring 4a 2 +a^= 
j^(4£ 4 4-a: 4 ), and squaring asrain, l6a 4 -\-8d i z*-\-z 4 =lb i -{-z 4 , by 

transposition and division ar= — --j— > and .•. z=a/( a — }, An. 

Rule V. If that side of the equation which contains the un- 
known quantity be a complete power, the equation may be re- 
duced to a lower dimension, by extracting the root of the said 
power from both sides of the equation. 

1. Given 9 z* — 6=30 to find z. Ans. z=Q. 
Then 9^=30+6=36, or ^=^=4, and .\ z= /s /4=2 J Ans. 

2. Given ^ 3 -f-0=36 to fin ! z. Ans. x=S. 
Then ^=3C— 0=27, or 2=4/27=3, Ans. 

Rule VI. Any proportion may be converted into an equation 
W making the products of the extremes and means equal to each 
other. 

1. Given 10— * : %z\ :3 : 1 to find x. Ans. s=3£. 
Then 10 — x — 2x by mult. ext. and means, and 3*? =10, oras= 

¥=3|» Ans - 

2. Given 8-}-Sz : 4ar : : 8 : 2 to find x. Ans. x=l. 

4 
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8-f&c : Ax : : 8 : 2 ; then 16+16as=32a: by mult. ext. and 
tow^s, and 32a: — 1602=16, or 16a5=16 ; .\ as=J j=l, Ans. 

3. Given x : 6 — x : : 2 : 4 to find x. Ans. x=2. 

Here x : 6 — x : : 2:4 ; then 4as=12 — 2a: by mult. ext. and 
means, and 4a:-{-2a:=12, or 6z=12 ; x= \fl 2 , Ans. 



4. Given 4tx : a : : 9\/x : 9 to find x. Ans. .. — , _ 

16 



Then 36as=9a>v/ 2: by mult. ext. and means, or 4 x— a*/x f and 
by squaring \§x*=€?x ; therefore, by division, x=-fec?, Ans. 

5. Given ^(2^+3^)— W&— 3c?)^=x^a, to find the va- 
lue of x. 

Multiplying the given equation by 2, we have ^/(a^-f-3a 2 )— 
^/(a? — 3a 2 )=2xA/a ; .•. by squaring 2a? — 2a/(x 4 — 9a 4 )=4a3 2 , or 
— A/{x*^-^9a*)=2ax 2 — x* ; squaring again, & 4 — 9a 4 =4flV — 4aa^ 

-f-a? 4 , or (4a — 4a 2 )a: 4 =9a 4 , or as=^/- 



4 — 4a 

6. Given \/(«+a:)-}-A/(a — #)=3, to find the value of x. 
Here A/(a-\-x)-\-f>/(a — a:)=3, by squaring, 2a-\-2*/((£ — a*) 

=£ 2 , or */{a* — x*)=k?>* — a ; whence er — a?=\b— a&-\-c?, and 
x=*/(ab*— ^ 4 )=i^V(4a— ?). 

7. Given 4/( a "f" a 0"f"4'(* 1 — ^)=^> to find the value of a:. 
By cubing both sides after the form of Ex. 7, Case x, Surds, 

we have 2a+3J/(a*— afl\4/{a-\-z)+Ma--. z)\=b z . But since 
.tf(a+z)-\-ty(a--* z)=b, this becomes 2a+3#(a 8 — <c 8 )X* = i l » 

33 2a b 9 —2a 

or 3*/ (a 2 — a?) = — - — , or >^(a 2 — a?) = ot ; whence a**-* 1 

6 00 

8. Given ^(a*-f-aa;)=a — aA^ 2 — aa; )> t0 fi na< tne value of a:. 
This equation transposed is */{a*-{-ax) -f- ^/(a 2 — aa:) ==•, 

squaring 2a 8 4-2>v/(« 4 — aV)=a? ; whence \Z( fl4 — c?x*) = — j* 2 ; 
squaring again, a 4 — a 2 a^=^a 4 , or aVssfa 4 , whence as=^fift= 

9. Given */(«*—< s*)+avV— l)=a 2 V( 1 — ^)» *> find the 
value of a:. 

By transposition, ^/(a 2 — x*)=d?*/(\ — x 2 ) — Xa/((P — 1) ; squar- 
ing, a 2 — x*=a A — a 4 ar — 2zc?a/(1 — a?) (a 8 — 1)+«V — x*. Again, 
by transposition and division, 2a:>^/(l — z 2 ) (a 2 — l)=a 2 — aV-f-a^ — 
1= (1— a 2 ) (a 2 —!) ; by squaring, 4z 2 (l— x*) (a 2 — 1) = (1— a 2 ) 2 
(a 2 — l) 2 , and 4rV=(l — a 8 ) (a 2 — 1), dividing the whole by (1 — «*) 

(a 2 — 1) ; therefore, by actually multiplying, 4a^=a 2 — aV-j-a* — li 

£ 1 

or %x % -\-<£x*=c? — 1 ; whence a£=-5-7-Q ; and, consequently, zsss 
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10. Given ^/(a;-J-a)=c — \Z(2+*)> to find the value of x. 
Squaring z-\-a=<? — 2c*/(z -f- b) -\-z-\-b, and transposing 

2c^/(a;-f-*)= = =c 2 +^ — fl » or \Z( a; + a ) = -9 J whence a:-J-3= 

( (* — )*> and 25= (-—^ )* — 3> the answer. 

b c &bc 

11. Given a/ — : [-a/ = ^/— -, to find the value of z. 

a-j-z * ^ a — z or — xr 

„ b , c . . 43c . 43c 

By squarmg g,ves _ + _ + V^z^= V^^ , 

whence — : 1 =0, or ., ,' =0 ; therefore a3— 

a-f-z a — x cr — x* 

bx -\- ac -f- ex = 0, and 3a: — ca; = ab -f- ac ; consequently x = 

ab-4-ac ,3+c v 

Of *A« resolution of Simple Equations, containing Two Unknown 

Quantities, 

When there are two unknown quantities, and two independent 
simple equations involving them, they may be reduced to one, by 
any of the three following rules : 

Kuxe I. Observe which of the unknown quantities is the least 
involved, and find its value in each of the equations, as if the 
other were known, by the methods already explained ; then let 
the two values, thus found, be put equal to each other, and there 
will arise a new equation, with only one unknown quantity in it, 
the value of which may be found as before. 

1. Giyen 4a:-{-y = 34, and 4y+^= 16, to find the values of z 
and y. Ans. x=8, y=2. 

34— V 
From 1st x = — -r- 2 , and from 2d, x = 16 — 4y ; therefore, by 

34 y 4 

equality, — . 16 — 4y, and, consequently, 34 — y=64 — 16y, or 

16y — y s 64—34, or I5y = 30 ; whence y*=f$=2, and 25=16— 



o rr I hz-\-\y=& 1 t0 & n & # an( l V- Ans. x = 12, and 
*. tfiven \ z:y: . A:3 ] ^9, 

From the 1st as=18 — §y, and from the 2d a;=£y, hence £y= 
18— §y, or 4y=5± — 2y ; whence y=-^=9, and :r=£yi=4^=12. 

3. Given x-\^y=SO y and §ax=£y, to find x and y. 

Here x-\-y = 80, and |a:= fy ; then, from the 1st, 2=80 — y f 
and from the 2d, x = $ y ; hence f y = 80 — y, or 9y-f-% = 640, 
whence y=%ty*=37i£, and a==80—y=80— 37^=42^. 



^ 
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II. Find the values of either of the unknown quantities 
equation in which it is the least involved ; then substitute 
this value in the place of its equal in the other equation, and there 
will arise a new equation with only one unknown quantity in it. 

1. Given J o _ ^ == o ( t0 ^ n< ^ *he va ^ ues of x and y. 

From the first equation, x=Y7 — 2y ; which value, being substi- 
tuted for x, in the second, gives 3(17 — 2y) — y = 2, or 51 — 6y — y 
=2, or 7^=51—2=49, whence y=y==7, and z=17 — 2y=3. 

2. Given \ ~r2r= (to find the values of x and y. 

( x— y= 3) y 

From the first equation, z= 13 — y ; which value being substi- 
tuted for x, in the second, gives 13 — y — ^=3, or 2y=\3 — 3=10, 
whence y=i&=5 1 and z==13 — y=8. 

3. Given < "JmJ/JL v t0 ** nd tne va ^ ues °f x anc ^ V* 

Here the analogy in the first, turned into an equation, gives bx 

CL7J 

s=ay, or x=-r-, and this value, substituted for x in the second, 

gives (rrf~\~T? = c, or -jr~ f y 2 =c> whence we have tPtf-\-bhft= 

*> p c ° c 

£*c, or y*= 2 . 2 ; and consequently y = bA/-j-jj- % , and x =» 

4. Given arfy-f" a ty 2= =30» and x 9 -\-if=35, to find x and y. 
Here x*y-\-xy t =30 1 and x 9 -^-y^==S5 ; then, adding 3 times the 

1st equation to the 2d, gives ar-|-3a^y-f:32 , ^-f-^==125, and by ex- 
tracting the cube root x-\-y=5, and. from the 1st, (z-{-y)zy==3Q; 
hence, by substitution, 5rn/=30, or xy=6, and 3?-\-2xy-\-y*: — 25, 
from which subtract 4 times the last equation, and we shall have 
a? — 2xy-\-y i =l, and by evolution x — y=l ; adding this equation 
to x-\-y=5, and we shall have 2z==6, or ic=3, whence y=2. 
_ _. 3* — 5y 2x4-y _ . _ x — 2y x . y - , 

5. Given — j^— ~ =— 5 — 3 > and 8 4^ =5 + § tofind 

jr and y. Ans. 2=12, and 



Here *=fi -*±I. -3, and's- ^ =| + |; then 

from the 1st, 27y-—llz==30, and, from the 2d, 9*— 2y=96, 
Multiplying the 1st of these equations by 2, and the second by 
27, we shall have 54y— 22z=60, and 243a:— 54^=2592 ; then, 
by adding the two last equations together, we have 22 Lr — 2652, 
or as=^ l «==12, and 9a:— 2^==96 ; hence 2y=9x— 96=108— 
96=12, hence y=J 
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Of the resolution of simple equations, containing three or more 

unknown quantities. 

When there are three unknown quantities, and three indepen- 
dent simple equations containing them, they may be reduced to 
one by the following method. 

Rule, in Find the values of one of the unknown quantities in 
each of the three given equations, as if all the rest were known ; 
then put the first of these values equal to the second, and either 
the first or second equal to the third, and there will arise two new 
equations, with only two unknown quantities in them, the values 
of which may be found as in the former case; and thence the 
value of the third. 

Or, multiply each of the equations by such numbers, or quan- 
tities t as will make one of their terms the same in them all ; then 
having subtracted any two of these resulting equations from the 
third, or added them together, as the case may require, there will 
remain only two equations, which may be resolved by the former 
rules. 

And in nearly the same way may four, five, &c. unknown 
quantities be exterminated from the same number of independent 
simple equations ; but, in cases of this kind, there are frequently 
shorter and more commodious methods of operation, which can 
only be learnt from practice. 

( 2a>f 4y— 3z=22 ) 

1. Given < 4a; — 2y-\-5zz=zl8 > to find x, y, and z- 
( 6ar-f 7y— z=63 ) 

Multiplying the first equat. by 2, 4a:-J-8y — 6r=44 

and subtracting the second, 4x — 2y-\- 52=18 

there results (A) lOy — 112=26 

Again, mult, the first equation by 3, Qx-\-\2y — 92=66 

and subtracting the third, 6a;-|- ly — z=63 

there results 5y — 8z= 3 

and mult, this result by 2, \0y — 16z= 6 

which subtracted from equation (A), lOy — 1 lz=26 

gives 5z==20 

3+8* m _ 22— 4y+3z- o 
.:*=A,y=( -32-) =7, and x=( £±-) =3. 



i 
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2. After paying away J of my money, and then | of the re- 
mainder, I had 72 guineas left. What had I at first ? 

Let the number of guineas = x ; then x — \x — ^x = 72 ; or 
mult, by 20, 20* — 5x— 3s=1440 ; whence 12a: = 1440, or a:= 
x \ jft , 120 guineas. 

4* 6 
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/ 

, SOLUTION OF QUESTIONS. 

i'o solve a simple equation containing but one unknown quan* 
tity. 

Rule. Clear the equation of fractions by rule 3, and of radicles 
by rule 4 ; second, transpose the unknown terms or quantities to 
one side of the equation, and the known terms to the other, by 
rule 1. 

Collect each side into one term, and the unknown quantities, 
with a known coefficient, will form one side of the equation, and 
a known quantity the other side. Divide each side by the coef- 
ficient of the unknown quantity, and the value of the unknown 
will be exhibited. 

1. What number is that, from the treble of which if 18 be sub- 
tracted, the remainder is 6 ? Ans. 8. 

Let x= the number ; »•. Sz — 18=6, or 3zt=24, and x=3. 

2. What number is that, the double of which exceeds four-fifths 
of its half by 40 ? 4 Ans. 25. 

Let x= the number; .\ 2x — -.- =40, and 10a; — 2.t — 200, or 



£=25. ^ 2 

3. In fencing the side of a field, whose length was 450 yards, 
two workmen were employed ; one of whom fenced 9 yards, and 
the other 6 per day. How many days did they work? Ans. 30. 

Let x, 9a: and 6x= the number of days and of yards fenced fcjr 
each respectively; .\ (9ar-J-6a:)=15z=450, and as==30, Ans. 

4. A mercer bought 4 pieces of silk, which together measured 
50 yards ; the second was twice, the third three times, and the 
fourth four times as long as the first. What was the respective 
lengths of the pieces ? Ans. 5, 10, 15, 20 yards. 

Let a;, 2x, 3a:, 4r, and 10a*=50, be the number of yards in the 
first, 2nd, third, fourth, and the equation, respectively, and a: = 5. 

5. A farmer sold 13 bushels of barley at a certain price ; and 
afterwards 17 bushels at the same rate ; and at the second time 
received 36 shillings more than at the first. What was the price 
of a bushel ? Ans. 9 shillings. 

Let x= the price of a bushel, 13a: and 17a: the sum received for 
the first and second ; .\ (17a: — 13as=4a:)=36, and as=9, Ans. 

6. A person bought 198 gallons of beer, which exactly filled 4 
casks ; the first held twice as much as the second, the second 
twice as much as the third, and the third three times as much as 
the fourth. How many gallons did each hold? 

Let x y 3a:, 6a;, and 12as= the number of gallons the fourth, third, 
second and first, respectively; .*. 22^=198, and t ■ 9 , and 106, 
54, 27 and 9 were the answers. 
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7. A silversmith has 3 pieces of metal, which together weigh 
48 ounces. The second weighs 12 ounces more than the first, 
and the third 9 ounces more than the second. What were their 
respective weights ? Ans. 5, 17, and 26 ounces. 

Let x, x-\-12, #-{-21= the number of ounces the first, second, 
and third weighed, respectively, and 3z-{-33=48, or a:-]— 11=16, 
and x=5, and 17, 26 ounces, Ans. 

8. A vinter fills a cask, containing 96 gallons, with a mixture 
of brandy, wine, and water. There are 20 gallons of water more 
than of brandy, and 17 more of wine than of water. How many- 
are there of each ? 

Let x, 20-J-!r, 37-f-x De ^ e number of gallons of brandy, of wa- 
ter, and of wine, respectively ; 57-j-3.t=96, or 19-j-:s=32, and 
as=13, and the number of gallons of brandy, water, and wine, 
were, 13, 33, 50, respectively. 

9. A gentleman buys 4 horses ; for the second of which he 
gives $12 more than for the first; for the third $6 more than for 
the second; and for the fourth $2 more than for the third. The 
sum paid for all was $230. How much did each cost ? 

Let x, z-f-12, £-{-18, z-|-20 denote the price of the first, second, 
third, and fourth; .-. 4^+50=230, or 4^=180, and as=45. 

10. A poor man had 6 children, the eldest of which could earn 
Id. a week more than the second ; the second 8d. more than the 
third ; the third 6d. more than the fourth ; the fourth 4d. more 
than the fifth; and the fifth 5d. more than the youngest. They 
altogether earned 10s. 10^. a week. How much could each earn 
a week? Ans. 38, 31, 23, 17, 13, and 8 pence per week. 

Let x, x-\-5, ar-f-9, z-j-15, :r-{-23, and z-j-30 be the sum earned 
by the youngest, fifth, fourth, third, second, and eldest; .-. 6x-\- 
88=130, or x=8. 

11. An express set out to travel 240 miles in 4 days, but in con- 
sequence of the badness of the roads he found that he must go 5 
miles the second day, 9 the third, and 14 the fourth day, less than 
the first. How many miles must he travel each day ? 

Let x, x — 5, x — 9, x — 14^= the number of miles travelled the 
first, second, third, and fourth day; .•. 4x — 28=240, or x — 7= 
60, or zt=67. 

12. There are 5 towns, in the orders of the letters A, B, C, D, 
E. From A to E is SO milcrs. The distance between B and C 
is 10 miles more, between C and D is 15 miles less, and between 
D and E 17 miles more than the distance between A and B. 
What are the respective* distances? Ans. from A to B 17; from 
B to C 27; from C to D 2 ; and from D to E 34 miles. 

Let x, a:-f-10, x — 15, £+17 denote the distance from A to B, 
B ta C, C to D, and D to E, and we have 4r-f- 12=80, or z=17. 
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13. A gentleman gave $27 to twopoor persons ; but he gave 
$5 more to one than to the other. What did he give to each ? 

Let or, and or-f-5 be the number of dollars given to one and the 
other, and 2:z-j-5=27, or 2=11, and 16, are the answers. 

14. What number is that, the treble of which is as much above 
40, as its half is below 51 ? Ants. 26. 

Let 2x= the number ; .*. 6z — 40=51 — r, and 73=91, or as=a 
13, 23=26. 

15. Two workmen received the same sum for their labor ; but 
if one had received $15 more, and the other $9 less,, then one 
would have had just three times as much as the other. What 
did they receive ? Ans. 21 dollars each. 

Let a= the sum ; .\ 3-f-15=3(a: — 9), and 2s=42 r or x— 21 
dollars, Ans. 

16. Two merchants entered into a speculation, by which one 
gained 54 dollars more than the other. The whole gain was 49 
dollars less than three times the gain of the less. What were 
the gains ? Ans. $103, and $157. 

Let x, a:-f-54 denote the less gain and the greater, and 23-4- 
54=3*— 49. 

17. The perimeter of a triangle is 75 feet, and the base is 11 
. feet longer than one of the sides, and 16 feet longer than the oth- 
er. Required their respective lengths. 

Let x, x — 11, x — 16 be the length of the base and the length 
of the sides, and {x-\-x — ll-j-3 — 16)=3a: — 27=75; .% t — 34, 
and the sides were 23 and 18. 

18. A company settling their reckoning at a tavern, pay 8 shil- 
lings each ; but observe, that if there had been 4 more, they 
should only have paid 7 shillings each. How many were there ? 

Let x and 8x be the number and the sum paid, and 8zss 
7(3+4) ; .-. 3=28. 

19. Divide the number 46 into two such parts, that one of them 

being divided by 7 and the other by 3, the quotients may together 

be equal to 10. Ans. 18 and 28. 

x 46 x 

Let x, 46 — x= one part and the other, and ^ -\ - — = 10, 

t> 7 



and 3=18. 

iBO. A certain sum is to be raised upon two estates, one of which 
pays 19 shillings less than the other ; and if 5 shillings be added 
to treble the less payment, it will be equal to twice the greater. 
What are the sums paid ? Ans. 33, and 52 shillings; 

Let 3, 3-J-19 denote the payment of the less and greater in 
shillings, and 33+5=23+38, and a=33, and 3+19t=52 shil. 
lings, the Ans. 

21. Having bought a certain quantity of brandy at 19 shillings 
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t gallon, and a quantity of rum exceeding that of the brandy by 
9 gallons, at 15 shillings a gallon, 1 find that I paid one shilling 
more for the brandy than for the rum. How many gallons were 
there of each ? Ans. 34 of brandy, and 43 of rum. 

Let x and ar-f-9 be the number of gallons of brandy and of rum, 
and 19a: and 15(2:-J-9) are the prices respectively ; .\ 19:r=l&r 
-J-135-f-l, and 42=136, or a=31 gallons of brandy, and 43 of 
rum, Ans. 

22. Two persons, A and B, have each an annual income of 
400 dollars. A spends every year 40 dollars more than B, and 
at the end of 4 years the amount of their savings is equal to one 
year's income of either. What does each spend annually ? 

Let x, and #-{-40 denote the sum spent by B and A, and 400 
—a:, 360 — x, denote the sum saved by B and A ; whence, 
4(760— 2a:)=100, or 2.s=660 and 2s=330=B, and 370=A. 

23. A draper sold two pieces of cloth, by one of which he lost 
G dollars more than by the other ; and his whole loss was 5 dol- 
lars less than treble the less loss. What were the losses sustained 
by each piece ? Ans. $11, and $17. 

Let x, ar-J-6 denote the loss sustained by one and the other, and 
2x-\S==3z — 5, and &=11, and z-[-6=17, Ans. 

24. A person engaged to reap a field of corn for 4 dollars an 
acre, but leaving 6 acres not reaped, he received 40 dollars. Of 
how many acres did the field consist ? Ans. 16. 

Let x denote the number of acres, and 4(a: — 6)=40 dollars, or 
4z — 24s=40, or 4x=64, and x=16 acres, Ans. 

25. In a naval engagement, the number of ships taken was 7 
more, and the number burnt 2 fewer, than the number sunk. Fif- 
teen escaped, and the fleet consisted of 8 times the number sunk. 
Of how many did the fleet consist ? Ans. 32. 

Let x, ar-f-7, x — 2 denote the number sunk, taken and burnt; then 
Z^x-\-l+x—2-\-\&=Sx, and 5.a=20, or *=4, and the fleet 32. 

26. A farmer hires a farm for &175jj a year; part of which he 
is not allowed to plough ; he gives $2 per acre for the arable, and 
for the rest, which was 5 acres less, he gives $1£ per acre. How 
many acres were arable, and how many not ? 

Let x, and x — 5 denote the number of acres of arable and the 
rest; then 8x+5{x — 5)=703, or 13:z=728, and z=56 arable 
and 51 the rest. 

27. A cistern is filled in twenty minutes by three pipes, one of 
which conveys 10 gallons more, and the other 5 gallons less, than 
the third, per minute. The cistern holds 820 gallons. How 
much flows through each pipe in a minute ? Ans. 12. 

Let x, a:-}-10> and x — 5 denote the number passing through the 
third, first, and second, respectively; then 2Q(3x-\-5)=820. 
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28. There is a number consisting of two digits, the second Q 
which is greater than the first ; and if the number be divided B 
the sum of its digits, the quotient is 4 ; but if the digits be invert 
ed, and that number divided by a number greater by 2 than th 
difference of the digits, the quotient becomes 14. Kequired th 

Let 10z-\-y be the numb. ; then — ~^- =4, — ^rs = 14 ; Ir 

the question, from the first, 10x-\-7j=ix-\-£y, or 2x=y, and froa 
the 2d, \0y-\-x=Uy— 14r+28, or 15z—4y=£8, or (15a;— 8x= 
7x=28, or :c=4, and y=8 ; and the number is 48, Ans. 

29. A and B have certain sums of money ; says A to B 
give me $15 of your money, and I shall have 5 times as much, a 
you will have left ; says B to A, give me $5 of your money, an< 
I shall have exactly as much as you will have left. What sua 
of money had each ? 

Let x = A's money, y == B's, then ar-f-15 = what A wouk 
have after receiving $15 from B, y — 15 = what B would havi 
left. Again, y-\-5= what B would have after receiving $5 fron 
A, z — 5 = what A would have left. 

Hence, by the question, z-j-15=5X(y — I5)=5y — 75, ) 

and y-\-5=z — 5. ) 

By transposition, 5y—x= 90 (A) > 

and y—x= —10 (B) \ 

Subtract (B) from (A), 4.y = 100 ; .\ y=25, B's money. 
From equation (B), as=y-{-10=25-|- 10=35, A's money. 

30. Three men began talking about their money ; the firS 
said to thevothers, two-thirds of your money would make mini 
$37 ; and the second said to the others, three-fifths of your mone] 
would make mine $37 ; but, if the other two lent five-eighths oi 
their money to the third, it would make his money amount to $37 
What sum did each possess ? 

Putting a=$37, and z, y, x for the. 1st, 2d and 3d person's dol 
lars respectively, we shall have, by the question, 



z-f-$y-\-%z=a y or 3z- 



y- 

x- 



$ z-^-^xs=a, or 3z-|-5y-|-3a:=5«, 



2y--2s=3a, 



| y=a y or 5z-\-5y-]-8x=8a. 
Taking the 1st equation from the 2d, we have 3y -f- x = 2a, a 
x=2a — Sy ; this substituted in the 1st and 3d, we have 

19?/ 5z 3a \ ' ^ rom ^ ^ mes tne latter of these equations sub 
tract 5 times the former, and there will be obtained 37y = 19* 

19<Z 1*7/7 

hence y= 37 = $19. Then x=Qa — 3y =-«=- = 17 dolls., am 
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General Solution. 1st Let there be given the two equations, 

!, •f? / > to find the values of x and v. 
a x- -o ys=c ) 9 

Multiplying the first by a', and the second by a, they become 

aa'x-l-a'by=ca' 

aa'x-\-ab'y=c'a ; 

and, subtracting the first from the second, we have 



{db' — a'b)y=c'a — ca', or y= 



ca — ca' 



ab'—a'b 

In like manner, if the first equation be multiplied by b\ and the 
second by b, and the latter product subtracted from the first, we 

have {ab'^%)x=cb'-- c'b, or cb — cb 



ab — a b 

In this case, where there are only two unknown quantities, it 
is evident what factors will render the coefficients of x and y, in 
the two equations, equal to one another, as above ; but, when there 
are more unknown quantities than two, it is not so obvious what 
factors will answer ; therefore, in what follows, I shall make use 
of a method for determining them, which is applicable to all cases, 
whatever may be the number of equations. 

In the preceding example, if we multiply by the indeterminate 
factors m and n, the equations become amx-j-bmy=cm 

a! nx\b' ny=c' n 
and, subtracting the second equation from the first, we have 

{am — a'ri)z-\-(bm — b'ri)y=cm — c'n. 
Now, in order that y may disappear from this equation, bm -— 

b'n must be = 0, then x= 7- . But bm — Vn will be equal 

am — an 

0, when m=b' and n=b ; and, these values being substituted for 

cb' — c'b 
m and n in the expression for x, we have x , -.. 

Again, to make x disappear from the equation, am — a'n must 

cm> *"~~ en 

be =0, then v= z 77-. But am — a'w==0, when m=a' and 

bm — b n 

n=a ; therefore, substituting for m and n their values, we have 

y= —, — =7- ; or, changing the signs in the numerator and deno- 
bu— — b a 

ac' — a'c 

nunator, y=~n tv 

9 ab — ab 

When one of the unknown quantities has been determined by 
this method, the other may be found, without repeating the pro* 



JB SIMPLE EQUATIONS. 

cess, by only changing the coefficients, or writing a in place of 
b 9 and a' in place of b\ or the contrary. Thus, if in the value Tor 

x we write a for b, and a' for b\ it becomes -z—, — — , the value of 

ba —ba 

y. And if in the value for y we write b for^, and V for a' f we 

nave -77 77, for the value of x. 2na\JLeJ there be three equa- 
te — ab — ~ — ^ 

tions, (ax -j-by -\-cz =d 

a'x 



a x~ 



■b'y -{-c'z =rf' V to find the values of z, y and z. 
■b"y+c"z=d'\ 
Multiplying by the indeterminate factors m, n, and p, we have 

amx -\-bmy -\-cmz =dm 
a'nx -i-b'ny -\-c'nz=d'n 
a"pz+b"py-\-c"pz=d"p, 

and, subtracting the last from the sum of the other two, there re- 
mains (wm~\-a!n — a"p)x-\-(bm-\-b'n — b"p)y-\-(cm-\-c'n — c f, p)z = 
dm-\-d'n — d"p. Now, in order that y and z may disappear from 
ibis equation, and x only remain, 

bm-i-b'n — b"p=0, or bm-\-b'n=b"p 
cm-\-c'n — c"p=0, or cm-\-c'rt=c"p ; 
, dmr\-d'n — d"p From the equations bm-\-b'n=b"p 

am-\-a'n — d'p' and c#f-j-c'w=c"jp, . 

p( c 'b" b'c") p(bc"~b"c) 

we have, by the first case, #i=£-— ; — , and ?2=£-r-; — n — 

be — be be — be 



and since p is arbitrary, we may take it equal to the denominator 
be' — b'c, then m=c'b — b'c", and n=z=bc" — b"c. These values 
being substituted for m, n and p, in the expression for x, we have 

d(c'b"—b'c")+d'(bc"—b"c)—d"(bc'—b'c) 



a{c , b"—b , c")+a\bc"—b"c)—a"{bc'—b , c) 

In like manner, if we make am-\-dn=a"p 

and cm-\-c'n=c"p, 
x and z will disappear from the equation, and we shall have 

tf=; — —-77 —-. And, proceeding as before, we find 

9 bm+b'71 — b"p * ° 

ii=c'fl" — a'c" , 7v=ac" — ca", and p=ac f — ca' ; therefore, 

_ d{c'a"—a'c")+d' (ac"^a")-^'\ac'—ca' ) 

V ~ a(c'a"—a'c , ')+a''(ac"—ca'')^''(ac'—ca'j 

Lastly, if we make am-\-a'n=a"p ) , .„ ,. 

and bm+b'n=b"p | ' x and * WlU dlsa PP ear 

from the equation, and we shall have z = — 3L_ _?, And, 

cwi-4-c n — c p 

substituting for m, n and p, their values found as above, namely, 



mtssb'a" — a'£", n=ab" — ba", and p=ab' — ba\ we have 
<*(&VW£'0-H'(a*''— ba")—d"{ab'— ba') 



cWd'^b")^\aV f —btf')—e\ab'—ba') ' 

These values being multiplied out, and the terms so arranged as 
to be positive and negative alternately, we have 

.4h'c"-^b"^b"-^c n +bc'J!'— cb'd" 



ab'c"-w'b''-\-ca'b''-+ba'c''+bc'a''—cb'a' 
ad'c"^c'd''+ca'd f '-^'c"-Wc'a''—cd'a' 



i'~" 



eb'c"—ac'b" +ca'b"—ba'c" +bc 'a! '—cb 'a! 

_ ab'd"-^'b''+da'b"—Md"+bd'a"—db'a'' 

Z ~ ^b ,f ^^ , c n ^a , b ,f ^^a'c ,, \'bc , a ff —cb f a: 

the signs in ^h© first and third expressions being changed, in order 
that the denominator of each may be the same. 

When one of the unknown quantities is determined, the others 
may be found without going through, the separate operations, by 
only changing the coefficients ; thus, if in the first value of z, we 
substitute the respective coefficients of y in place of those of z, 
viz. b in place of a> b' in place of a\ and b" in place of <z", we 
shall have the value of y : and if we substitute the coefficients of 
z instead of those of z> viz. c in place of a, c' in place of a', and 
c" in place of <z", we shall have the value of z. 

The reason of this will be obvious, if we suppose the unknown 
quantities y and z to change places successively with z in the 
original equations. To apply these formulae to the example in 
question, where 2a;-{-2y-f-32=3a 

3z~{-5y-j~2z=5a 

8x-\-5y-\-5z=8a 
we have a=2, a' — 3, a"=8, 6 = 2, b'= 5, £"=5, c=3, c'=3, 
c"=5, <fc=3a, d'=*5oi and d"=Sa. 

And substituting these values in the above expressions, 

3-5-5— 3-3-5-f3-5-5—2-5-5-f 2-38— 3-5-8 —17 _l7a 

Z ~ 2-5-5^-3-5-f 3-3-5--- 2/3-5+2-3-8— 3-5-8 X ^— 37 #a— 37 

2-5-5— 2-3-8+3-3-8— 3-3-5+3-3-8— 3-5-8 —19 19« 

y — 2-5-5— 2-35+3-3-5— 2-3-5-f 2-3'8--3-5-8* —37 ^^f 

__ 2>5-8— 2-5-5+3 3-5— 2-3-8+2-5-8— 3-5-8 — 13 # 13a 

z 2-5-5— 2-3-5+3-3-5— 2-3-5+2'3-8— 3-5-8 Xte= — 37* a= ^f 

as before. 

This method may be extended with the same facility to as many 
unknown quantities as we please ; thus,, if there be four equations 

ax -\-by -j-cz -\-dw =e 

5 1 



•0 SIMPLE EQUATIONS. 




z 4-d'w =*' 



"w " 



in 

III 
'// 



, „ , f "z^d nt w=e m \ then, multiply, 
ing the first by m, the second by n, the third by J9, the fourth by 
q, and subtracting the last product from the sum of the other 
twree, we find (am-\-a'iv-\-a"p — a'"g)z-\-(bm-\-b'n-\-b"p — b'"g)p 
-4-(cm-4-c'?i-[-c"p — c'"q)z-\-{dm-{-d'n-\-d'*p — d'"g)w=em-^'n-\- 
e p — eg. Therefore, to find x, we have 
m -J. b'nr\4Tp — V"g = 0, cm + dn + c"p — c'"g = and: 

dm 4- ^n + d © — d"g*=. 0, and as= — f—, — p-T^- 777= • 

1 ' am-)-fl Vf-a jj — a q 

The values of m, n and p must now be found from the formula 
in case 2nd, and substituted in the last expression, we shall then 
have the value of x; and from thence, by changing the coefficients, 
we shall obtain the values of y, z and w. The values of z, y, z, 
and w, are as below. The numerator of x is 

eb'c"d'"-eb'd"c , "+ed'b"c'"— ed'c"b'" + ec'd"V" - ec'b"d 

+bd f c n e u, ^bdf^c u, + bc f e H d n, ^4>c f d n e m + faW" — te'c"* 
+<*'$"<*"'— cJ*V"+ctfM"— cd'b"e'" + cW'V" — c3 V'<T 

4^ V V^-^BV V' / +jfc # *V w — <&V'£'" + <fe'c"£'" — <fe'£"c 

The numerator of y is 

«WWdT+ <zdW"— od'c'V" + oc'e"d'"—ac'd"e'" 
J^ed'c"^'— ed'a"c'"+ ec'a"d'"—ec'd"a!" + ea'd'V"— «a W" 

4-ca'e"<f"— eaW"+ cWV'-^W' + ce'd"a'"—ce'a"dr 

j^> a 'Y"-^'c'W"-\- dc'e"a'"—Ma"t"' + <fe'c"e'"— <fc VV" 

The numerator of 2 is 

ab'e"d'"— db'd"e'"+ad'b"e'"—ad'e"b'"+ ae'd"b'"—ae'b"d"' 

+db'e"a'"— bd'a"e'"+ be'a"d'"— be'd"a'"+ba'd"e'"— ba!e"d!" 

+ea'b"d'"— ea'd"V"+ ed'a"b"'— ed'b"a'"-\-eb'd"a'"— eVa"£" 

+db'a"e'"— db'e"a'"+ de'b"a'"— de t a' , b n, \-da t e n b ,n — da'b"*'" 
The numerator of w is 
ab'c"e'"— db'e"c'"+ <u!b"c'"— ae'c *b'"+ oc'e"b'" — ac'b"e 

+be'c"a'"— be'a"c'"+ bc'a"e'"— bc'e"a'"+ ba'e"c'"— ba'c"e 

+ ca'b"e"'—ca'e"b'"+ cc'a"b'"— ce'b"a'"+ cb'e"a"'— cb'a"e 

+eb'a"c'"— eb'c"a'"+ ec'b"a'"— ec'a"b'"+ ea!c"b'"— ea'b"c 
And the denominator of each is 
ab'c"d'"+ab'd"c'"+ ad'b"c'"+ ad'c"b'"+ ac'd"b'"— ac'b"d'" 

l r bdc"a'"—bd'a"c'"+ bc'a"d'"— bc'd n a"'+ba'd"c'"—ba'c"d 

+ca b"d'"—ca'd"b'"+ cd'a''b'"—cd'b"a"'+cb"d"a'"—(&W'd 

+db'a"c'"—db'c"a'"+ dc'V'a!"— dc'a"b'"+ da'c"b'"— da'V't 
If there were 5 unknown quantities, the numerators and deno 
minators of each would consist of 120 terms. 
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31. Given {*+|(y+z)=17, y+\(x+z)=Y1 ; and z+\(x+y) 
=17}, or U+i(y+z)=lQOO; y+Ux+z) = 1000 ; and z-f 
J(ar-f- 2r )=1000} ; to find x, y and 3, in both the above cases. 

Iffl = 2;i = 3;c = 4; Ans. x=5, y=ll, z=\3. 

A general theorem for all questions of a similar nature : 
{abc-\-b-\-c — 2bc—a)n 67n ., (abc-{-a-{-c — 2ac — b)n Tin 

abc+2r—ar—b—<; — 107 — S * abc+2—a— b-^c~ = l07 
„, , (abc-l-a-±-b — 2ab — c)n 83n _. 

= B ' s - «■* Zit^ s=i — w -° s *»*• 

In this question n is = to one thousand. 



EXPRESSION OF QUESTIONS. 

As it is sometimes difficult for learners to know how to express 
the conditions of a question algebraically, the following remarks 
may be found useful : 

If the question be concerning one unknown number, or quantity ; 

it may be represented by x or y. 

If the unknown quantity is to be multiplied by 5, that condition 
is expressed thus : 5x t or 5y. 

If 4 be added to that product, and the sum is equal to 14, then, 
5x | 1 14 ; but if 4 is to be subtracted, then 5x — 4=14. 

If the unknown quantity is to be divided by 3, that condition 

x II 

may be expressed thus : ^ or \ ; and if 7 be subtracted from that 

o o f 

quotient, and the remainder is equal to 10, those conditions are 

expressed thus : Jx — 7=10. 

If the third, fourth, and fifth of a number be added to itself, and 

the sum is equal to 35, that condition is expressed thus : 

XXX 

If the question is concerning two numbers or quantities, they may 

be called x and y. 

If it be required that the sum of the two numbers sought be 60, 
that condition is expressed thus : x-{-y=60. 

If their difference must be 24, then x — */=24. 

If their product is 156, then zy=156. 

x 
If their quotient must be 6, then - =6, or z-*ry=6. 

If their Tatio is as 3 to 2, then x : y: :3 : 2, and hence 2z=3y. 
If the sum of their squares is 100, then a^-(-y 2 =100. 
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If the difference of their squares is 27, then of — tp=£27. 
If the product of their squares is 36, then 2?if=36. 
If the quotient of their squares is 16, 

Then ^ =16, or z*-S-y*=16. 

If their sum added to their difference he 10, and x be the great- 
er number and y the less, then 2as=10 ; 

For z-\-y-\-z — y=2x. 

If the difference of their sum and difference be 6, and z be the 
greater and y the less, then 2y==6 ; 

For ar-f-y — (% — y)=2y. 

If the product of their sum, multiplied by their difference, must 
be 64, then {z-\-y)(z — y)=64; whence z* — ^=64. 

If the square of their sum be 36, 

Then (z+y)\ or 2*+2ay-fV=36. 

If the square of their difference be 16, 

Then (z— y)\ or 2^—2^+^=16. 

If the sum of the squares of their sum and of their difference be 
100, then 2^+2^=100 ; 

For a?+2zy-\-tf added to z*— 2zy^=Qz 9 +2i/ i . 

If the difference of the squares of the sum and difference equal 
64, then 4#y=64. As may be seen by subtracting, z* — 2zy-f-y* 
from z*-\-2xy-\-y l . 

Z m \ mf U 

If their sum, divided by their difference, be 3, then ^ 



If two thirds of one, and four sevenths of the other, make 66» 

Then | +^=60. 

If two thirds of one, subtracted from four sevenths of the other, 

„, . 4# 2y ,„ . • 

leave 14, then — -~ =14. 

If their sum must be four times their difference, 
Then a;-f-y=4(a: — y), or a;-f*y=4a: — 4y. 

If the sum of their squares is &ve times the sum of the num- 
bers, then x*-\-y i =5(z-\-y)=:5X(z-{-y)' 
Or a^-}-y 2 =5a:4-5y. 
If their product is six times their sum, 
Then zy=G(z-{-y), or xy=Qz-\-§y. 

tte 

If their product is nine times their quotient, then xy= — . 

If one number must be as much above 20 as the other wants if 
20, then z— 20=20— y. 

If one number must be three times as much above 20 as the 
-other wants of 20, then z— 20=3(20— y)=3X (20— y), 
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Or x— 20=60— 3y. 

If their difference and sum are to each other as the numbers 
two and three, thenar — y : x-\-y\ :2 : 3; or, * 

Multiplying extremes and means, 3x — 3y — 2x | 2y. 

If their sum and product are to each other as the numbers three 
and five, then x-^-y : xyl :3 : 5 ; or, 

Multiplying extrems and means, 5x-\-5y=3xy. 

If one number ought to be as many times contained in 20 as 

the other contains the number 4, then — =t> or 20 : a:: :v : 4: 

a: 4 

Whence ary=80. 

If the number 20 must be a mean proportional between the two 

numbers sought, then x : 20 : : 20 : y; whence a^=400. 

If the greater being divided by the less, and again the less by 
the greater, the first quotient must be to the second as 5 to 3; 

Then - : ?: :5 : 3. Whence — = ^. 
y x y X 

If one number increased by 2, and multiplied by the other di- 
minished by three, produce 40, then (a>|-2) (y — 3)=40, or xy— 3x 
-}-2y— 6=40. 

If three numbers, x, y, and z, must be in continued proportion, 
then x Z yliy I z. Whence, xz=tf. 

It is sometimes easier to employ fewer letters than there are 
unknown quantities. Thus, the solution becomes more easy and 
elegant. There are some examples of this kind of notation. 

Conditions, . Notation. 

The sum of the two numbers ) Let x= one number, then will 

sought is 60 • ) 60 — x=the other. 

Their difference is 24. x and a>}-24 (or x — 24). 

™ . , • .*„ j 146 
Their product is 146. x and . 



x 



x 



Their quotient is 6. x and ^, or x and 6ar. 

2 X v 3a; 

Their ratio is as 3 to 2. x and -^-, or 3a: and 2a; ; because ^- b 

3 

5, or 3a; : 2a; : ; 3 : 2. 

The greater is 4 times the less x and 4ar. 

These and the preceding are some of the relations which are 

easily expressed ; many others occur which are less obvious, but 

as they cannot be described by particular rules, their expression is 

best explained by examples, and must be acquired by experience. 

5* 
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On the Solution of Simple Equations which involve more than 

one unknown Quantity. 

If the equation involve several unknown quantities, and 
definite values of these are required, there must necessarily be as 
many independent equations as there are unknown quantities. In 
Which case, the values will be found by exterminating all the un- 
known quantities except one ; and this may be done by either of 
the three following methods : 

1. By equalizing the coefficients of the same unknown quantity 
in the several equations. 

2. By substitution. 

3. By equating different values of the same unknown quantity. 
1. Of exterminating an unknown quantity by the first method 

in equations where two unknown quantities are concerned. 

If the coefficient of either unknown quantity in one equation be 
contained a certain number of times exactly in the coefficient of 
the same unknown quantity in the other, multiply the former equ* 
tion by that number, then add it to, or subtract it from, the other 
equation, according as the signs are different or the same, and ail 
equation arises, in which only one unknown quantity is found. 

U and 4j,Tr ifi I ^ ere tne coefficient of x in the secotal 

equation is contained 4 times exactly in the first; multiplying 
therefore the second equation by 4> and subtracting the first tro» 
it, 4*-J-lo>=64, 

and 4r-j- y=34; 

.*. 15y=30, and y=Q. 
Having thus obtained a value of one of the unknown quantities, 
the other may be determined by substituting in either equation the 
value of the quantity found, and thus reducing the equation to one 
which contains only the other unknown quantity. Thus, from 
the second of the preceding equations, as=16— 4y=16 — 8 8 . 

The values of x and y might be found in a similar manner, by 
multiplying the first equation by 4, and subtracting the second 
from it. But if neither of the coefficients be a measure of the 
coefficients of the same unknown quantity in the other equation, 
multiply the first equation by the coefficient of one of the unknown 
quantities in the second equation, and the second equation by the 
coefficient of the same unknown quantity in the firsf. If the signs 
of the unknown quantity be alike in both, subtract one equation 
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from the other ; if unlike, add them together, aad an equation 
arises in which only one unknown quantity is found. 

ThU and l£— 2pdL0 | In this case neither of the c °effici«ts 
is a measure of the coefficient of the same unknown quantity in 
the other equation ; and therefore, multiplying the first equation 
by 2, and the second by 3, 

4ar+ 6>=46, 
and life — 6ys=30; 

.\ by addition, 19as=76, and x=& ; whence, as before, 

3y=23— 2a*=23— 8=15, and y=5. 

The values of x and y might also be obtained, by multiplying 
the first equation by 5, and the second by 2, and then subtracting 
the second from the first. 

2. By substitution. Find the value of one of the unknown 

rntdties, in terms of the other and known quantities, in the more 
pie of the two equations ; and substitute this value instead of 
the quantity itself in the other equation ; thus an equation is ob- 
tained in which there is only one unknown quantity. 

Thus in the first of the preceding examples ; from the second 
equation, x=16— 4y ; substituting therefore this value of z in the 
fint equation, 4* (16 — 4y)-J-y*=34, or 64 — 16y-\-y=34:; .\ by 
transposition, (64— 34*=)3(k=15y % and therefore 2==y ; whence, 
as before, x=8. Here a value of x might have been obtained 
from the second equation, and substituted for it in the first ; whence 
an equation would have arisen, involving only y; the value of 
Ttflich being found, that of x also might be determined, as before, 
by substitution. 

Or a value of y might be determined from either equation, and 
substituted in the other ; from which would arise an equation in- 
volving only x, the value of which might be found ; and therefore 
the value of y also might be obtained by substitution. 

Again, in the second example ; from the first equation is ob- 

23 fy 

tained 2xt=23— By; and therefore x= — t%-1 



substituting therefore this value in the second equation, 

23— -3y 

5 • — jr— - — 2y=10, or 115 — \5y — 4y=20 ; .'.by transposition, 



2 

115 — 20 = I5y + 4y, or 95=l9y ; .\ 5=y, and 



23— 3y 



— - — =- =4. Here also a value of x might be obtained from 
2 2 5 

the second equation, and substituted in the first, which would give 

air equation involving only y ; or a value of y might foe obtained 
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from cither equation, which substituted in the other would give 
equation involving only a? ; the value of which might therefore be 
found, and consequently that of y might also be determined. 

3. By equating different values of the same unknown quantity. 

From each equation find the value of the same unknown quant* 
tity in terms of the other and known quantities; then, by equating 
the values so found, an equation arises containing only one un* 
known quantity. Thus, in the first of the preceding examples ; 
from the first equation, y=34 — 4a?, and from the second equation, 

I6-— x 16— x 
4y=16 — x; and therefore y= — -? — ; .\ — ^ — =34 — 4a?; con- 
sequently, 16 — 2=136 — 16a: ; .*. by transposition, 16a? — #=136 
—16; or 15as=120; 

.*. x — 8, and y=34 — 4a?=34 — 32=2, as before. 

In this case, also, two values of a? are deducible from the two 
equations, which would give an equation involving y only ; and 
the value of y being determined, that of a? might also be found. 

Again, in the second of the preceding examples ; from the first 

equation, x=s—~^, and from the second, ,t "^" ; therefore, 



2 ' ' 5 

u-j- y _ <&>-- «jy a ^ 20-f4y = H5 — I5y; by transposition, 

4z-]-l5y=ll5 — 20, or 19y=95; .\ y=5, and z=4, as before. 
Here, again, two values of y might have been found, which would 
have given an equation involving only x ; and from the solution 
of this new equation, a value of a?, and therefore of y, might be 
found. 

L G and £±7pS J t0 ** Ae ™ lues 0{ * and V- 
Multiplying tne second equation by 5, and the first by 3, 

15x+35y±=335, 
and 15a>j-12y=174 ; 

.•.by subtraction, 23^=161, and y=7 ; 

whence, 5x=58 — 4ys=58 — 28=30, and therefore fc=6. 

If the second equation had been multiplied by 4, and subtracted 
from the first when multiplied by 7, an equation would have arisen, 
involving only x, the value of which might be determined, and 
thence* by substitution, the value of y. 

Second Method. 

From the second equation, 3x=&7 — 7y; .\ x= — =— -. Sub- 

o 

stituting this value of x in the first equation, 5 • — ^—^ -|- 4y s 
68, and 335— 35y+12y— 174 ; .*. by transposition, 335—174= 
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35y — 12y, or 161=±=23y ; ..-. 7=y; whence, as before, the value 
of x may be found. In the same manner, a value of x might be 
found from the first equation, which substituted in the second, 
would give an equation involving only y. Or a value of y might 
be- obtained from either equation, and substituted for it in the 
other ; whence an equation would arise involving only x, the va- 
lue of which might be found, and therefore that of y also determined. 

Third Method. 

From the first equation, 5x=58 — 4y; .\ x — — . 

u a 67— 7y 58— 4y 67— ly . tw _ 

From the second, x= — ^— -. .\ — — - = — — - -, and 174 

o o 3 

— 12y*=335— S&y ; 

by transposition, 35y — 12t/==335 — 174, or 23y*=161; .*. y=7; 

whence, as before, x==S. In this case, two values of y might be 

deduced from the two equations ; and from equating these, there 

would arise an equation involving x only ; whose value being 

found, that of y also might be determined by substitution. 

2. Given ™+>>jf^ J to find the values of x and y. 

Multiplying the first equation by c, and the second by <z, 

acx4-b'cy=mc t 
acx-\-ady=na ; 

/* by subtraction, (ad — be) . y=na — mc, and y= 



ad — be 

_ m by m nab — mbc mad — mbc 

whence x = = 53 r-; = — 53 — —* 

a a a ard — abc ard — abc 

nab — mbc mad — nab md — nb _ , . _ . _ _ 

— - -— , = — ^ — = —3 — 7— . Or the value of x might be 

a*a\ — abc ard — abc ad — be ° 

. n dy 

determined from the second equation, x= . 

c c 

If the first equation had been multiplied by d, and subtracted 
from the second multiplied by b, an equation would have arisen 
involving only x, the value of which might be determined ; and 
this being substituted in either of the equations, the value of y 
might also be found. 

Second Method. 

from the first equation, axs=sm — by ; and .*. - — lr ~~ a y 



Substituting this value of x in the second equation, 
c* . ^ J^dys=n; .-. mc — bcy-\-ady=an> 

8 
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and (aa — oc) • y=an — mc ; .-. y= ^ — ; whence, the va- 

lue of a: may be determined, as before. 

In the same manner, a value of x might be found from the sec- 
ond equation, which substituted in the first would give an equa- 
tion involving only y t the value of which being found, that of x 
might also be determined. Or, a value of x might be obtained 
from either equation, which substituted in the other would give 
an equation involving only a:, the value of which, and consequently 
that of y, might be found. 

Third Method. 

From the first equation, x=z -, and from the second, 



n — dy m — by n — dy , . . , 

: -; /. — = -; and mc — bcy=na — ady; .•.by 

transposition, ady — bcy=na — mc; 

na — mc . , „ md — nb 

whence, as before, 



ad — be ' ' ' ad — be ' 

In this case, two values of y might be deduced from the two 
equations ; and from equating these, there would arise another 
equation involving only x, the value of which being determined, 
that of y also might be found by substitution. 

1. A draper bought two pieces of cloth for £12, 13*; one being 
6s., and the other 9s. per yard. He sold them each at an advanced 
price of 2s. per yard, and gained by the whole £3» What were 
the lengths of the pieces ? 

Ans. 17 yards of the first, and 13 of the second* 
Let x and y be the lengths, and 8x and 8y= what they cost, 

* and by the question j §£{Jj^So j J^g. 

2. A bill of £26 5s. was paid with half guineas and crowns, and 
twice the number of half guineas exceeded three times the num- 
ber of crowns by 17* How many were there of each ? 

Let 2x and y denote the number of half guineas and of crowns ; 
. . i 21x+5y=525 ) 63*+ 15^1575 ) a*=20 
men { 4r— 3y= 17 ] or 20x—15y== 85 ] y=21. 

3. A person expends half a crown in apples and pears, buying 
his apples at 4, and his pears at 5 a penny ; and afterwards ac- 
commodated his neighbour with half his apples and one-third of 
his pears for 13 pence. How many did he buy of each ? 

Let 2x and 3y denote the number of apples and pears ; then 
&£= the price of apples, and %y= the price of the pears, and by 
the question \x-\-\y =13; and £a:-|-f^=30, and 2z=72,3y=60. 
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4. A and B playing at backgammon, A bet S3 to $2 on every 
game, and after a certain number of games found that be had lost 
$17. Now had A won 3 more from B, the number he would then 
have won, would have been to the number B would have won as 
5 to 4. How many games did they play ? 

Let x and y denote the number A and B won ; then 3y — 2x= 
17, and ar-£-3 : y — 3 : : 5 : 4, and y=7, and x=5Z. 

5. A vmter has two casks of. wine, from the greater of which 
he draws 15 gallons, and from the less 1 1 ; and finds the quan- 
tities remaining, in the proportion of 8 to 3. After they become 
half empty, he puts 10 gallons of water into each, and finds that 
the quantities of liquor now in them are as 9 to 5. How many 
gallons will each hold ? Let x and y= the number of gallons 
each holds; then x — 15 : y — 11 : : 8 : 3, and £a:-|-10 : ±y -f- 
10 : : 9 : 5, by the question and from the first, 3a: = 8y — 43 
and from the 2d equation,5z = 9y+ ^0 ; and we have 40y — 27y 
= 240 + 215, or y = *fr = 35, and s=79. 

6. A person having laid out a rectangular bowling-green, ob- 
served that if each side had been 4 yards longer, the adjacent sides 
would have been in the ratio of 5 to 4; but if each had been 4 
Yards shorter, the ratio would have been 4 to 3. What are the 
lengths of the sides ? Let x and y= the sides ; 



hence a:+ 4 : y + 4 : : 5 : 4, ) ar-J-4 : x — y H 5 : 1,* = 36 
and x — 4 ; y — 4 : : 4 : 3, ( x— y : x — 4 : : 1 : 4, y = 28. 

ex sequali, a:-f-4 : a:— 4:;5 : 4, or x:4 \\ 9: 1. 

. 7. At an election for two member of parliament, three men 
offer themselves as candidates, and all the electors give single 
votes. The numbers of voters for the two successful ones are in 
the ratio of 9 to 8 ; and if the first had had 7 more, his majority 
over the second would have been to the majority of the second 
over the third as 12 ; to 7. Now if the first and third had formed 
a coalition, and had one more voter, they would each have suc- 
ceeded by a majority of 7. How many voted for each ? 

Let 9a:, 8a:, and y be the numbers ; then 8a; — y ; x-\~7 : : 7 : 
12, and J(9a:+y+l)=6a:4-7 ; and from the first, 96a:— 12y=7a: 
-{-49 ; and from the 2d, 9a:+y+l=16a:+14, and a^=^=41 ; 
.-. y=7a:+13=300, and 8a*=328, 9as=369. 

8. To determine three numbers such that if 6 be added to the 
first and second, the sums will be in the proportion of 2 : 3 ; if 
6 be added to the first and third, the sums will be in the proportion 
of 7 : 11 ; but if 36 be subtracted from the second and third, the 
remainders will be as 6 : 7. 

Let 2a: — 6,3a: — 6, and y be the numbers; then 2a: — 1 : y-J-5 
1 1 7 : 11, and 3a:— 42 : y— 36 : : 6 : 7. Hence, 22x—\\=7y 
+35, and 7x+2y=Q6, as=^=18, and 2y=7x— 26=100, or y 
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9. Two shepherds, A and B, are intrusted with the charge of 
-2 flocks of sheep. A's consisting chiefly of ewes, many of whjeh 
produced lambs, is at the end of the year increased by 80 ; huti£ 
finds his stock diminished by 20 ; when their numbers axe m the 
proportion of 8 to 3. Now had A lost 20 of his sheep, and- had 
S an increase of 70, the numbers would have been in the propor- 
tion of 7 to 10. What were the numbers? 

Let x and y denote the numbers ; .\ £+80 : y— SO : : 8 : 3, 
and a:— 20 : y+90 : : 7 : 10. Hence ys=*$$A=110, and xsts 
414=160. 

10. Two persons, A and B, can perform a piejce of work in 16 
days. They work together for 4 days, when A being called off, 
B is left to finish it, which he does in 36 days more. In what 
time would each do it separately ? 

Let x and y be the number of days ; then by the question, — 

+ !5_ lf and i +* + 2?-l. or (!+£-«-£ +*-& 

1 y x ' y ' y x .y x l y 4 

={36-5-y}=£ and ^=48, and ax=24. 

11. There is a cistern, into which water is admitted by three 
eocks, two of which are of exactly the same dimensions. When 
they are all open, five-twelfths of tne cistern is filled in four hours ; 
and. if one of the equal cocks be stopped, seven-ninths Of the cis- 
tern is filled in ten hours and forty minutes. In how many hours 
would eaGh cock fill the cistern ? 

t j i. ^ v 8.4 5 . 32 .-38. 7 

" Let x and y be the numbers ; — =ts an( * o — rs" aB s> 

* z l y 12 - 3z ' 9y ..9 

•'. ( 1 — =tz)— ( — I — = is)=- =5-1 and ^=24, and — 

x l y 12 ' \z ' y 12 y 6 * z 

=£, and zs=32. 

12. Some hours after a courier had been sent from A to B, 
which are 147 miles distant, a second was sent, who wished to 
overtake him just as he entered B ; in order to which he found 
he must perform the journey in 28 hours less than the first did. 
Now the time in which the first travels 17 miles added to the tine 
in which the second travels 66 miles is 13 hours and 40 minutes. 
How many miles does each go per hour ? 

17 

Let x and y be the number the first and second goes ; then — 

56 41 147 147 
-j = — = 13} hours, and =28, by the question ; 

t 8147 147 rtOX n 11 .56 4L 168 168 ^ 

then =( =28)— 3 ( =— )=( =32) 

T x y ' v x ' y 3 ' v a: y 
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51 . 168 A ^ 219 „ .3 t . • 

— ( 1 =41)= =73, and— =1 and x=3, and y= 

x y x x 



13. Two loaded waggons were weighed, and their weights were 
found to be in the ratio of 4 to 5. Parts of their loads, which 
were in the proportion of 6 to 7 being taken out, their weights 
were then found to be in the ratio of 2 to 3 ; and the sum of their 
weights was then 10 tons. What were their weights at first ? 

Let 4x and 5z= their weight, and 6y and 7y= the parts taken 
out ; .-. 4z— 6y : 5x—7y : : 2 : 3. and 9x— 13y=10, y=2, x=/L 

14. A gentleman gave away a certain sum in charity to 14 men 
and 15 women. Had the sum been less by 12 shillings, and only 
half the number of men relieved, the rest being divided amongst 
the women, each woman would have received two shillings more 
than each man did. But if there had been only 8 women, and the 
rest had been divided amongst the men, each man would have re- 
ceived twice as much as each woman. How much money was 
given away ? 

Let x and y be the number of shillings one man and one woman 

received ; .\ 14x-\-15y= the whole sum, and — ' ?z — = x 

Id 

-f-2, and "j~ y =2y, Hence s=21, and ^=14. 

15. When wheat was 5 shillings a bushel, and rye 3 shillings, 
a man wanted to fill his sack with a mixture of rye and wheat for 
the money he had in his purse. If he bought 7 bushels of rye, 
and laid out the rest of his money in wheat, he would want 2 bu- 
shels to fill his sack ; but if he bought 6 bushels of wheat, and 
filled his sack with rye, he would have 6 shillings left. How must 
he lay out his money, and fill his sack ? 

Let x and y denote the number of bushels of wheat and rye 
he must buy; &r-J-3y= his money; and then by the question, 

fo{-3y—21 +7z= ^ +y _ 2y 5x+3y—21+35=5x+5y—lQ or 24 

=2y and 30+ 3(s+y — 6)=5z-\-3y=6 hence, y==12> and z=9. 

16. A draper bought two pieces of cloth of different kinds for 
$744 ; there were 6 yards of the coarser more than there were 
of the finer ; and had the coarser cost 2 dollars a yard more 
than it did, 6 yards of the coarser would have cost just as much 
as 5 yards of the finer. He afterwards bought 4 yards of the 
finer, and 12 of the coarser at the same prices per yard, and found 
their value less than that of the former pieces in the ratio of 20 : 
31. How many yards did he buy the first time, and what did he 
give per yard for each? 

6 



<B SIMPLE EQUATIONS. 



Let z= the number of yards of the finer, and y=(ke number 
of the toarser ; .*. y= the price of a yard of the coarser, and the 

price of a yard of the finer = 6(y + 2 > ; .\ 6x ^ 2) + y(s-f 6) 

= 744, and 24 (H- 2 ) . 12y : 744 :: 20 : 31, or ^M±B 4. 

5 2«/-U4 * 

12y : 24 :: 20 : 1, or -^— +y=40, or ytrriffirr-flS, and a» 

17. A mercer bought two pieces of silk of different lengths for 
£50 ; the price of two yards of the shorter was 6*. 8d. more than 
the price of 3 yards of the longer ; and each piece cost the same 
sum. He cut off two yards from each, and sold the rest for ££3 
12*. Now if he had sold the whole at that rate, he would have 
gained £5 by each piece. How many yards did each piece con- 
tain? 

Let x= the number contained in the shorter, and y that of the 

larger; then — and — =5 the price of a yard of each, and — — 

75 1 . 30, _ v , 30, ov Mt _ 60 SO 
y= § ; also,— (z— 2)+ — (y--2)=»53f-, .-.60— — — — = 

53f ; whence {(— -fr— ==;—)— ( =»— )}= — =l,and 

* x ' y 15 z y 15 ' y 

y=25, and a==;15. . 

18. A sets out express from 6 towards D, and three hours after- 
wards B sets ouj; from D towards C, travelling 2 miles an hour 
more than A. When they meet, it appears that the distances they 
have travelled #re in the proportion of 13 to 15 ; but had A travel- 
led five hours jess, and B gone 2 miles an hour more, thay would 
have been in the proportion of 2 : 5. How many miles aid each 
go per hour, and how many hours did they travel before they met ? 

Let a==? the number of miles A went per hour ; .*. z-\-2= the 
number B went ; let y= the number of hours B travelled ; .\ 
y+3= the number A travelled ; and z(y-\-3) : y{z-\-2) : : 13 : 
15; .\ 15ay+452==13a^4"20y, or 2a^s=26y— 45a:. Again, ar(y— 2) 
: y(zr\4) ;: 2 : 5; .•. 5ay~10as===2a#-{-8y, or 3zys==10;c-f-% $. 
whence, 20a:-f-16#==78y — 135a:, or \55z=62y> and 5x=2y; .% 
9zy==:4y-{Sz=szl2y, and as=4, y=10. 

19. A and B engaged to reap a field of corn in 12 days. The 
times in which they could severally reap an acre are as 2 : 3. 
After some time, finding themselves unable to finish it in the stipu- 
lated time, they called in C to help them ; whose rate of working 
was such, that if he had wrought with them from the beginning, 
it would have been finished in 9 days. Also the times in which 
he could severally have reaped the field with A alone, and with 
B alone, are in the proportion of 7 to 8. When was C called in ? 
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Suppose (2.) \ #- 



Let &£= A*s daily work ; .•. 2x= B's ; let z= C's, and ys=s 
number of days C worked ; .\ (3z-\-2x)12-\-yz= the whole quan- 
tity of work done; and %{$x-\-2x~\-z)=. the same ; .\ 12(3s+2z) 
-f-^zs=s9(3a:+2 a? + z )» an< * l&r+y2*=9z. Now 3z-{-z : 2x-{-z : : 
8*7, and &cs=z ; .'.3z-f-y2sr=92:, or y-j-3 = 9; .\ y=6, and C 
was called in after 6 days. 

20. The letters Z, am, n representing any given numbers, as for 
instance, 16, 17 and 18, it is required to find <z, b, c. 
(1.) ( a s +$c=Z =16 1 

•ac — m — 17 > What are the numbers a, b % c t 
(3.) ( <*4-a&==»=18 ) 

Before I proceed to the solution, I shall give Dr. Wallis's ac- 
count of the problem in his own words, from which I have been 
induced to think that it may have been intended by the first pro- 
poser, Dr. Pell, as a trial of the skill of the author of the arith- 
metic of infinities, of whose algebra it occupies four whole chap- 
ters, viz. 60th, 61st, 62d, and 63d, extending over three and thirty 
folio pages. 

" For a further explanation of Dr. Pell's method, I here subjoin 
another question, not undetermined as the former ; but (in itself 
determined) proposed to myself, long since, by Col. Silas Titus, 
(then of his majesty's bed-chamber) a very ingenious person, and 
well skilled m affairs, civil and military, and very well accom- 
plished in mathematics and other learning. 

The process of which (because I understood from the colonel, it 
was a question proposed by Dr. Pell) I drew up in general terms, 
(after Dr. Pell's method, with which the colonel was well ac- 
quainted,) 'in this form ; as I find it yet amongst my loose papers." 

The 62d chapter concludes with the following paragraph : 

M And thus I have pursued the problem, through all its cases 
and varieties, to an absolute and universal solution and determi- 
nation of them. Which I have done more at large and distinctly, 
to shew a method how the like may be done in other problems in 
like manner proposed." 

I think it must now appear highly probable that this was a sort 
of challenge from Dr. Pell to Dr* Wallis, and that the latter con- 
sidered the problem worthy his best attention, and the solution as 
ft to be a pattern to succeeding analysts : that he retained this 
million in 1693 is a strong presumtion that his cotemporaries had 
given him no reason for changing it, yet this solution has been 
pronounced "remarkably opero9e and inelegant," and so it cer- 
tsmly is, but for patient labor, exactness and completeness almost 
beyond example or imitation. 

By transposing a 2 in the first, and V in the second equation, we 
obtain (4.) ~ 



84 SIMPLE EQUATIONS. 

and (5.) ac\ m — V, then by the multiplication of equals, there re- 
sults (6.) ab<&^(l--€?)—(lr-€?)&, 

and by transposing ab in the third equation, (7.) n — o&=c*, 
whence by multiplying the two left and the two right-hand mem- 
bers of (6.) and (7.), and omitting the common factor c 9 , we shall 
obtain the following quadratic in b, viz. nab— €?lft=m(l — a 2 )— 
(I — a 2 )^ 2 , which arranged according to the powers of b becomes 
(8.) (I — 2a 2 )b 2 -\-nab=m(l — a 2 ) Another equation in b and a with- 
out c will enable us to solve the problem, by finding an equation 
in a, and the given quantities ; this we proceed to find as follows : 
We have seen that bc=d — a 2 , and that m — b 2 s=ac 9 now multiply 
their left, and also their right-hand members together, and omit 
the common factor c, there results, for a second equation in a and 
b, the following cubic, viz. 

(9.) mb— b B =(l— a*)a. 

But by (8.) m(l — a 2 )=(Z — :2e^)&*-j-rao&, therefore, by multiply- 
ing their left, and also their right-hand members, and omitting the 
common factor (I — a 2 )b there will result m 2 — mtf^=a(l — 2a*)b-\- 
na 2 , aud by transposition, we obtain 

(10.) m 2 — na*=mb*+a(lr- 2a*)b. 

But by (8.) (I — 2a?)b*-\-nab=m(l — a 2 ) therefore multiplying as 

before, and omitting the common factor b> 

{m 2 — no 2 ) (l—2a 2 )b+na{m 2 — na 2 )==^(l—a 2 )b-\*n(U-a*) {Jr-2a*)ai 

by transposition, k (m* — na 2 ) (I— 2c?) — m 2 (l — a 2 ) \be= 

\m(l — a*) (I— 2c?) — n(rr? — no 2 ) \a. 

Whence, by division, we obtain the following value of b> viz. 

a\m(l— a 2 ) (I— 2a 2 )— n(m 2 — no 2 ) \ 
(11.) o — 



(I— 2c?) (nf—n^—wfil—a 2 ) 
2?na 4 -\-(n 2 — 3Zot»)^-{-oti(& — mn) 

a(2ncr — In — m 2 ) 
Again, by multiplying (10.) by I — 2a 2 , and (8.) hyw, we obtain 
m(l—2a 2 )b 9 -\-a(l—2a 2 ) 2 b=(l—2a 2 ) (m 2 —na*) 
and m(l — 2a 2 )b 2 -\-mnah===m 2 (l — a 2 ), whence, by subtraction, 

Ul—2a 2 ) 2 —mn\ab=={l— 2a 2 ) (m 2 —na 2 )—7r?(1r-a*). 
. Whence, by division, b is found, viz. 

(I— 2a 2 ) (nf—n^—m^l— a 2 ) _ a(2na* — ln — m*) 

,( ' — a\ {l—2a 2 f—7nn\ ~ 4a 4 — 41a 2 + 1* — mn 

Now by equating the values of b in (11.) and (12.) we obtain,, 

• the following final equation in a, viz. ■■ 

(13.) 8a 8 — 20Za 8 -f2(9Z 2 — mn)a* -\-(5lmn — 7Z 3 — m* — n*)a**L\ 

(ll^mn) 2 =0, if this equation be multiplied by 2, and then ee sub?. 

stituted for 2aa, there will result 

(14.) e*-f 5Ze 6 +(97J— mn )e* + (5l — mn — 7P— m 8 — n*)<? 
-j- 2(11 — mn) 9 = 0, 
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which coincides with that found by Dr. Wallis, Algebra, pp. 230, 

edit 1685, also pp. 250, lat. edit. 1693. 

Now then e* being found from (14.) a=^/(4e*) ; then b is found 

I > 

by (1L) or (12.), and lastly 



e 
When 16, 17, 18 are substituted for /, m, n in the final equation, 

it becomes e*— 80« , +I998e 4 — 14937^+5000=0, and hence, Wal- 
lis finds the approximate value of 6* to be 12.7564,4179,4460,744; 
or 0-35(^987,046 ; or 34-832,280,28 ; or 32060,290,88 ; and the 
corresponding values of a, b y c ate 
a = 2-525,513,986,744458 a = 0-418,919,470 

b =s £-969;152,76S,619,848 b = 3-912,226,866 

c = 3240,580,681,617,074 c = 4044,884,670 

a = 4- 4-173,264,926 a = + 4003,766,407 

b = -f 4-287,022,553 b = — 0007,099,744 

c = — 0-330,331,815 c = + 4-245,989,3 

And he observes that if the signs of every one of any set be 
changed, they will solve the problem, because the signs of the 
planes aay bb r ec, a&, ac f cb are not changed. 

As k was not generally known, when the Doctor solved this 

preWem*, that b and c might be expressed by rational functions of 

a, he determines b from a quadratic equation in a, and I, m, n, as 

rise from a cubic, and is at pains to show that only one root of 

the quadratic will serve, and that the cubic furnishes none service- 

Z— a 2 
abte bat this same ; c he finds from the equation c= — ■=■ — . The 

o 

quadratic the Doctor found is less simple than mine ; a ascending 

in it to* the 4th power : the quadratic and cubic resulting for the 

extermination of b after c has been expelled are the same in Kirk- 

by, as in this of mine ; but his solution is complicated with the 

unnecessary factors «* and I — a 8 as that of Wallis is by the square 

of this last ; and I think they both seem to have imagined these 

factors somehow connected with the general problem, though it 

seems evident, from the solution here given, that they are not in 

the least. I have only to add that Dr. Wall is 's solution is, in my 

opinion, as curious a morsel as can easily be found, as from its 

copiousness and minuteness, it enables us to ascertain very exactly 

the analytical skill of one who made so great a figure in the worla 

of science, during the latter half of the seventeenth century, being 

aiowg with Lord Brounker, the unfoiled champion of England in 

the mathematical contests with M. M. Frenicle, Pascal, and Fer- 

mtrt, and* hi the doctrine of series and quadrature* of curves, the 

precursor of Newton. 

6* 9 
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21. In one of the corners of a rectangular garden there is a 
fish-pond, whose area is one-ninth part of the whole garden ; the 
periphery of the garden exceeding that of the fish-pond by 200 
yards. Also, if the greater side be increased by 3 yards, and the 
other by 5 yards, the garden will be enlarged by 645 square yds. 
The fish-pond is a rectangle about the same diameter with the 
garden. Required the periphery of the garden, and the length of 
each side. 

Let x = the length of the lesser side, and y the length of the 
greater ; .\ \z and \y = the lengths of the greater and lesser 
sides of the fish-pond, (Eucl. B. 6. Prop. 24.) Also 2.(z-\-y) = 
the periphery of the garden ; and ${2.(a: -f- y)\ = the periphery 
of the fish-pond; .-. 2.(z+y)— l.(z+y)=2Q0, or |.(a;-fy)=100; 
.«. z-j-y=l50. Also (y-{~3y(z-j(-5)=*zy-\-M5; .\ by transposi- 
tion, 3z-\-5y=&30, but from the former equation, 3z-\-3y = 450 ; 
.•. by subtraction, 2y=180, and y=90; .\ 2=150 — y=60; and 
•*. the periphery = 300 yards, and the sides are 60 and 90 yards. 

22. A and B each bought $300 Bank stocks, A into the three 
per cents, and B into the Four's. These stocks were at such a 
price that B received one dollar interest more than A. When af- 
terwards each of the stocks rose 10 per cent., they sold out their 
money, and A found himself $10 richer than B. Required the 
prices of the stocks. 

Let z = the price of the Three per cents., and y ^ the price 
of the Four's ; .-. z : 300: :3 : A's interest = 

; and y I 300: :4 : B's interest = ; .-. r-l= 

x y z % y 

Again, z I z-\- 10 : : 300 : what A received when selling =s 

3 00.(s+1 0) ... b ■ j 300.(y+10) 
— ■ ; and in the same way B received ^—± •> ; .*. 

sop -S+io) jMO-fr+io) ^^aD+gS-ao-iJgVi, ... 

z y * ■ z y 

300 300 , , , 900 , A ( 900 , , \1200 . ,_ A 

= l,and 4=1 1 = ) from the first 

z y ' y ' \ z ' / y 

equation ; .% by transposition, 4= , and y=75; .\ — -*=Gs 

y x 

and consequently, s=60 ; .*. the prices of the stock were 60 and 
'75 per cent. 

23. 8500 was to be lent out at simple interest in two separate 
(sums, the smaller at 2 per cent, more than the other. The inter- 
test of the greater sum was afterwards increased, and that of the 

smaller sum diminished by 1 per cent. By this, the interest of 
the whole was augmented by one-fourth of the former value. But 
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if the interest of the greater sum had been so increased, without 
any diminution of the less, the interest of the whole would have 
been increased one-third. What were the sums and the rate per 
cent, of each ? 

Let x = the less sum ; .\ 500 — x = (he greater ; let y-|-l s» 
die interest of the less ; .*. y — 1 = the interest of the greater, and 
s.(y-f 1) , (50Q-x).(y- l) _x , g , 
— 100 ' 100 50 ' ^ — o aa= the former interest, 

" , xy . (500 — xYy _ . _ . 

and "TqTT t- : — j-tjk = oy = the second interest ; ,\ 5y =c 

5 /# \ a: 

4* ( 50 "! ^ — 'w' an< * •'• ^y — gQ 1 5y — 5; by transposition, y= 

5- m . Again, the 3d interest =^%£- I \ 100 ' "- iOO 



+^ ; ••(w+^> 3 = 4 <A +5y - 5 )' or w + 16 «' 

=-^+20y-20 ; by transposition, ^20 — ^-==)20 — 

X X 

c=5y = 25 — rrr, from the former equation ; ,\ -^ = 5, and a: mm 

x 
100 ; also y-j-l=6— — =4 ; .•. the sums were 100 and 400 dol- 
lars, and the rates of interest $4 and $2, respectively. 

24. A clock has three indices, A, B, and C. A goes round the 
circumference once in 12 hours, B goes round the circumference 
once in 1 hour, and C goes round the circumference once in one 
minute. How often, and at what times are they together in every 
twelve hours ? 

Suppose x the time when A and B are together, and y the time 

^ « ^ „ ^ , 12 2X12 3X12 . 

when B and C are together ; then £=— , ~Ti — ' — Tl — ' *° 

, by the question. But 1 : 1 : y : y=space B moves through, 

and $^ : 1 : y : 60y=space C moves through ; and because C has 
moved 1 circumference more than B ; .\ 60y — y — 1, or y=(*V n ' 
■B)lm.l'T", &c. Or y = j*e> -&, ^, 5V** &c - Now the value 

7ft 12?£ 

of m and n in ^r=-ri— That x=y. ; lb»==708ra; hence 

oy 11 

»• I2vll 

n=ll, 22, &e., and m = 708, 1416, &c. But — jy- =& i and 

Vff' 12. Therefore the 3 hands are together only at 12 o'clock. 



4D4HRATI0 EQUATIONS. 



On Quadratic Equations. 

6& Quadratic Equations are divided into pare and adfected.. 
Pars quadratic equations axe those which contain only the square 
of the unknown quantity ; such as s* — 3 6 ; z*-\?&=54 5 *& — ^ s= * 
c; &c. Adfected quadratic equations are those which involve 
both tbft square and simple power of the unknown quantity, such 
as 3*-^-4#=45 ; 3s* — 2z==21 ; az*-$-2bxs=c-j-d ; &c. &c* 

On the Solution of Pure Quadratic Equations* 

66. The Rule for the solution of pure quadratic equations is 
this : " Transpose the terms of the equation in such a manner, 
that those which contain x* may be on one side of the equation, 
apd the known quantities on the other ; divide (if necessary) by 
the coefficient of Z*; then extract the square root of each side of 
tlte equation, and it will give the value of x" 

Let x -f-5=54» By transposition, 3 8 =54 — 5=49. 

Extract the square root of both sides of the equation, thea 

Let 3x* — 4=71. By transposition, 3a?=71-f-4==75. Divide- 
by 3, aA=^=25. Extract the square root, x=^25=5. 



On the Solution of Adfected Quadratic Equations. 

67. The most general form under which an adfected quadratic- 
equation can be exhibited is ax* -f- bx = c ; where a 9 b, c, may be 
any quantities whatever, positive or negative, integral or frao 

be 
tional. Divide each side of this equation by a, then x*4 — x=*~* 

a a 

be 
Let -=sp, - = g; then this equation is reduced to the form a*-f- 

p&=q> where p and q may be any quantities whatever, positive or 
negative, integral or fractional. 

68. From the two-fold form under which adfected quadratic 
equations may be expressed, there arise two Rules for their so- 
lution. 

69. Let ± az*zkbx db c = ±d be an adfected quadratic equa- 
tion, then, by transposing and dividing by ± a, it becomes 

* ± ^=±^5; or, by putting p for * and q for ^ it is 

z* ± px = ±q- 

Add now the square of \p to each side of this equation, and there 
results £*:±#£+£2 ?2 =:±:H~iP*> where it is readily perceived that 
the first side is a complete square, viz. (xdtzip) 9 ; consequently, if 
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the square root of each side be extracted, we obtain x^_ 

Vdfctf+i^), the double sign dz being placed before the radical, 
because the square root of a quantity may be either -f- or — ; 
hence it appears that 

* = + V ( ± Q 4- \f) -=F to or — V( ± q + &) =F to 

70. The above general values of x evidently include every 
possible case, from which separate formulae for each distinct case 
are readily obtained, and are as follow : 

In equations of the form, 

CaseL *.+,.-*._ .{ or t$U\fct, 
Case*, -'-f— ftH-±^Sttj?tft 
Case 3. af^*^, . - j „ +^jqfl^Zft 

Case 4. ^_, , _ { „ ±$^#tjj 

In the third and fourth forms, when ( §■)*, or ^ is less than — q, 
the root will be impossible, (the square root of a negative quantity 
being impossible, viz. a/{ — g 4- \p) ) because in the solution of 
problems, if the expression for the root happens to be the square 
root of a negative quantity, it- wril show that the conditions, in such 
equations, are inconsistent. Every quadratic equaton has 2 equal 
or 2 unequal roots, either real or imaginary. Sometimes one root 
is affirmative and the other negative, and sometimes they are both 
affirmative, or both negative. 

Rule I. Hence it appears, that if to each side of the equation be 
added the square of half the coefficient^ the second term, there will 
arise, on the left-hand side of the equation, a quantity which is 
the square of x -\- %p ; and by extracting the square root of each 
side of the resulting equation, we obtain a simple equation, from 
which the value of x may be determined. 

Rule. II. Hindoo Method of Solving Quadratics. 

71. Let the equation ax 2 ± ox = c be multiplied by 4#, then 

4a*z* ± 4dibx = 4ac, and if b 2 be added to each side, the equation 

becomes Aa*x* ~b labx -\- b 2 = 4ac -f- b* ; now the first side is 

evidently a square, = ( 2ax ± b ) 9 , whence 

=fc a/ (4ac 4- #)=F b 
2ax do b=zk a/( 4ac + * a ), .-. x = 2 a 

From which we infer, that if each side of the equation be multi- 
plied by four times the coefficient of a?, and to each side there be 
added the square of the coefficient of z, the quantity on the left- 
hand side of the equation will be the square of 2az-j-b. Extract 
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the square root of each side of the equation , and there arises a 
simple equation, from which the value of x may he determined. 
If o^rl, the equation is reduced to the form x* ^\- pz — q ; %} 
this case, therefore, the Rule may be applied, by multiplying eadt 
side of the equation by 4, and adding the square of the coefficient 
of x. 

Rule Third, from Emerson's Algebra, (1764.) 

When you have large numbers to deal with, it is better to pro- 
ceed thus. Clear the equation, and if a? rj- ba = d, then a =s 

- — : — , the form. To find the first quotient figure, take -, when 
b -f-a b 

b is far greater than a; or take **/d, when a is far greater than 

d 
b; or take =rr when a and b are nearly equal; thus it will easily 

be found by a few trials. Or, in general, take the first figure 
such, that when it is multiplied by the sum of itself and b, it will 
produce the first figure or figures of d, or the next less : this is all 
the difficulty. Then multiply and subtract as usual ; the remain- 
der is the resolvend. 

Then, to continue the division, you must find a new divisor, for 
each quotient figure, thus. Add the last quotient figure to the last di- 
visor, (duly observing their places,) for a new divisor; see how oft 
this is contained in the resolvend, set the answer in the quotient, and 
also add it to the divisor ; then multiply the whole divisor Jby that 
quotient figure, and subtract the product for a new" resblverid. But 
when any of the signs are negative, the proper quantities are to be 
subtracted, instead of being added. This work is always to be 
repeated for each quotient figure. 

When any quotient figure is so great that the product exceeds 
the resolvend, place a less figure in the quotient. 

When you have got more than half your intended number of 
figures m the quotient, you may continue the division, without ad- 
ding the new quotient figures to the divisor. 

Observe, each quotient figure is to be added twice to the divi- 
sor, once before multiplication, and once after ; just as in extract- 
ing the square root, and for the same reason. For this method 
extracts the square root when £ = 0. 

When one root is had, the other is found by adding this to the 
coefficient b ; for the sum, changing its sign, is the other root.. 

This rule is the foundation of the method for extracting the 
roots of adfected equations. 

Scholium. If z*-\-bx*=d. Put a=z 2 , then a 2 -\-ba=d; and 
find a as above. Then x=js/&, by extracting the root. And the 
same for higher equations. 



quadratic xiuinomu 



n 



Let <£+32a=4644, to find a. 

4644 
— <hen a = -s5rr: Suppose 
4B00 ,^ 3a +*- 
*g=~ == 100 too great for a. 

4^4644 =60, which is also too 

4600 „ 

6T= 7 ' 



\ great for a. Take 

too great. Take a=5Q. 
32 
+50 

82)4644(50 
+ 54 410- 

136) 544 ( 4 

544 54= a. 



2. Let a* -f 35a = 28349994 

_ 28349994 

anD 35+a 
Here a = a/28, &c. = 5000 
+35 
5000 

5035 ) 28349994(5307 
5300} 25175... 

10335) 31749 
307 \ 31005 



10642) 



74494 
74494 



3. Suppose rf — 5307a = — 184520, to find a. 

—184520 184520 
*<* a — _5307+a == 5307-*. 
Here a = -*{* = 30 nearly. 

5307)184520(35=a. 
—30 15831- 

5277) 26210 
—35 26210 

5242) • • 

4. Leta* + 463z=26698,ors = =^ 

463+a* 

c r P 2V 

r 4- C =463 + 50 = 513 ) 26698 ( 51.855342 = x 

r+s = + 51 2565 

r -f P + 5 = 564 1048 = IV 
* + t = +L8 564 



r -±-P-L.2*+* = 565.8 484.0000=2V" 
7-ftt = +.85 452.64 

r 4- P + 2f + 2* + tt = 566.65 31.3600=IV" 

5 28.3325 

51616.170 3.0275 
2.8335 

1940" 
1700 



240 
226 

14—11=3 remainder. 
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On the Solution of Quadratic Equations by the Tables of Sines 

and Tangents. 

When the numerical parts of a quadratic equation are eitbtf 
large numbers or complicated fractions, its solution may often be 
more readily obtained, by means of one of the 'following trigono- 
metrical formulae, than by the common method, which, in cases of 
this kind, becomes very laborious. 

1. Given x* -f- ax = b, 

2r 

Put — tJb = tan. z ; then y = 
a 



f-V*Xtan. \z, 



J 



2. Given u? — az = b, 

2r 
Put — js/b = tan. z; then x = 



a 



r 
1 



-\/^Xcot. \z. 
w/^Xtan. Jar, 



r 
-f^V^Xcot. \z. 



3. Given x* — ax = 3, 

2r 
Put — >^/£ = sin. 2 ; then # = 



j— V^Xtan. Jz. 
j— V^Xcot. £s. 



2r 



In the last of which cases it is to be observed, that if — ^Jb be 

a ^ 

greater than the radius r, or 45 greater than a 3 , the two roots, or 
values of x 9 will be impossible. 

1. Given z t -\-jfz2=*J£Pfo> to find the roots of the equation* or 
the two values of x. 



Here tan. z = -SfViVWfc 
Log. 1695 . . 3.2291697 



Log. 12716 



Square root 
Log. 88 • 
Colong. 7 

Log. tan. z . 



Or 2=77° 42' 32", and iz=3&> 
51' 16", whence 
. 4.1043605 Log. tan. \z . . 9.9061115 

2)T. 1248192 Former root . • _1. 5624096 

Log. ± . . . 10.0000000 



1.5624096 
1.9444827 Log. x. 
9.15490 20 Or 
10.6617943 



1.4685311 



2941176=^ 
the positive root 
And if cot. \z be taken, instead of tan. £?, the other value of* 
will be found = —.4532085 ; or ^VA ^ ft = ?|g , the ne» 
gative root. 

1. Given 3 2 +1728i*=123578, to find the value of x. Hero 
tjie value of x = 68.7652857. 

2. Given x* — Jff«=^yV» t0 & n & the value of «.* 

3. Given x*-\- &&=- AffirV, to find the value of x. 

* Ans. x = .44464894. Ans. x = .29411765. 
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4. Given 9642* — 127* — 
15.49699958, to find z, by Em- 
Imm's method. 
—127 4-15.4969(— .095747 



—32.76 -f -14.3784 

—159.76 D 
—32.76 

—192.52 
—1.820 



—194.340 D 
—1.820 

—196.160 

—2548 

—196.41 48 D 
2548 



—196.669)6 
—14 6 

-196.684J2 D 
—146 

— 19o.69|9 
3 

— 1916.|7|0|2 



1.11859958 
.971700 

.14689958 
.1 3749036 

940922 
786737 

154185 
137691 

16496 
15736 

758 
580 

178 
177 

1 



8 

CO 

W 
S 



6. Given 10&z» — 101* = — 
16.27843657, to find the value 
of x. 

—101 —16.27843657 
■f 71.4 — 20.72 T 

Divisor — 29.6 + 4.45 > 3 
+ 71.4 3. 9968 5 g 

41.8 .444763 
8.16 411838 



Divisor 



Divisor 



Divisor 

Divisor 
Divisor 



49.96 
8.16 

58.12 
714 

58.834 
714 

59.548 

— -} 
59.599 } 

6) 

59.656 
59.|6|6|1 



3292543 
2979950 

312593 
2 98280 

14315 
11932 

2381 
1790 

591 
537 

54 
54 



Bale 4. When an equation assumes the form of x*-\-cx=dbt 
a solution may be effected by quadratics as often as £ a -{-c = a; 
for multiplying both sides by x, there is produced x k -}- ex 9 = abx, 
= a X hx ; and by adding £V to these equals, x* + (£* + c)x* s 
Pz*-\-abx ; therefore, bv page art. 70, I have x* 4- (£* 4- c)x* 

+ \{V + c? = b*x* + abx + \(b*+c)\ thatis,a: 4 + ^ + K = 
(bxy -f- a(bx) + £a a ; and by extracting the root, x* -}- \a = to -J- 
§o, or ar 1 = bx, and x — b. 

Given a? + 3a: »= 140, to find a?. Here 140 is a composite num- 
ber, and if it be resolved into the factors 28 X 5, then a = 28, 
btss 5, and t: = 3, b % -j- c being equal to a, therefore a: = 5. 

Rule 5. When an equation assumes the form of x im — 22^ -J- 
**.= a, a solution may be effected by quadratics, in this manner : 
add a^" to both sides of the equation, and transpose of 1 ; then a^* 
— 2x 9m -t-x im = x* m — x t * + a; that is, (a** — x m f— (x* m — at*) 
by art. 70, case 1, I have (a*" — a* 1 ) — | = */ \a + \\ 
' — x m = ^/(a + J) -f- £, a quadratic equation. 
7 10 



A 



or x 



2m 
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Questions producing Quadratic Equations. 

The methods of expressing the conditions of questions of this 
kind, and the consequent reduction of them, till they are brought 
to a quadratic equation, involving only one unknown quantity and 
its square, are the same as those already given for simple equa- 
tions. 

1. A and B gained $18 by trade. A's money was in trade 
12 months, and he received for his principal and gain $26. Also 
B's money, which was $30, was in trade sixteen months,. What 
money did A put into trade ? 

Let x = the number of dollars he put in ; .*. 26 — z = the 
number he gained, and 12a; + 16 X 30 : 12s : :-18 : 26 — x, or, 
18as=1040— \±x— x 9 , or a*+32a;= 1040 ; and, by case 1, z=20, 
or — 52 ; consequently A put in $20, Ans. 

2. A sold a quantity of brandy for $39, and gained as much per 
cent, as the brandy cost him. What was the price of the brandy ? 

Let x = the price of the brandy ; then 100 : z ; : x : = the 

gain, j^g-, and .-. ^ =39—*, or a*=?:3900— 100*, or a^-j-lOfe 

=3900 ; and, by case 1, 2=30, or — 130 ; consequently, the price 
was $30, Ans. 

3. A sold ja piece of cloth for $24, and gained as much per cent, 
as it cost hint* What was the price of the cloth ? 

Let x = qost price of the cloth in dollars ; then 24 — £ = the 
whole gain. Hence 100 -fa; : x: :24 : 24— x ; (100+a:)-(24— x) 
= 24a; ; .\ 240O— 100a;— a*=0 ; .-. a*-fl00a: = 2400, by case 1, 
we have a*=$20, the price of the cloth. 

4. A horse dealer bought a horse for a certain number of dollars, 
and sold it again for $119, by which means his profit was as much 
per cent, as the horse cost him. Required the cost price of the 
horse ? Ans. $70. 

100-f-a; : x : : x : : 119 : 119— a;, or a?+100ate=10900. 

5. A person bought a horse which he afterwards sold for $24, 
and by so doing lost as much per cent, as the horse cost him. 
What sum did he cost ? Ans. $60. 

Let x denote the number of dollars the horse cost ; then, as the 

owner lost x per cent., the loss upon x dollars will be found thus : 

x* x 9 

100 : x : : x : -^rx ; since .*. he lost lnn , and the horse cost him 

x 9 
x dollars, it is obvious he must have sold it for x — -j^r ; therefore 

x 9 

= 24, or x 9 — 100a; = — 24Q0 ; by case 4 we have z 9 — 



100 
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100*+£500b=£500--S400, or x— 50=V100=dblO, and .\ x= 
50-4-10=60. or 40. Hence it appears that the price of the horse 
might be either 60 or 40 dollars, for both these values of x equally 
satisfy the conditions of the question. 

6. A sets out from G towards D, and travels 8 miles a day. Af- 

he had gone 27 miles, B set out from D towards C, and goes 

every day ^th of the whole journey ; and, after he had travelled 

as many days as he goes miles in one day, he met A. Required 

the distance of the places C and D. 

x 
Let x be the distance in miles ; then B travelled —miles a day, 

a? 8 2x 

and —wt miles in alL Also, A travelled 27 4-rr?x 9 or 27 4--=- 
400 '20 ' 5 

x* 2x 

miles in alL By the question, "Tn7r+2 7 H — -=x f or x*-\- 10800 

4460a: = 400a: ; by transposition, a, 2 — 240a: = — 10800; by case 
4,2*— 240a?4-( 120)*= 14400— 10800=3600; root is x— 120 = 
V3600=rb60 ; therefore x= 120±60 = 180 or 60, both which 
values answer the conditions of the question. The distance .\ of 
C from D is 180 or 60 miles. 

7. An oblong pond was surrounded by a terrace walk 4 yards 

broad ; the pond measured 15200 square yards, and the walk 2104 

square yards. Required the length and breadth of the pond. 

15200 

Let x = the length of the pond ; then = the breadth. 

jj 

15200 
Hence (x+4)X(— 1-8) = (15200 -f 2104) = 17304 ; that is, 

X 

O x | 1216Q0 | 15264=17304, or 8a*—2040a3=-f 121600. Divide 

by 8, a*— 255as=— 15200 ; by case 4, a:=127-5±32-5=160, or 
95, both of which values answer the conditions of the question. 
The length of the pond, therefore, is 160 or 95 yards, and the 
breadth X|#p=95, or V$p=160 yards. 

8. A and B gained $140 by trade. A's money was three 
months in trade, and his gain was $60 less than his stock ; and 
B*s money, which was $50 more than A's, was in trade 5 months. 
What was A's stock ? 

Put 140=#, 60=0, 50 =b, and a:=A's stock ;* then will x — a 
be A's gain ; also, x -\~ b will be B's stock, and g — (x — a) = 
(gr-j-a) — x B's gain ; but the gains must be proportional to the 
stocks multiplied by the respective times ; therefore 3a: : 5( a?-f- b) 
: : x — a : g-\-a — a*, or 3a:(g-|-G — x) = (5a:-{-4£) (x — a) ; .*. &x* — 
Soar — 3gx-{-5bx = 5a3, by multiplying and transposing ; or 8a 5 — 
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650^=15000, in numbers by case 2d, a*-^a|Aar+(lf *)*=sl875+- 

(AiAj'a— - 82||a6 ; by completing the square, its root is x — •&}*•=&: 

tf(3LZftajL) =4^, and x=*$* | * S*= flg o=100. 

9 . A tailor bought a piece of cloth for $147, from which he 

cut off 12 yards for his own use, and sold the remainder for $±f* 

and gained $£ per yard. How many yards were there, and what 

did it cost him per yard ? 

147 . 481 147 481 1" 

Lets, — , and - — , .\ = - — — - denote the 

x 4(s — 12) x 4(a? — 12) 4 

number of yards, the buying price per yard, the selling price, and 

the equation, respectively, and a?+95x+(*f)* = 7056+ Ai ^ aA = 

ai|aa, and x-\-3f*=±p-, or aj=49, Ans. 

10. A farmer received $288 for a certain quantity of wheat, 

and an equal sum at a price less by $3 per bushel for a quantity 

of barley, which exceeded the quantity of wheat by 16 bushels. 

How many bushels were there ? Ans. 32 bushels of wheat, and 

48 of barley. 

288 288 

Let x 9 ar+16, , and — r-75- denote the number and price of 

x a:-4-lo 

a bushel of wheat and barley, respectively, by the question, 
^ General solution by which all such questions may be solved ; 



let x= the number of bushels of wheat ; .\ x-{-a= the number 

b h 

of barley. Also — = the price of a bushel of wheat, and -—r— 

x b b x-\-a 

= the price of a bushel of barley; .*. -= — j \-c; .\ bx-j-ab 

X X-j-U * 

z=bx-]-ca?-\-acx, or c£-\-acx=ab. By case first, a^-J-azs= — % or 

c 

m , , a 9 ah . a 2 4tab-\-ca? , a m Aab-\-co? x 
3 ^+ ax +J == T + l &'> *+2=V(— f-), and 

a?a=^/( — J — ) — 5. If a=16, &=288, and c=3, we have x=& 

^pc=40 — 8=32 ; there were 31 bushels of wheat, and 48 of bar- 
ley. 

11. A and B were dispatched at the same time to a place 90 
miles distant, the former of whom riding one mile an hour more 
than the other, arrived at the end of his journey an hour before 
him ; at what rate did each travel per hour ? Ans. A went 10, 
and B 9 miles per hour. 

Let x= the number of miles A went per hour ; .*. x — 1= the 

90 90 
number B went, and — = r — 1, or 90(a? — 1) = 9dx — o?-\-x 9 



QUADRATIC EQUATIONS. 77 



or sf — £±5=90 ; by case 2d, 2=5*10, the miles. 

12. A man travelled 105 miles, and then found that if he had 
not travelled so fast by 2 miles an hour, he should have been 6 
hours longer in performing the same journey. How many miles 
did he go per hour ? Ans. 7 miles. 

Let x= the number ; .\ = ^ — 6, or £* — 2£=35 : by 

x x — 2 J 

case 2d, a^=dbV( s f 5 + 1 )+ 1=7 » and ^=*%*— 6=15 hours. 

13. A and B distributed 1200 dollars each among a certain 
number of persons ; A relieves 40 persons more than B, and B 
gives 5 dollars a piece to each person more than A. How many 
persons were relieved by A and B respectively ? 

Let 2== the number of persons B relieves, then z-{-40 will = 

i i. a ,. t> 1200 , e 1200 . 

the number A relieves. But t ACi -j-o= X by (ar-f-40£), 

X T Av X 

or 1200x-\-5x*-{- 200£=1200£+4SOOO ; transpose and divide by 
5, 1 have £ 2 -f40£=9600 ; by case 1, £=±100—20=80, or 120. 

14. A person bought a certain number of sh€ep for 1140 dollars. 
Having lost 8 of them, and sold the remainder at 8 dollars a head 
profit, he is no loser by the bargain. How many sheep did he 
buy? Ans. 38. 

Let x denote the number of sheep ; then each sheep will cost 

H^. Buti^=^ + 8X(* 9 — 8£), or x*— 8*=1140; by 

case 2, £=4+ /V / 1156=34 + 4 =38> Ans. 

15. A and B set off at the same time to a place at the distance 
of 300 miles. A travels at the rate of one mile an hour faster 
than B, and arrives at his journey's end 10 hours before him ; at 
what rate did each person travel per hour ? 

Let £= the rate per hour B travels ; then £-}-l= the rate A 

travels. But ^ = — — 10X (a*+*), or 300*=300£ — 10a* 

X ' 1 JL X 

— 10£+300, or £ 2 +£ = 30, and by case 1, £ = -y — £ = 4^=5, 
rate B travels per hour, and 5-j-l==6= A's rate per hour. 

16. A person bought some sheep for 72 dollars, and found that 
if he had bought 6 more for the same money, he would have paid 
1 dollar less for each ; how many did he buy, and what was the 
price of each ? Ans. 18 sheep, and the price 4 dollars. 

72 72 72 72 

Let £, — , — T7r» and .\ — ?-= +1= — , denote the number of 

£ £-}-6 £+6 £ 

sheep bought, the price of one in dollars, the price of one, if he 
had bought 6 more, and the equation respectively ; then £ 2 -J-6£ 
=432, and by case 1, £=±21—3=18. 

7* 
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72. A new method of resolving Equations of all orders, however 

complicated. 

A universal method, which may be applied to equations of all 
dimensions, was first given by W. Emerson, in his Algebra in 
1764, first edition, with a new demonstration, thus : let x* { a x ft 
be the general form of a quadratic equation, let r denote the first 
figure of the root, and y the remaining part of the root ; that is, 
if the root be integral, then r denotes the left integer, with as 
many ciphers as figures in the root. If the root consist of an in- 
teger and decimals, then r will denote the integer, and y the deci- 
mal part ; then we shall have x = r-j-y, or (y -}- r), and then, by 
substituting r for x in the equation, we have r*-\-ar==n. Hence* 

it 
— i — will give r, or the first figure of the root. To find the re- 

t + a & 

maining figures, substitute r-f-y for x in the given equation ; 
Then y4-2ry4- r 3 ) _ 
ay-\-ar \ n 

y*-f- a 'y-\-p=zn, or if-]-a'yz=n — -p = ri. From this equa- 
tion, which is similar to the first y, can be found y = $ -f- z, or 
\z -}- s ); then by substitution, 2dly, 



{z -\- s)\ then by sub 
s* 4- as \ ™ n ' 



n' 



z*-{-a'z-\-p =n, or z*-\-a"z=ri — p=ri\ Also, --p-= 

S m "\' CL 

From this equation z can be determined. Let z s= t -4- a ; then 
In the same manner, we find — — ,/=#, &c. 



t+a— 1 " ' u+a' 

Now, the value a\ a", a'", &c. can be easily determined, 

hence we have the following expressions for s, t , u, &c. or the rt- 

maining figures of the root, thus 

_« ri _ ri _ n" __ n" 

r+a~ r; s+a'~ s + 2r + a~* : t + a" = t+2s+2r+a * 

ri" n" 



and Z+ri 77 ^u+2t+2s+2r+a^ &C ' 

I shall close the subject of quadratic equations by one obser- 
vations. Consequently this method appears to be a generalisa- 
tion of the extraction of the square root, if we suppose a=0, then 
or x=A/n, and the formulas become 



n n n _ n 



r~ *' 7+2r~ *' t+2s+2r—*' Wld ^i^Tf^f^^ 

This is a demonstration of the rule usually given for the extrac- 
tion of the square root of numbers. 
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On Ratios, Proportion, and Variation* 

73. By Ratio is meant the relation which one quantity bears to 
another, with respect to magnitude. It is evident that this rela- 
tion can exist only between quantities of a similar kind ; thus, a 
number must be compared with a number, a line with a line, Ac. 
&c. ; and it would be absurd to compare a certain number of feet 
with a certain number of dollars, &c. &c. 

74. There are two ways in which the magnitude of quantities 
may be compared. In the first place, they may be compared with 
regaf d to their difference ; and then the question asked is, " How 
much one quantity is greater or less than another." The relation 
which quantities bear to each other in this respect, is called their 
arithmetical ratio. The other way in which they may be com- 
pared, is, by inquiring, " How often one quantity is contained in 
the other." This relation between quantities is called their geome- 
trical ratio. The term ratio, when simply applied, is generally un- 
derstood in the latter sense, and it is in this sense that the word 
will be made use of in the present chapter. 

75. In considering how often one quantity is contained in ano- 
1 ther, the natural process is to divide the one by the other. Thus, 

in comparing the number 12 with the numbers 4 and 3, we know 
that 4 is contained in 12 three times, and that 3 is contained in 
the same number fouT times ; from which we infer, that the ratio 
of 12 : 3* is greater than the ratio of 12 : 4, the magnitude of a 
ratio being measured by the number of times one quantity is con- 
tained in another. For the same reason, the ratio of 11 : 7 is 
said to be less than the ratio of 11 : 8. When the ratio is thus 
expressed, the first term of it is called the antecedent, the last term 
the consequent, of that ratio. 

76. From this mode of estimating the magnitude of a ratio, it 
appears that when the consequent of a ratio is not an aliquot part 
of the antecedent, the value of the ratio must be expressed by a 
fraction whose numerator is the antecedent, and denominator the 
consequent, of that ratio. Thus, the magnitude of the ratio of 
15 : 7 is expressed by the fraction 4y&, and of the ratio 4 : 13, by 
the fraction ^. When the antecedent of a ratio is greater than 
the consequent, it is called a ratio of greater inequality ; when the 
antecedent is less than the consequent, a ratio of lesser inequality ; 



* In expressing the ratio of two quantities, the word to is gene- 
rally supplied by two dots ; thus, the ratio of a to b is expressed 
by a : b. 
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and if the two terms of a ratio be the same, then it is said to be a 
ratio of eauality. 

77. The foregoing definitions evidently apply only to those 
instances in which the consequent of a ratio is contained a certain 
number of times in the antecedent, or to those in which the mag* 
nitude of the ratio may be expressed by some definite fraction. It 
does not, therefore, comprehend such ratios as */2 : 5 ; ^/3 : j/7; 
4 : 4/3* be** where the values of the quantities */2, ^/3, ^f7 t 
4/3, &c, can only be expressed in decimal fractions which do not 
terminate. The ratio which exists between quantities of this lat- 
ter kind, when the radical quantity is expressed by a decimal 
fraction, is called their approximate ratio. 

78. Proportion consists in the inequality of ratios ; thus, since 
4 is contained in 12 the same number of times that 6 is in 18, the 
ratio of 12 : 4 is said to be equal to the ratio of 18 : 6, or, in 
other words, that 12 : 4 : : 18 : 6 * Of the four terms of which 
every proportion consists, the first and last terms are called the 
extremes, and the second and third the means, of that proportion. 

79. If there be a set of quantities related together in the fol- 
lowing manner, viz. albllblcilcldlldie, &c., where 
the consequent of every preceding ratio is the antecedent of the 
following one, then the quantities a, b, c, d, e, &c. are said to be fa 
continued proportion ; and if only three quantities be concerned, 
as in the proportion a : b : : b : c, then b is said to be a mean pro- 
portional between the two extremes a and c. 

80. Since the proportion a : b :: c l d expresses the equality 

of the ratios alb and c : d, and since the magnitude of the ratio 

d 

a : b is measured by the fraction — , and that of the ratio c : d by 

o 

C CL C 

the fraction -, it follows that — =5, or that when four quantities 
a a 

are proportional, the quotient of the first divided by the second is 

equal to the quotient of the third divided by the fourth ; and vice 

versa, if there be four quantities, a, b, c, d, such, that -= ==-;, then 

b a 

those four quantities are proportional, or a : b : ; c I d. 

On the Comparison and Composition of Ratios, 

81. On the comparison of ratios. 

I. Since the ratio of a : b may be expressed by the fraction 

* In stating a proportion, the words is to and to are generally 
supplied by two dots, and the word as by four dots ; thus, the 
proportion a is to b as c to d, is expressed by a : b : : c : d. 
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-, let the numerator and denominator of this fraction he multi- 
b 

plied by any quantity m, (m being either integral or fractional,) 

then — = r , and therefore the ratio of ma I mb k the same with 
mo o 

the ratio of a 1 b ; from which we infer, that if the terms of a ra- 
tio be multiplied or divided by the same quantity, it does not alter 
the value of the ratio. Hence also it appears, that a ratio is re- 
duced to its lowest terms - by dividing its antecedent and conse- 
quent by their greatest common measure. 

II. Katios are compared together by reducing the fractions by 
which their values are respectively represented, to a common de- 
nominator. Thus, the ratio of 8 : 5 is represented by the fraction 
£, and the ratio of 9" : 6 by the fraction £ ; reduce these fractions 
lo others of the same value, having a common denominator, and 
they become $$ and $% respectively ; and since £$ is greater than 
$}, the ratio 8;: 5 is greater than the ratio of 9 : 6. 

HI. A ratio of greater inequality is diminished, and a ratio of 
lesser inequality is increased, by adding the same quantity to both 
its terms. Let a -J- b. Z a represent a ratio of greater inequality, 
and let x be added to each of its terms, and it becomes the ratio 
of <i-\-b-\-x : a-\-x. Now the ratio of 

(l\~b Qt 1 b * 1 3? 

a 4- b : a = -^—t and that of a+b+xl a4-z — ^^ ; let 
1 a iii o-j-a: 

these fractions be reduced to others of the same value, having 

# 9 -f-fl£ -f- az-4-bz 
a common denominator, and they become — • — —-*-, — -— * — and 

J a(a-j-x) 

' "jr jij^ respectively ; and "since c$-\-db-\-ax-\-bx is evidently 

greater than a*-]-ab-\-ax, the ratio of ar-\- b : a is greater than the 
ratio of a-\-b-\-x : a \-x; i. e. the ratio of a-4-b I a has been di- 
minished by adding x to each of its terms. Next, let a — b : are- 
present a ratio of lesser inequality; then, proceeding with the 

fractions and r^—-, as in the former instance, the result- 

a a-\-x 



a*—ab-\-ax — bx , a 2 — ab-\-ax , . « 

mg fractions are r-n — ; ana — r~T — r - '> ^d since cr 

5 a(a-\-x) ^(a-f-x) 

—eb^-az — bx is less than a 2 — ab-\-ax, the ratio of a — b : a is less 
than the ratio of a — b-\-xl a-\-x> and consequently the ratio of 
,a — b : a has been increased by adding x to each of its terms. In 
the same manner it might be shown that a ratio of greater ine- 
quality is increased, and a ratio of lesser inequality is diminished, 
by subtracting the same quantity from each of its terms. 
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82. On the composition of ratios. 

I. Ratios are compounded together by multiplying their ante- 
cedents together for a new antecedent, and their consequents toge- 
ther for a new consequent. Thus, if the ratio of a : b he com- 
pounded with the ratio of c : d, the resulting ratio is that of ac : bd; 
or if the ratios 4 : 3, 5 : 2, and 7 : 1, be compounded together, 
there results the ratio of 4x5X7 : 3X2X1, or of 140 : 6, .or 
(dividing each term by 2) of 70 : 3. 

II. If the same ratio be compounded with itself once, twice, 
thrice, &c., the resulting ratios are those of a 9 : b*, a 8 : b 3 , a* : b\\ 
&c. &c. The ratio of a* : b 2 is called the duplicate ratio of a : b ; 
a? : & 3 , the triplicate ; a 4 : & 4 , the quadruplicate, &c. &c. ; and as 
these ratios .receive their denominations from the indices of the 
several powers of a and -6, the ratio of a/ a : */b is called the 
subduplicate ratio of-« : b; the ratio of fya : jffb, the subtripli- 
cate, &c. &c 

III. If a set of Tatios, whereof -the consequent of the. prece- 
ding ratio is the same with the antecedent of the succeeding one, 
be compounded together, the resulting ratio is that of the first an- 
tecedent to the last consequent. Thus, when the ratios of a : b, 
b : c, c : d, d : e, are compounded together, the resulting ratio is 
that of abed : bede, or, (dividing by bed) that of a : c, or of the 
first antecedent : the last consequent ; and the same will be the 
case whatever be the number of ratios. 

IV. A ratio of greater inequality compounded with another 
ratio, increases it ; and a ratio t)f lesser inequality compounded 
with another ratio, diminishes it. Thus, let 1-j-w •* 1 represent* 
ratio of greater. inequality, and let it be compounded with the ra- 
tio a : b, the resulting ratio is that of a -\- na : b, which is evi- 
dently greater 'than the ratio of a : b. On the other hand, 
let 1 — n : 1 represent a ratio of lesser inequality, and let it 
be compounded with the ratio of a : &, then the resulting ra- 
tio is that of a — na : b, which is evidently less than the ratio 
of a : b. 

1. Reduce the ratio of 360 : 315, and 1595 : 667, to their 
lowest terms. 

360 : 316, = «r^^45 the greatest common* measure ef=8 : 7 f 

1595 SS 

and 1595 : 4>67, = -S-29, greatest common measure, = = 

= 55 : 23. 

2. Reduce the ratio a 8 4-2a 9 a: : a 9 to its lowest terms. 

Let a*+2a*x : a 9 = £k*^+ a *= f±^. Hence *f 2* : h 
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3. Which is the greater, the ratio of 16 : 15, or that of 17 : 14? 

16 %A 227 17, _ 255 . ■ 

jg Xl4=2j^ ; 14X16= ^jg .\ is the greatest. 

4. Which is the least of the. three ratios, 20 : 17, 22 : 18, or 
25 : 23 ? and which is the greatest of die three ratios, 8 : 7, 
6 : 5, and 10 : 9t 

20 22 25 

17 ' 18 ; 23 * ^ ^ e * east common multiple of the denomina- 

tors, and — = 4140 : 3519; jgWOl : 3619 ; g=3825:3519 

least, and ,= = 360 : 315 ; - = 378 : 315 .-. greatest, ij-s= 

350 : 315: 

5. Which is the greater, the ratio of a-f-2 : Ja-f-4, or that of 
o-}-4 : i«-j-5 ? Ans. the ratio of ctr\4 : £a-4-5. 

■ /*7 * a Q( l , ~\ l P - X by the alternate denominator, and , , * 
Ja-f-4 4a-4-5 * i«+4 

— 3"+ 6a + 16 : -J+T + ^ Hence « + 4 : Ja + 5 the 
greatest. - 

6* Compound together the ratios of 11 : 3, 7 : 2, and 5 : 9. 

11X7X5 385 # 

3X2X9 — 54 "-^° * 

7. Compound together the ratios of 15 : 12, 6 : 7, and 9:4; 
and then reduce the resulting ratio to its lowest terms. 
15X6X9 810 . rmnnmn monQ11w _ 135 _ 
12X7X4= 336- ^ 6 C ° mm ° n meMn,e ' = -^ = 135 : 56. 

8. Express in the simplest terms the ratio compounded of 
if — a? : <r, a-\-x : 5, and b : a— re. 

i^M'J^ _ (a+;E) , : ^ b ^ 

ling those quantities which are common to the terms. 

9. If the ratios of a?-J-y : a, « — y : b, and 3 : — be com- 
pounded together, show that the resulting ratio is a ratio of equa- 
lity. 

(z+y)X(z-y)Xb a *?—tf ,, 
aX b *a*—tf—a*—tf — 

10. If the ratios of 3a+2 : 6a+l, and of 2a+3 : a+2 be 
compounded together, is the resulting ratio a ratio of greater or 
lesser inequality ? 



Binoe. 



(8*4-2) X(2o+3) _ (tf+13a+6 _ . iiau«u. 

(6*4-1) X (o4-2) = 6aM-13a+2 = 6 ^ 13 H" 6 • **+>*- 



(6a+l) X (<*+ 2 ) 6a 2 +13a+2 
.\ a ratio of greater inequality. 

11. What are the least numbers in the ratio compounded 

the three following ratios, viz. the ratio of 7 : 5, the duplicate 

tio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

7X4X3 14 1y| , ,- 
— - - — ~=t-?, •'• 14 and 15. 
5X9X2 15 

12. Compound the subduplicate ratio of of : y* with the qu; 
ruplicate ratio of */x : js/y. 

-sac subduplicate ratio of 3* : y*, and -5- = quadruplicate ra 

of */* : Vy; ••• ^xy^* 1 : f- 

On Proportion. 

83. The most useful Theorems relating to proportional qui 
tities are the following : 

Th. 1. If four quantities be proportional, the product of 1 
extremes will be equal to the product of the means ; for 

4 C 

a : b H c : d, then, by Art. 80, - =^, .\ ad=bc. Hence, al 

b a 

it follows, that if any three terms of a proportion be known, \ 

fourth may be found ; for, from the equation ad = be, we ha 

be , ad ad , , be 

a t=-r ; b = — ; c =*-=- ; and d= — • 
d c b a 

Th. 2. The converse of the foregoing theorem is also tru 

viz. : If the product of any two quantities be equal to the prodi 

of two others, those four quantities will constitute a proporti< 

provided that the terms of one product be made the means, a 

the terms of the other product be made the extremes, of such p; 

portion. Thus, if the four quantities a, b, c, d, be such tl 

a c 
ad=bc t then (dividing by bd) ; =i ; •'• by Art. 80, a : b : : c : 

Th. 3. If three quantities be proportional, the product of t 
two extremes is equal to the square of the mean ; for, 
a : b : : b : c, then, by theorem 1, oc=fl 9 . Hence also it folio? 
that a mean proportional between any two quantities is equal 
the square root of their product ; for, let x be a mean prop 
tional between a and c, then a : z l : x : c ; .\ a? = ac, a 
g = fi/ac. 
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r _Th. 4. If four quantities be proportional, thev will also be pro- 
portional when taken inversely or alternately ; thus, if a: b::c id, 

then t=-s J invert the fractions, then -=- : .\ b l a I l d : c. 
b d a c 

Again, since ad — be, then (dividing by cd) we have 

ad be a b ■ . , 

cd cd c a 

Th. 5. If there be six proportional quantities, and the first be 
to the second as the third to the fourth, and the third to the fourth 
as the fifth to the sixth, then will the first be to the second as the 
fifth to the sixth. For let a : b 1 : c : d, and c : d lie : f: then 

— =— ; and -7 =7-; .'. r*=7"» or > by Art. 8°> a : ^ 22 « : /• 
a a j j 

Th. 6. If four quantities be proportional, then the sum or dif- 
ference of the first and second will be to the second as the sum or 
difference of the third and fourth is to the fourth. For let 

: d, then t-=-t ; add I to, or subtract it from, each 



• • 



b d 



side of the equation, then T-=fc:l = 3- =fc 1 ; .". — r* , 

a da 

consequently, by Art. 80, a±b : b ll cdtzd : d. 

Th. 7. If four quantities be proportional, the first is to the 
sum or difference of the first and second as the third to the sum 
or difference t>f the third and fourth. For, by theorem 6, adtzb : b 
I Z c±d . rf, and alternately a-±J> : c±d lib : d ; but, by theo- 
rem 4, b : d 1 1 a : c ; hence, by theorem 5, a±3 : c±d ll a : c, 
and alternately a-±J> : a ll c±d : c ; ,\ inversely a : a±b lie 
: c±d. 

Th. 8. If four quantities be proportional, then the sum of the 
first and second is to their difference as the sum of the third and 

fourth is to their difference. For, by theorem 6, T" *" ; 

b a 

and — = — = — r~ > invert the last two fractions, then 



b d a — b c- 

a4-b b c.A-d ^ d a-\-b c-\-d . . 

hence —7— X 1=— j X 3, or — — = , ; .\ by Art. 

b a — b d c — a a — c — d 

80, o+£ : a — b : : c-\-d : c — d. 

Th. 9. If four quantities be proportional, and any equimulti- 
ples or equal parts whatever be taken of the first and second, and 
also of the third and fourth, then will the resulting- quantities ta- 
ken in the same order, be still proportional. For let a : b 1 1 c : 

8 
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d; then, by Case I, Art. 82, the ratio of ma : mb is the same 

with the ratio of a : b; and for the same reason, the ratio o£ 
nc : nd is the same with the ratio of c : d ; hence,. (Article 7S y ) 
ma : mh : : nc : tkJ, where m and n may be any quantities what- 
ever, either integral or fractional. ' 

Th. 10. The same theorem is true, if any equimultiples or 
equal parts whatever be taken of the first and, thixd, and also of 

the second and fourth ; for since t-*=*j-, multiply each side of the 

o a 

. m . ma mc* _ _ , 

equation by — , then — =• ■ «■ ; *\ma : nb li^mc :»««, where 

n no nd 

m and n may be any quantities whatever, either integral or 

fractional. 

Th. 11. If four quantities be proportional, any powers or roots 

of those quantities will also be proportional. For since 

t-=*t> we have t^ 5 **^ ; .% (t : #• ll ■ c" : d? ,where n may be 

any number, either integral or fractional. 

Th. 12, If the corresponding terms of two sets of proportion- 
als be multiplied together, or divided by each other, the resulting 
quantities,. taken in order, will still be proportional. Thus, let 

a : b i:-c t : d | then ?-**£- 

I o a . / qj> est 

and-! \ '"* hence T >:w^[,or«e:W'::cff:<ft. 

* \ ' ** * bf dh 

tto. be 

Again, by theorem 1, aefc^bc, and eh=fg; .: — =--; hence 

h A 

by theorem 2, "~ : ^ : : •*- : T"« The same will evidently be true of 

any number of proportions. 

Th. 13. If there be two rows of proportional quantities, 
wherein the second and fourth terms of the first row are the same 
with the first and third terms of the second row, then will the re- 
maining quantities, taken in order, be proportional. Thus, 
let a : b : : c : d, 

and b : e : : d : f; then, by theorem 12, ab : be : : cd: df, 
or, (reducing each ratio to its lowest terms,) a : e : : c : /. 

Th. 14. If there be a set of proportional quantities, a : b : : 
c : d : : e : f: : g : A, &c., then will the first be to the second 
as the sum of all the antecedents to the sum of all the conse- 
quents. For, since ab=ba } and (by theorems 1 and 5,) ad s=s b*. 
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, ah=bg, &c^ we have «z£+arf+q/+aA+oK.=sr£a+£c+fc 
g+&c 9 or a(^^+/+A+fo.)^(a+c+e+#+&c.) •'• Qty 
H. 2,) a : b : : a+c+e+£+&e. ; b-\-d-)-f-{~k-\-&c. 




Th. 15. If a 


: b: 


:* : 


c : : c 


: (2 : : d : c &c, as 


in article 


79, then a : c : 


a* : 


#,or 


in the 


duplicate ratio of a 


: b; 




a : rf: : 


a 8 : 


fl 8 , or in the 


triplicate ratio of a 


: b; 




a : e : : 


a 4 : 


#, or 


in the 


quadruplicate ratio of a : 


hi 


&c. 


, &c. 


., &c. 










For a 


: b 




*') 


Again, a : c : 


: a* : 


»; 


and £ 


: c 


• • Cv ■ 


b;[ 


but c : d : 


: a : 


b; 


.-. by Th- 12, a 


: c 




«M 


.-. Th. 12, a : <Z : 


: a 8 : 


P. 


' Moreover, 


a : rf 


: : a 8 : 


# 








but 


d : e 


: : a : 


b; 






v\ hy Th. 


12, 


a : e 


: : ^* : 


& 4 , &C. &£. &C. 







Arithmetical Progression is when a series of numbers or quan- 
tities increase or decrease by the same common difference. 

Thus, 1, 3, 5, 7, 9, &c. and a, a-\-d, a-\-2d, a-\-3d, &c., are in- 
creasing series in arithmetical progression, the commcn differ- 
ences of which are 2 and d. 

Arjd lo, 12, 9, 6, &c. and a, a — d, a — 2d, a — 34, &c. are de- 
creasing series in arithmetical progression, the common differences 
of which are 3 and d. 

The most useful properties of arithmetical proportion and pro- 
gression are contained in the following theorems. 

1. If four quantities arc in arithmetical proportion, the sum 
of the two extremes will be equal to the sum of the two means. 

Thus, if the two proportionals be 2, 5, 7, 10, or a, b, c, d; then 
will 2+10=5+7, and <z+fc=£+c. 

2. And if three quantities be in arithmetical proportion, the 
sum of the two extremes will be double the mean. 

Thus, if the proportionals be 3, 6, 9, or a, b, c, then will 3 + 9 
=2x6=12, and a+c=2£. 

3. Hence, an arithmetical mean between any two quantities is 
equal to half the sum of those quantities. 

Thus, an arithmetical mean between 2 and 4 is = 

■ 1 — i-3 ; and between 5 and 6, it is = —?-=5|. 

And an arithmetical mean between a and b is -5—. 

<6 

4. In any continued arithmetical progression, the sum of the 
two extremes is equal to the sum of any two terms that are equal- 
ly distant from them, or to double the middle term, when die num* 
for of terms is odd. 



88 ARITHMETICAL FSOGSB88I02T. 

Thus, if the series be 2, 4, 6, 8, 10, then will 2+10=4+8=2 
X6=12. 

If two or more arithmetical means between any two quantities 
be required, they may be expressed as .below. 

Thus, — jSp- and — ~ — = two arithmetical means between a 

and b, a being the less extreme and b the greater. 
. , na-\-b (n — l)a~\-2b (n — 2)a-\-3b B a4-nb 

And 7i > ■ 1 1 > rr—> 4*- t0 - Z rr = an y 

n-\-\ n-f-1 n-f-1 7 w+1 * 

If & 
number (n) of arithmetical means between a and b ; where — r-=- 

71-J-A 

is the common difference ; which being added to a, gives the first 
of these means ; and then to this last, gives the second ; and so on. 
And, if this series be a, a-\-d y a-]~2d, a-\-3d, a -f- 4d, then will 
a-f(a +4d)=+d+(a+&*)=2(a+2d). 

5. The last term of any increasing arithmetical; series is equal 
to the first term plus the product of the common difference by 
the number of terms less one ; and if the series be decreasing, it 
is equal to the first term minus that product 

Thus, the last term (Z) of the series a, a + d> a+- 2d, a-\-3d, 
Or\-bd, $»c. continued to n terms, is h==ar\-(n — l)d. 

And the last term of the series a, a — d, a~-2d, a — 3d, a—4d, 
4«c. to n terms, is l=a — (n — \)d. 

6. The sum of any series of quantities in arithmetical pro- 
gression is equal to the sum~of th&. two extremes multiplied by 
half the number of terms. Thus, the sum of the series 2, 4, €* 
8, 10, 12, is = (2+12)-f£=14x3=42. 

And if the series be a+(a+)+(a-f-2*Z)-f-(«-|-3rf)-}-, <J*c. to n 
terms, we shall have s = (a-f-Z) X J^» where I is the last term, n 
the number of terms, and s the sum of the series. 

Or, the sum of any increasing arithmetical series may be found 
by adding the product of the common difference by the number of 
terms less one, to twice the first term, and then multiplying the 
result by half the number of terms. 

And, if the series be decreasing, its sum will be found by sub- 
tracting the product of the common difference by the number of 
terms less one, from twice the first term, and then mnltiplying the 

result by half the number of terms, as before.* 

- - 

* The sum of any number of terms (n) of the series of natural 

numbers 1, 2, 3, 4, 5, 6, 7, £c. is = n ( n + l ) t Thus> i_j_2+3-f4 

100X101 5060. 

+5+, 4-c. continued to 100 terms, is = — 9 — =50X101 =m 
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TJwra, if the series fee a+(a^+(a+2d)+(a+3d)-\-(a+4d) 
-§-, &c. continued to n terms, we shall have 

e=z\2a+(n— l)d\ X%-- And, if the series he a+(a— <*)+(*— 2d) 

-f-(« — 3rf)-f-(a — 4rf)-f*> & c - continued to n terms, we shall have 

s=\2a— (t*— 1)4} x|. 

Case I. The sum of a series of quantities in arithmetical 
progression is found by multiplying the sum of the first and last 
terms by half the number of terms. 

Let a = first term, d = common difference, 

n = number of terms, and s = sum of the series. 

a -J- a-\-d -f- a-\-2d -f- a-\-Sd &c. a -f- (n — l)d =* 

&-\~>(n-^-l)d «4* «+(* — 2)d -\- a-\-(n — 3)d -}"» &° a = s 

By addition 2a-\-(n — \)d -f- 2a-\-(n — \)d -|-&c. to n terms s 2* 

.-. {2a + (w— 1)4} .7i = 2*. 
Whence s=\2a+(n—l)d\.i=\a+a-{-(nr--l)d\Z 

f/ , . . > No. of terms 
={ first term -J- last term}. - • 

Cor. 3. Any three of the four quantities s, a, n, d, being known, 

the fourth may be found. 

rp . 25— dn(n-{-l) 
it s, a, n be given, a= *■ — . 

is={2a-|-(7i — l)d\ j ; by actual multiplication, 2an-\-dr? nd Or, 

or &*M 2f — 4a*+4«; .\«= * — . 

an 

If a, *, n be given, we find 4 .'.4 =— . r . 

to* — b n— 2s — 2an, or (n 8 — n)d=Qs — 2an ; .\ d = — - 

7T 



If x, a, a be given ti =2Uj Wr~"^ — - . 

2d 

To -find w, we have, by transposition, dn* -(- 2«7i — rfn = 2s t or 
W-f (^ — *0» =2*; .-. n 9 -| - — ^ n=s 7 ' an( *' bv case *' 

quadratics, we have n — zh-^y/ \ (2a — <£) 9 -j-&&}. 

Cor. 2. If the series be a decreasing one, d is negative, and 

1. The first term of an increasing arithmetical series is 3, the 
common difference 2, and the number of terms 20. Required the 
sum .of the series. 
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First, 3+2(20— l)=3+2x 19=3+38=41, the last term, and 
(3+41(X^=44X¥=44X 10=440, the sum. Or, j2 X 2 + 
2(20—1) xV=( 6 + 2 X 19) X 10=(6+38) X 10=44x 10 = 446, 
as before. 

2. The first term of an increasing arithmetical series is 100, the 
common difference 3, and the number of terms 34. Required the 
sum of the series. 

First, 100—3(34—1) = 100—3x33 = 100—99 = 1, the last 
term, and (100+1) X^=101XV== 101 X 17=1717, the sum re- 
quired. Or, {2X100— 3(34— 1})X^ =(200 — 3X33) Xl7 = 
(200— 99) X 17=101x17=1717= sum, as before. 

3. Required the sum of the odd numbers 1, 3, 5, 7, 9, &c. con- 
tinued to 101 terms. 

Here the formula s=\2a-\-(n— l)afe becomes {2+ 100 X^J 



2 

X J ^=202X 1 F= 1 °1— 10201. 

4. How many strokes do the clocks of Venice, which go on to 
24 o'clock, strike in the compass of a day ? 

Here s=(a+Z)|-=(l+24)X 12=300, Ans. 

5. The first term of a decreasing arithmetical series is 10, the 
common difference $, and the number of terms 21. Required the 
sum of the series. Ans. 140. 

Here the formula, £=a+(ra— \)d> becomes 2=2+(365— 1)2=2 
+728=730, Ans. 

6. One hundred apples being placed on the ground, in a straight 
line, at the distance of a yard from each other ; how far will a 
person travel, who shall bring them, one by one, to a basket placed 
at the distance of a yard from the first apple ? 

Here the 1st term is 1+1=2, and the last 100+100=200, the 

number of terms 100. Therefore (a+Z)|- = (2+200)50 = 10100 

yards, or 5 miles 1300 yards, Ans. 

7. Required the 365th term of the series of even numbers 2, 4, 
6, 8, 10, 12, &c. Ans. 730. 

Also, the sum of any number of terms (n) of the series of odd 
numbers, 1, 3, 5, 7, 9, 11, &c. is =n 8 . Thus, 1+3+5+7+9+* 
&c., continued to 50 terms, is =50^=2500. 

To this we may add, that if any three of the quantities a, d, a, 
x, be given, the fourth may be found from the equation 

£={2ddb(a — l)d\ Xo"> or (0+J)Xq-> where the upper sign + i* 

to be used when the series is increasing, and the lower sign — 
when it is decreasing ; also the last term &=a±(?t — l)d, as above. 
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Here s=\2a— («^-l)<*} J={20— 20x*}XV=(20 — V)X 

4^=^X^=7=140, Ans. 

The following problems and theorems contain the whole prac- 
tice of arithmetical progression, with the rules already given. 

Given I or a = the first or least term, g = the greatest term, 
ft = the number of terms, s = the sum of the term or series, and 
h or d = the common excess or difference. 

Case 1. Given I, g, and n, to find s and d. 



Theo. 1. (l+g) 7 ^. Theo. 2. ^4=d. 

& n — 1 

Problem 1. Given the least term, the greatest, term, and the 
number of terms, of an arithmetical progression, to find the sum 
of the terms. 

Rule. To the least term add the greatest, multiply the sum by 
half the number of terms, and the product will be the sum of the 
terms. 

Prob. 2. Given the least term, the greatest term, and the num- 
ber of terms, to find the common excess or difference. 

Rule. Divide the difference between the greatest and the least 
term by the number of terms less unity, and the quotient will be 
the common excess, or difference. 

Case 2. Given Z, g t and s, to find n and d. 

Theo. 3. *— . Theo. 4. ^*<*?>-i. 

,. Case 3. Given I, g> and d, to find n and s. 

Theo. 5. ^d+l=n Theo. 6. (g ~^ I 1 X^=#. 

a * d ' 2 

Prob. 3. Given the least term, the greatest term, and the com- 
mon excess, or difference, to find the number of terms. 

Rule, Divide the difference between the greatest and the least 
term, by the common excess, or difference, the quotient, increased 
by an unit, will give the number of terms. 

Prob. 4. Given the greatest term, the number of terms, and the 
common excess, or difference, to find the least term. 

' Rule. Multiply the common excess, or difference, by the num- 

Note 1. If three numbers are in arithmetical progression, the 
stun of the extremes will be equal to double the mean ; and the 
product of the extremes, increased by the square of the common 
difference, will be equal to the square of the mean. Thus, if 5, 
7, 9, are in arithmetical progression, then will 5-J-9 = 7x2, an ^ 

(9+5)+(2+2)=7X7. 
2. If four numbers are in arithmetical progression, the sum of 
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ber of tenns less 1 ; subtract the product from the greatest term, 
and the remainder will be the least term. 
Case 4. Given /, n> and *, to find g and d. 

<IW 7. *-4= g . Theo.8. £=^ 2 =*=?*Ut 

n (n — 1)X» at — » 

Case 5. Given J, n, and rf, to find g and x. 

The©. 9. H-(**— l)X<fc=^. Theo. 10. {(«$— «Q-f2J} x|—* 

Pro£. 5. Given the number of terms, the common excess, oi 
difference, and the sum of the terms, to find the least term. 

Rule. Divide the sum of the terms by the number of terms; 
and, from the quotient subtract half the product of the common 
excess, or difference, by the number of terms less 1 ; the remander 
will be the least term. 

Case 6. Given Z, s, and d, to find g and n. 

Case 7. Given g, n, and $ y to find I and d. 



%eo. 13. *-*=*. Theo. 14. <»*-)X2_2^-2, 



* (ra— 1) X*» #* — » 

Pro£. 6. Given the least term, the number of terms, and ihe 
common excess, or difference, to find the greatest term. 

Rule. Multiply the number of terms by the common excess, 
or difference, and to that product add the least term ; from this 
sum subtract the common excess, or difference, and the remainder 
will be the greatest term. 

"Case 8. Given g T n t and d, to find I and s. 

Theo. 15. g— (rc— l)d=4. Theo. 16. \{2g+d)— nd\xt*=*. 

Case 9. Given g, s, and d, to find I and n. 
Theo. 17. \t/\(2g+df— $ds\+\d=l. 18. See p. 186, cor. 1. 
Case 10. Given n y s, and d, to 9nd I and g. 

Theo. 19. i_{( Wr -l)xirf}=Z. 20. -+{("— l)Xi<*}=#. 

the two extremes will be equal to the sum of the means. Thus, 
if 2, 5, 8, 11, are in arithmetical progression, 
Then will 2+11=5+8. 

3. If a series of numbers (consisting of any number of terms) 
are in arithmetical progression, the sum of the extremes will 
always be equal to the sum of any two means equidistant from 
the extremes ; or to double the mean if the terms be odd. 

Thus, if 3, 5, 7, 9, 11, 13, &c. are in arithmetical progression, 
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Geometical Progression. 

85When a series of numbers increase by a common multiplier, or 
decrease by a common divisor, those numbers are said to be in ge- 
ometrical progression ; such as 2, 4, 8, 16, <J»c <£c. The first and 
last terms are usually called the extremes, and the common multi- 
plier or divisor the ratio. 

Note 1. If three numbers be in geometrical progression, the 
product of the two extremes will be equal to the square of the 
mean. Thus, if 3, 9, 27, be in geometrical progression, 
Then will 3k27=9'X9. 

2. If four numbers be in geometical progression, the product 
pf the two extremes will be equal to the product of the means. 

Thus, if 2, 4, 8, 16, be in geometrical progression, 
Then will 2x16=4x8. 

3. If a series of numbers, consisting of any number of terms, 
be in geometrical progression, the product of the two extremes 
will be equal to the product of any two means equidistant from the 
extremes ; or to the square of the mean; if the terms be odd. 

, Thus, if I, 2, 4, 8, 16, 32, <£c. be in geometrical progression, 
Then will 1X32=2X16=4X8. 
Or, if 1, 2, 4, 8, 16, <jj-c. be in geometrical progression, 
Then will 1X16=2X8=4x4. 

4. If, out of any series of numbers in geometrical progression, 
there be taken any series of equidistant terms, that series will 
likewise be in geometrical progrwssimi. - - - • 

Time, if fi, 4, 8, 16, 32, 64, tyc. be in geometrical progression, 
Then will 4, 16, 64, <J-c. be in geometrical progression. 
Problem I. Given the number of terms the ratio, and either 
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Then will 3-+- 13=5+ 11=7+9. Or, if 1, 4, 7, 10, 13, &c. 
are in arithmetical progression, then will 1+13=5=4+10bb5s7X2. 

4. If, out ofjany series of numbers in arithmetical progression, 
there be taken any series of equidistant terms, that series will also 
be in arithmetical progression. 

Thus, if 2, 4, 6, 8, 10, 12, 14, &c. are in arithmetical progres* 
sion, then will 4, 8, 12, &c. be in arith. prog. 

5. In any series of numbers in arithmetical progression the 
common excess, or difierence, is as often repeated as there are 
terms in the progression, wanting one ; viz. every term, except the 
first, is continually increased or diminished by the common excess 
6r difierence. 

6. The rules for an ascending .or descending series are the 
same ; for a descending series becomes an ascending one by be- 
ginning at the least term* 
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of the extreme terms, of a limited geometrical series, to find the 
other extreme. 

Bulb. Write down a few terms of a geometrical series, begin- 
ning with, and formed by the given ratio ; over which place the 
arithmetical series 1, £, 3, 4, 5, fyc. as indices ; observe what fig- 
ures of these indices, when added together, will give a number an 
unit less than that expressing the number of terms; and find the 
product of the terms in the geometrical series which stand under 
these indices. This product multiplied by the first term given in 
the question, or the first term divided by this product, according aa 
the progression is increasing or decreasing, will give the term 
(sought. 

Pros. IL (riven one extreme, the ratio, and the number of 
terms, of a geometrical series, to find die sum of the terms. 

Rule. Find the other extreme by Problem 1. Then divide 
the difference between the extremes by the ratio less 1 ; the quo- 
tient increased by the greater extreme will give the sum of the 
terms. 

Prob. III. In any series of numbers in geometrical progres- 
sion, decreasing ad infinitum, given the* first term and the. ratio, to 
find the sum of the series- 

Rule. Subtract the second term from the first ; the square of 
the first term, divided by this difference, will give the sum of the 
series. 

If I = the least term, *=the sum of the terms. 

g= the greatest, r=tbe ratio. 

n= the number of terms. J fog=logarithm of any letter. 

Then will the following theorems exhibit all the possible cases 
of geometrical progression, including those already given. 

86. If a series of quantities increase or decrease by continual 
multiplication or division by the same quantity, then those quan- 
tities are said to be in geometrical progression. For the exponents 
of r are a series of numbers in arithmetical progression, beginning 
with zero, or nought, and increasing by unity in each succeeding 
term* as 0, 1, 2, 3 ; and therefore the exponent of the nth. term is 
n — 1 ; consequently, if the nth term be represented by /, then 
Will fcaar^- 4 . 

To find the sum of n terms of a geometrical progression, let 
o =r first term, r the common ratio, n = the number of terms, 
and s s= the sum of (n) terms. Thus, the numbers 1, 2, 4, 
8, 16, &c. which increase by continual multiplication by 

111 

2, and the numbers 1, ^, ^, 3=, &c. which decrease by 
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1 

estrtinual division by 3, or multiplication by =, are in geometrical 

jt ogtcec ion, as before- 

67. In general, if a< represents the first term, r the common 
multiple or ratio, then may the series itself be represented by a, 
4r, 4rr % «r 9 , ar\ &c., which will evidently be an increasing ox a 
decreasing series* according as r is a whole number or a proper 
faction. In the foregoing series, the index of r in any term is 
jess by unity than the number which denotes the place of that 
term in the series. Hence, if the number of terms in the series 
be denoted by «, the last term will be or*"*. 
. 88. Let s be the sum of the series a, ar, ar*, at*, &c. ; then 
m +• ar -J- ar* + or 8 -}- 4" c * •••■• * ar^-j-ar*"** = *. 

multiply the equation by r, and it becomes 

«r -J- or -f- fl*" 8 Hr ar * ~j" 4" c « • •■• •■ ar *~* "f" ar "~ l + ar* = r*. 
Subtract the upper equation from the lower, or the series 
which is the value of s from the series which is the value of rs, 
and we have 

f ,or(r_l )te= ar*-^;and "*— 



r—l 

If r is a proper fraction, then r and its powers are less than 1. 
For the convenience of calculation, therefore, it is better in this 

U fly* 

case to transform the equation, into *==-= , by multiplying 

or* a 

the numerator and denominator of the fraction =— by — 1. 

r — 1 J 

89. If I be the last term of a series of this kind, then 

I = ar** 4 ; .\ rh=ar* ; hence *= ) r- [ = ,=£-| r. 

( r — 1 ) r — 1 ' r — 1 

. From this equation, therefore, if any three of the four quanti- 
ties i, a, r, Z, be given, the fourth may be found. For 

rl^-a s — a (r — 1)*+* __ 

*s=s =- ; as=rl — (r — 1)*; r = — -, and k=± ' . The 

r—l * — l t 

value of n cannot be found from the equation *= — , except 

by means of logarithms, thus : See page 96, Art. 92. 

find the sum of the series 1, 3, 9, 27, <fc. to 12 terms. 

Here o=l, r=3, tt=12. and 

of-— « lX^l 81 8 — 1 531441—1 631440 *=L M 

7=T " 3-1 ^-2"" — =-2-= 26 ^ 20 - 

90. Let I be the last term of an arithmetic series, whose 
first term is a, common difference d, and number of terms n ; then 
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fc=sa4-(n — l)d; .\ (n — \)d=l — a, or < L-l. .. Now the nam- 

71— 1 

ber of intermediate terms between the first and the last is »— ft; 

let n — 2 — m , then n — l=m>-^-l. Hence d= — -j-r , which gives • 

the following' rale for finding any number of arknmetic means be* 
tween two numbers. Divide the difference of the two numbers by 
the given number of means increased by unity, and the quotient 
will be the common difference. Having the common difference, 
the means themselves will be known. 

91. The general expression for the sum of a geometric series 

whose common ratio (r) is a fraction, is s — —z . Suppose 

now n to increase indefinitely ; then r* (r being a proper frac- 
tion) will decrease indefinitely ; therefore ar* will decrease indefi- 
nitely with respect to a, or a will be the limit of a — ar*, and 

- the limit of—; , or*; and consequently -z will ex- 

1 — r 1 — r ^ J 1 — r 

press the value of the series when the number of its terms is 

supposed to be indefinitely increased, or, as it is commonly called, 

the sum of the series ad infinitum. 

92. If the sum of the series, the common ratio, and the first 
tenn be given, the number of terms may be found thus : 

Since r» — $=ar* — a, or cur^stn — s-\-a, and r n =— • — • 

a 

.-. log. r" or nXlog. r^=log. (rs — s4-a) — log. a. 

Hence ?t= log ' (™-*+*)-log. «- . 

log. r 

1. The sum of a geometric series is 6560, its first term 2, and 
common ratio 3. What is the number of terms ? 

Here ,=6560, a=2, ^=3 ; .-. nJ * (rs-s+a)-log. a 

log. r 
_ log. 13122 —log. 2 3.8169700 

— log. 3. — .4771213 ' AnS ' 

2. A person undertakes a journey of 364 miles, going one m0# 
the first day, three the second, nine the third, and so. on. When 
will he arrive at his journey's end ? 

Here ,=364, *=l,r=3; .-. vJ°* ^s-s+a)-l g. a 

log. r 
log. 728— log. 3 2.862728 a . 

™ hfl =" .477121 ^ ^ Aafc 
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Demonstration of the Rule of Three. 

Four numbers of the same kind are said to be proportional 
when the first contains the 2d as often as the 3d contains the 4th. 

Ifg=g; then A: B::C : D, ot B : A::D: C. If 4 nunv 

bers are proportional, A : B : : C : D, the product of the extreme 

is equal to the product of the means, viz. A X D = B X C. Let 

A C 

D=fvi these fractions reduced, (Case 3, page 31,) become 

jrpr „ n ; but when equal fractions have the same denominator 

their numerators are equal ; therefore AD = BG. Hence we de- 
duce a demonstration of the rule of three. If A : B : : C : D ; 

then AXD=BXC. Now if (p. 60, art. 14,) .\D==5^-?, w hi c h is 
the common rule as given in my Arithmetic. A 

Cor. D = ?xC=?XB = C^4=B-*-£. The rule of 
A A B C 

3 inverse may be made a rule of three direct, by making the 3d 

term the first, and by proceeding forward to the other two terms ; 

.*. the above demonstration will serve for both rules. 

Demonstration of the Double Rule of Three, or of Compound 

Proportion. 

The rule of compound proportion is easily illustrated. Let C be any 

cause, and £ the effect produced ; and let ex be any other similar 

cause and ey the effect produced, then it is plain that : E: lex ; 

ey t .\EXcas=CXey > hence x (an unknown part of the 2d cause) 

Cx«v t Ex&£ , - , m 

= = — -, and y= p (= an unknown part of the second effect. 
Hi X^ ^X^ 

Hence the rule is manifest. 

Harmonica! Progression. 

Three quantities are said to be in harmonical proportion when* 
the first is to the third as the difference of the first and second is 
to the difference of the second and third. 

Any number of magnitudes <z, b, c, d, e, f fyc. are said to be 
in harmonical propartion, if a l c; la—b i b — c, 

And b I d: :b — c I c — dj 
And c : el ic — d I d — e, <£c. 

The reciprocals of quantities in harmonical progression are in 
arithmetical progression. Let a, b f c, d, fyc. be in harmonical pro- 
gression; then since aid la — b l b — c, .\ ab — ac=ac — be. Di- 

.'111 
vide this equation by abc I =■=■ . Again b I dub — c I 
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c — d ; .'. be — M = bd — dc. Divide this equation by bed, 

1111 11 1111 . 

3 sa r,or = T ; .\ the quantities -; r ; -; - ; &e> 

u c c o o a a o c « 

having a common .difference, are in arithmetical progression. 

From these definitions it follows, that in three harmonicd pro- 
portionals, a, 6, c, any two being given, the third may be found; 

2oc 

since ab — acm=ac— -£c, or a£-f-£c3=2ac; ,\ &■' _,_ ; that is, a bar- 

**■ I ■ c 

monicid mean between 2 quantities is equal to twice their product 

oh 
divided J by their sum. Also, <?«*= <> ± =3= a third harmonical 

-proportion to a and b. 

In a similar manner, if any three out of four harmonical pro- 
portions, a, by c, d y be given, the other may be found; for since 
aid: a—b ; or—d, .\ ac — ackz=ad-*-bd ; and from this equation I 
2ad — ac 2a*Z — bd , «c 



The following is a curious property belonging to quantities in 
harmonical proportion, that their reciprocals are in arithmetical 
progression. Thus, if a, b, c, d, e, fyc. be in harmonic propor- 
tion, then from what has been said above, I shall have be -f- ob= 
2ae; cd*\-bc=z=Qbd ; de*\-cd=2ce, $c. Dividing the first of these 
equations by abc, the 2d by bcd y the 3d by cde> &c. I shall have 
1,121,121,12 11111 . 

a '.c b b d c c e d a b c d e 

arithmetical progression. Thus, of five musjeal strings ef equal 
tension and thickness be made to sound together, the most perfect 
harmony they can produce, will be when their lengths are as 
i '> i i . i J i ' t» or as 30, 20, 15, 12, 10 ; and hence this propor- 
tion js called harmonic, or musical proportion. 

¥robhm 1. To insert any number (m) of harmonic means be- 
tween two given quantities (a) and (b). 

Since the reciprocals of quantities in harmonic progression are 
in arithmetical progression, therefore it will be best to insert (*t) 

1 1 

arithmetic means between - and r- > these means inverted will be 

a b 

the harmonic means required. Let z = the common difference 

of tbis arithmetic progression* 

1 I a i 

then - -f-(77i+l)z= r ; [p. 186.] & s = - — rm.> •*• the series 
a ' b r (m-\-\)ab 

11 a-b .1 2(q-i) 1 3(q-*) 1 

o' a ' (m+l)ab' a ^(»» + l)a*^ ^>»+ 1)«* * ' 
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and the reciprocals a ; - — \ — —; pr-7-7 — —,-77; ■ , — —tzt I 

are in harmonic progression. Insert 6 harmonic means between 

I and 20. Here m=6, o=l, £=20 ; .-. the means are ^| $ ; {f ; 

W. 85 . 28 . 7 

Prob. 2. Having given two consecutive terms of an harmonica! 
series to determine the law and limit of continuation. 

Let t y t\ be two consecutive terms of the harmonic progression, 
and let a, a — x, be the two consecutive terms of the corresponding 
arithmetic progression. ; then 

II , , t'—t 



_ , , ; therefore ss= — 7-, and since the (n)th or gene- 

t t tt I 

ral term of the arithmetic progression, reckoning from - is (a^nx), 

therefore the (n) term of the harmonic progression is 

1 tt r 

1 . . . -, which is indefinite when t'— nit' — t)=0, or 

a^Pnx t'=pn(t — t) 

when w =v~"~> 

Given 3, 4, two consecutive terms of an harmonic progression, 
to show the law of continuation both ways. The general law is 

12 12 

- ■ — ; .\ the next term of the progression after 4, is - — -, or 6: 

4 =F » 4 — 2 

12 12 12' 

the next is j— ^ or 12 ; the next ^ — j or -^-, a quantity indefi- 

12 12 
nftely great. The term preceding 3 is t-t-t or — ; the next pre- 
ceding term *£• or 2, &c. hence the series cannot be carried beyond 
12, but may be extended to any length the other way. 

An arithmetic mean between two quantities is greater than a 
geometric, and a geometric is greater than a harmonic mean. Let 
p and q be the two quantities,, then since (p — qf is positive, wheth- 
er p be greater or less than q, .\ p 1 — 2pq- -q 1 is positive, or p?-{-(f 
greater than 2pq, .'. p*-^-2pq-\-(p greater than Apq or p-\-q greater 
than 2*/{pq) ; .\ i(p+q) is greater than */(pq). But i(^-fs') 
is an arith. mean between a and b, and /^(pq) is a geo. mean, .*. 

the arith. is greater than the geo. mean. Again -773; is an harmo- 

niemean between p and q. Also *-^pL : A/(pq)H*/(pq) I —?— 

Or arith . mean : geo. mean : I geo. mean : harmonic mean. But 
since the first term has been proved to be greater than the second, 
.*. by Euclid, book 5, p. A., the 3d term is greater than the fourth* 
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1. A man buys 80 pounds of pepper and 36 pounds of saffron 
so that for 8 dollars he had 14 pounds of pepper more than he 
had of saffron for 26 dollars, and what he laid out amounted to 
188 dollars. How many pounds of pepper had he for 8 dollars, 
and how many of saffron for 26 dollars ? Ans. P 20, and 6 S. 

Surds. 

The meaning of surd quantities, and the method of representing 
them, have already been explained in pages 50, 51, and 52. Sim- 
ple Surds are such as consist only of one terra, as */% 4/7, and 
X/5, &c. Compound Surds are such as consist of two or more 
terms, as >y/3 + >v/3 ; >y/5 -f- >^/3 — y^/2, &c. ; and when a quan- 
tity of this kind consists only of two terms, it is called a binomial 
surd. 

Case I. To reduce a rational quantity to the form of a surd. 

Rule. Raise the quantity to the power denoted by the root of 
the surd, and over this new quantity place the radical sign, or 
proper index, and it will be the form required. 

1. Reduce 5 to the form of the square root. 

First 5 X 5 = 25 ; whence the form is /n/25, the answer. 

2. Reduce 3 to the form of the square root. 

First 3 X 3 = 3 2 = 9, consequently /^/9 is the form. 

3. Reduce § and a — b to the form of the cube root. 

Here § X § X § =A= \/ifr, and (a — b){a — b)(a — b) = 
(a 3 — £ 3 ) = 4/(a 3 — £ 8 ), and therefore the answers are ^JU and 
^/(a 3 -* 3 ) = 4/(a — *) 3 . 

Case II. The reduction of quantities of different indices, to oth- 
ere that shall have a given index, or to reduce surds of different 
indices to others of equal value having the same index. 

Rule 1. Divide the indices of the proposed by the given index, 
and the quotient will be the new indices for those quantities ; or 
reduce the feactionar indices to a common denominator, which will 
be the index required ; then raise each of the quantities to the 
power denoted by its numerator. 

1. Reduce 3* and 2 to the same index. 

Here the fractional indices are J and J, and these reduced to a 

common denominator become £ and f , therefore 3* = 3* = (3 8 ) 1 

= 27*, or #27 ; and 2* = 2*= (2 a ) 8 = 4* or #4, which are 
the surds with the same index a/. 

i i 

2. Reduce a and o* to quantities that shall have a common 
index. 
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Here J=f and J=f ; therefore (a 8 )* and (a 8 )*, Ans. 

ftere again J=rV and $=& ; therefore (a 4 ) and (£*) . 

2. Reduce a n and £* to quantities that shall have a common 
index. 

Here -, — reduces to the common denominators and — : 

n m mn mn 

_L_ JL. 

therefore (cT) ~ and (b*)"*, Ans. 

Case III. To reduce surds to their most simple forms. 

Rule. Resolve the given number, or quantity, into two factors, 
one of which shall he the greatest power contained in it, and set 
the root of this power before the remaining part, with the proper 
radical sign between them.* 

1. Let >y/48 and yy/108 eacn he reduced to its most simple form. 
Here A / 4 8=V( 16 X3)=4 >N /3 and 4/108=^(27X4)=3^4. 

Note 1. When any number, or quantity, is prefixed to the surd, 
that quantity must be multiplied by the root of the factor above- 
mentioned, and the product then joined to the other part, as before. 
1. Let 2,^/32 and 54/24 each be reduced to its most simple form. 
Here 2 A /32=2 A /(^X2)=SV2, & 5^/24=54/(8x3)= 10^/3. 

Note 2. A fractional surd may also be reduced to a more con- 
vanient form, by multiplying both the numerator and denominator 
by such a number, or quantity, as will make the denominator a 
complete power of the kind required ; and then joining its root, 
with 1 put over it, as a numerator, to the other part of the surd. 

1. Let Vf Vh V125, V294, >^56, ^/192, 7V80, 9^/81, 
and t!t\/^» eacn ^ e reduced to its most simple form. 

Here a /t=\/H=V(tVX14)=+V14, Ans. 3^=3^/^ 
=AiJ/(t*tX50)=!#50. Ans. */125=V(25x5)=5V5, Ans-. 
, V /294= A /(49X6)=7V5, Ans. ^/56=^/(8x7)=2^/7, Ans. 
4/192=4/(64x3)=4^/3, A. 7V80=7 A /(16X5)=28V5, A. 
9^81=9^/(27 X3)=27#3, Ans. 

ttere, reducing the radical, we have /s/%=rf*s$*=%^20 ; 
therefore TfrVt^ifrX U/3Q=rfrA/30, Ans. 

10. Reduce f-^iV V98a 2 a:, and a/(j? — aV), each to the most 
simple form. 

Here tffe=#*fr=l#12 ; hence W&=)y\2, Ans. 
> v/98a 2 as=(49a 2 x2a:)=7a A /2a:, Ans. 

* When the given surd contains no factor that is an exact power 
of the kind required, it is already in its most simple form. Thus, 
^/15 cannot be reduced lower, because neither of its factors, 5 nor 
3, is a square. 

9* 
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Case IV. To add Surd Quantities together. 

Rule. When the surds are of the same kind, reduce them to 
their simplest forms, as in the last case ; then, if the surd part be 
the same in each of them, annex it to the sum of the rational 
parts, and it will give the whole sum required. But if the quan- 
tities have different indices, or the surd part in each be not the 
same, they can only be added together by the signs -f- and — . 

1. It is required to find the sum of a/27 and a/48. 
Here /S /27=^(9 X 3)=3^ > _ ? ,„ , 

And V48=V(16x3)=4>v/3 J ~~ V J e m ' 

2. It is required to find the sum of ^500 and /^108. 
Here ^500=^(125x4)=.5^4 ) _ Q ,, 4 . 

And ^108=#( 27 X4)=3#4 \ ~ Ha/4 me sam ' 

3. Find the sum of >y/50 and */TZ, or^/f and */•&• or 

V60=V(25X2)=5V2 ) J V* =V«=iV15 

V72= V(36X2)=6V2 j \ a/^^VJ^^sa/IS 

■ ■ ic — »— — ^— ^ ■■■■■■■ ■ w W ' ■■ ■ i»^— — i — — — — — mmtmM — mm 

Ans. 11 a/2. Ans. -^a/15. 

Case V. To find the difference of Surd Quantities. 

Rule. When the surds are of the same kind, prepare the 
quantities as in the last rule ; then the difference of the rational 
parts annexed to the common surd will give the whole difference 
required. 

But if the quantities have different indices, or the surd part be 
not the same in each of them, they can only be subtracted by 
means of the sign — . 

1. It is required to find the difference of a/448 and a/ 112. 

Here V448=V(64X7)=8V7 X _ 4a / 7 the difference 
And A /H2=V(16X7)=4V7 J — *V* the ditterence. 

2. Required to find the difference of f/192 and 4/24. 
Here #192=#(64x3)=4#3 ) „y 3 . m 
And &/ 24=±4/( 8X3)=2^3 \ —**/+ "* out. 

3. Find the difference of fVf, and &t/£- 

Here |a/I= S Vt =tW 6 = | V« I _ Ujk/6 a. jjff 

4. Find the difference of 2*/\ and ^8, or 4/3J and ^72. 

Here 34/J=34/A=^9 I J H«e 2Vi -» Vf =^v/2 
And 4/7 2=V(8x9)=2^9 J 1 And ^ 8= (4X2)=2y2 

the diff. =^9 the diff. = */2 

5. Find the difference of >^/80o 4 x and >v/20^x*. 

Here V80^=V(16 « 4 X5*)=4«V5* ) _/4 J ._2 fla: u//fa. 
And A/20aV=V(4«Vx5z)=2a*V&c J -(^-^JVW- 

6. Find the difference of 8^* and 2^0*4. 
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7. Find the difference of a/75 and V 48 * or /J/256 and 4/32. 
^/75=V(25X3)=5V3 ) I 4/256=^(64 x4)=42/4 
^4&=V (16X3)=W3 j ( 4/32 =4/( 8x4)=2#4 

difference, >^/3 difference, 2^4 

8. Find the difference of a/\ and a/\, or \/§ ana< */#• 
A/l=W3»and Vi=\/(iXt)=iV3; then (i— J)V&=|aA 

a/3=\/S=JV6, and V8=VA=W<5; (i— 4)V6=tVa/^ 

Case VI. To multiply Surd Quantities together. 

Rule. When the surds are of the same kind, find the product 
of the rational parts, and the product of the surds, and the two 
joined together, with the common radical sign between them, will 
give the whole product required ; which may be reduced to its 
most simple form by Case III. 

But if the surds are of different kinds, they must be reduced to 
a common index, and then multiplied together as usual. 

It is also to be observed, as before mentioned, that the product 
of different powers, or roots, of the same quantity, is found by ad- 
ding their indices. 

1. Required the product of \a/\ an< i I &fa 

i4/l x f4/*=f 4/$=f 4/IM4/15, Ans, 

2. Find die product of 3*/8 and 2*/6. 

3V8 X 2V6 = 6 A /48=6V(16x3)=24 A /3, Ans. 

i l 

3. Find the products of 2* and 3 , or 5 a/ a and S/^a. 

Here 2* =2*= (2 s )* =8* ) J Here 5 */a=&£ -«« * 




And 3 3 =3*=(3 8 ) 6 =9 6 ) ( And 3^0=3^== 3a* 

Ans. (8*X 9*) =(72)*, Ans. 15a*=15(a 5 )*, or \5t/cf 

4. Required to find the product of 5 a/8 and 3^/5. 
5^/8X3^5=15^/40=15^/(4X1^=30^/10, Ans. 

5. Required the product of 4-j-2>v/2 and 2— a/2. 

JL JL 

6. Required the product of (a-\-b) n and (a *\-b) . 
5. Mult. 4+2 a/2 a ._ . , . . .1 , . .,-5 

By 2— Z/2 6 * Mult - (^-M^ — («+*)7 

8+4V2 By (a+b) m =(a+b)^ 

—4^/2 — 4 2±2 

Ans. 8-4=4 Product =(* +*> w ' 

Multiply 24/14 by 3^/4, or 2a* by a% or {a+by by (a+£)*. 
2x34/14x>^/4=64/56=6^/(8X7)=12^/7, Ans. 

(«+*) l x(H-^) l =( a +^x(«^)*=(H^)^^ Ans - 
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Multiply 2*+*/* Md 2x—*/b, or 2s* and 3s*. 
Or 2X1X« X a*=2a*=2a 4 , Ans. 
Multiply (a +2//*)* by (*— 2*/*)*> or 4r" by 2y\ 

43 sl +2sV* (a— 2^)* Or" 

—2«fxb—b a*+2a*/b «,^_« mji a 

4^— *,Ans. — 2g V^4^ 6(^ =6^,Ans. 

(a» —4*)*, Ans. 

X X X 

Here 4s" X2y" = 8(2^)*, or = 8f/zy, Ans. 

Case VII. To divide one Surd Quantity by another. 

Rule. When the surds are of the same kind, find the quotient 
of the rational parts, and the quotient of the surds, and the two 
joined together, with the common radical sign between them, will 
give the whole quotient required. 

But if the surds are of different kinds, they must be reduced to 
a common index, and then be divided as before. 

It is also to be observed, that the quotients of different powers 
or roots of the same quantity, are found by subtracting their in- 
dices. 

1. It is required to divide 8*/108 by 2^6. 

Here^^=4>v/lS=W(9X2)=12V2, Ans. 

2. It is required to divide 84/512 by 4*/2. 

Here ^^=24/256=24/(64 x4)=84/4, Ans. 

3. It is required to divide |>s/5 by i*/2, and */7 by 4/7. 

Here |^|=JVJ=fV^=!V10, Ans. 

And ^=^=^-7$-*- 7* Ans 

4/7 7 i 7 $~ - 7 ' Ans - 

4. Required to divide 6^54 by Z*/2, and 44/72 by 24/18. 

Here |^^==2> v /27=2V(9x3)=6 >v /3, Ans. 

4 ? /72 
And 2l/i8 == ^'^ 4, w *" cn w iN not reduce lower. 

5. Required to divide SIa/tAt by § Vi- 
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Here 5}-f-§ =^X J = ¥. and Vt^-v/* = VaV = V A 

=4V3; .•.VxiV3=fSVa^ffV3,Ans. 

6. Divide 4fVS by 2fVI> and 4|#« by 2\£/ab. 

First 4f-5-2|=^-X^=*W. and V§-SV!=V(«X*)<=Vt 

= V-^-=IV2; hence JffV-XlV^^^VS.'Ans. 
Here 4£-r-2§=£ X f=f J, and ^a^^/ab = a* -5- a*** = 

-T = -a=\jT) J therefore £$(-77) » tne answer. 
** J* * b 

7. Required to divide 32f V* ty 13J^- I j 
Here 32f-M3f=4*X A=Srf» and */a+j/a=a* + a* = 

a ==a . Therefore £$fa , the answer. 

8. Required to divide 9fa* by 4^". 

Here 91-4^=^X14=111, 

lira n m— o m a 

And a 11 -r a m =a™ -5- a^ = a*** ; consequently, Oh*™*, Ans. 

9. Divide V 20 + V*2 by VS+aA 

Here *\ 54] /3 = *^ 4 ' or 2 ' Ans * 

Note 1. Since the division of surds is performed by subtract- 
ing their indices, it is evident that the denominator of any fraction 
may be taken into the numerator, or the numerator into the deno- 
minator, by changing the sign of its index, or exponent. 

2. It likewise appears, from the same rule, that 

a m a m 

— - = a m ~ n, =a ; but we have also —==1. 
a m a m 

Whence it follows, that a is a symbol equivalent to unity, and 

may, consequently, be always replaced by 1, whenever it occurs.* 

Case VIII. To involve or raise Surd Quantities to any power. 

Rule. When the surd is a simple quantity, multiply its index 
by 2 for the square, 3 for the cube, &c. and it will give the power 
01 the surd part ; which, being annexed to the proper power of the 
rational parts, will give the whole power required. 

And if it be a compound quantity, multiply it by itself, the pro- 
per number of times, according to the usual rule.t 

1 a 1 . * 1 «r° 

1. Thus -=— or &!+} ; and — =—, or at*. 

a 1 a 1 

2. Also -5- ., i or bar* ; and .— = -. or — . 
a 2 1 ir* s g n 3~ m a n ■■• 

* This expression, properly speaking, is only the remit of an 
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3. Let -j be expressed with a negative index* 

-i 

4. Let a * be expressed with a negative index. 

1 -1 1 

Here - 7 s=z6T a i=ar* the answer. Here a =-r-, Ans* 
* flr a\ 

6". Let — \ — be expressed with a negative index. 

Here ^= ( ^j^= (a+a;) ,A ^ 
6. Let a{c? — 2 s ) be expressed with a negative index. 

Here a(fl? — a 8 ) — , — -5—, Ans. or 



7. Required to find the square of §a , and the cube of §>v/& 
Here j |a* j 2b=4** X2 = $£=$#<?, Ans. 

And ^=3*==^ T>v /27==^ r V9X3=tv f 3» Ans. 

8. Required to find the square of 34/3, and the cube of 17^21* 

Here (3 A /2)^=(3x3*) 2 =9.3*=94/9, Ans. 
(T?V21)^=17V(21 a +21) = 17 3 x21 V^l = 103173 a/2\, Ans. 
9v Required to find the 4th power of £>\/6. Ans. ^. 

Here (W^) i =itX^) 2 =^X^ l =^; therefore ^, Ans. 

10, Find the square of 3-\-2*/5, the cube of */£-f-3^\/y, and 
the 4th power of ^3 — ^/2. 

operation, to which we are led by the common practice of repre- 
senting the powers of quantities Dy numeral indices; which,. in the 
present case, gives the quotient a?, instead of 1, as it would be ac- 
cording to the usual method of division- 

t Any power,, or root, of a fraction, as before observed, is equal 
to the same power, or root, of the numerator, divided by the like 
power, or root, of the denominator. Thus, 

t 

( r )= p ,and( F )=^al S o V ^=-^=^_,and(- J ) =-- 

And if any quantity that is affected with the sign of the square 
root, is to be raised to the second power, it is done by suppressing 
&e sign. Thus,, (V«)"i or *A*X V«=a> and {*Aa-f-£)k 
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3— V6 

2V6 

V6 



Mult. a/H-W? 
By Va:-f3Vy 



4-3VsH-9y 

ar-f- 6 */3y+9y 
*/*+3/v/y 



34-2^/5 

3+2^5 

9+6V5 

9+12VH-20 
or 29+12*/5 



25— iovg W«+^Vy+ %*/* 

— i(y6-f 24 ^Vy+ifyVs+gWy 

49— 20^/6, Ans. x Al /Z'j-9x^/y-\-27y A /x-[-27yA/y=Cube. 

Case IX. To ,/fad the roots of Surd Quantities. 

Rule. When the surd is a simple quantity., multiply its index 
by i for the square root, by £ for the cube root, &c. and it will 
give the root of the surd part ; which being annexed to the root of 
the rational part, will give the whole root required. And if it be 
a compound quantity, find its root by the usual rule. 

1. Find the square root of 9^/3, And the cube root of £^/2. 
Here (9//3)* =9* X2 i X *=9* x3*=^/3, Ans. 



And (i*/2) 3 =(4)*X(2* X *)=i(2 6 )=*#2, Ans. 

2. It is required to find the square root of 10 s . 
Here V10 3 =//( 1 ° 2 + 1 °)= 1 °V10, Ans. 1<V(10)- 

8 41 u 

3. Find the cube root of ==dr, and the cube root of ~ a/k» 

Consequently ^(?-V^-)=^(|-) # ==(|-) f =(|)Mv3a. 

4. It is required to find the 4th root of £fa . 

Here ^tiJ^J** = $a*, Ans. 
5. Find the square roots of z* — 4a?>^/a+4a, and a-^t/ao^-b. 
Here «-f- 2 V^+*( V a +V* & — bxtj a+\a(x~- 2v a 

a x* Ans. 



2z— 2V) — 4x*/a4-4a 
— bx+/a\4a 



2A/a++/b)2*/ab+b 
2*/ab+b 

Case X. To transform a Binomial, or a Residual Surd, into 

a General Surd. 

Rule. Involve the given binomial, or residual, to a power cor- 
responding with that denoted by the surd ; then set the radical 
sign of the same root over it, and it will be the general surd re- 
quired. 
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1. It ia required to reduce 2+,y/3 to a general surd. 

Here (8+^/3) ^1 | 3 | i */9=Jt+U/S> therefore 2+,/3= 
*/V+4*/3), the answer. 

2. It is required to reduce a/H-\-/^/3 to a general surd. 
Here (V 2 + V3) s ='-i+3+2V e =J+ 3 V s J therefore 

V 2 -f V3=V(HV 6 )' the answer. 

3. It is required to reduce \/2-\-\f4 to a general sard. 
Here (4/2+4/4) =b' +04/^-!- ° ^4 j therefore 

4/2+4/4=4/ 1 6( 1 +4/2+4 / 4) | , the answer. 

4. Reduce 3— «/;>, and v'- — 2 V e 10 a general surd. 
{3—^/5)"= 9—6^5+5= 14— GV5, and VO^— «V 5 ). Ans. 

6. Reduce 24/3—34/9, and 74'3 — 34/9 to a general surd. 

In examples involving cube root radicals, it is useful to know 

the following form of the cube of a binomial : viz. 

(o ±b)*=tf±8'+3ab(a± : b) 

Hence (24/3 — 34/9)' = 24—243—184/27(24/3—3,^/9) = 

—819—54(24/3—34/9) ; consequently 

4/(— 219— 54(24>3— 34/9)) is the general surd. 

or, Ans. 4/(1624/9 — 1084/3 — 219.) 
24/3—34/9 multiply 494/9—126+274/3 multiply 

24/3—34/9 by 74/3—3^9 by 

4//9— ei/27 3434/27—882^/ 3-1-1894/9 

— 64/27+94/ai —147^81-j-3784/9-814/27 

44/9— 124/27+94/81 1029^13234/3+5674/9—243 or 

"J^taW 7 ^ (786— 13234/3+5674/9)^ Ans. 

84/27—724/3+544/9 74/3—34/9 multiply 

—124/81+1084/9—81^/27 74/3—34/9 by 

84/27— IO84/3+I624/9— eii/27, 494/9— (214/27=63) 
or 24— 1084/3+1 624/9— 243 Hence —214/27+94/81 

I have 4/{(— 219— 54(2^/3— 34/)J Prod. 494/9—126+274/3. 
—34/9)) Ans. 

* 124/27=12X3=36 and 94/81=(3x9>4/3 = 274/3, and 
124/81-124/(27x3)=364/3. Again 1474/81=1474/(27x3) 
=!47(4/27x4/3)=(147x3)X^3=4414/3,and 
8824/3-|-4414/3=13234V3. 

Cass XI. To extract the square root of a binomial or residual 
surd. 
Rule. Substitute the numbers, or letters, of which the given 
Burd is composed, in the place of their equals, in one of the two 
following formula, according as it is a binomial or a residual, and 
it will give the root required. 
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y(«-v^)^v/(i«+w(^-^))-v(j[fl--W(« , «^)) 

And if the second part of the binomial, or residual, in this case, be 
*& imaginary surd, the same theorems will still hold, by only chan- 
ging — b into -(-£» as below. 

V(«+V-*)=V(^+W(« 8 +^))+V(ia-W(« , +^)) 
m a/(*-a/— *)=*/&"+ W(^-H))— a/(I«-4 V(«M-*>) 

Where it is to be observed, that the only cases that are useful in 
this extraction, are when a is rational, and a* — b in the first of 
these formulae, or a*-\-b in the latter, is a complete square.* 

1. Find the square root of 11+6^2, or 11-J-V72. 

Here V(i«±W(*- *)J=V(¥+aV( 121—72) )=V(V + i) 
=3; and */(**- W(« — *>))=a/(V— W021— 72)) =V(V 
— J)=V2; whence V(11+6V 2 )' or V(H+\/72)=3-4-V2, 
Ans. And by a similar substitution in the second formula, we 
shall have +/(\1— 6+/2)=3— +/2. 

2. It is required to find the square root of 14-4*/ — 3, or 1-4- 
V— 48. 

Here V(i«+W(« 2 +-^))=V(i+i>v/(l+48))= V(H"J)=2 ; 

& A/(i«-*V(« 8 +^))=V(i-i>v/(i-H8)=V(i— j)=V-3; 

whence V(l+W^)- or ^(HV— 48)==2+ >v /— 3, Ans. 

And by operating in the same manner with the last formula, we 
shall have //(l— W~ 3)=2— a/— 3. 

3. Required to find the square root of 6±2<\/5, or 23 ± 8^7, 
or 36dblOVH» or 33d=12,/6, or ((1-f 4^— 3) =(l-}-,/_48)), 
or ((3=fc4V— l)=(3=fcV— 16)), or —1+^/— 8, or rf+2*V(* 
—**), or 6+2V2— V(12)— a/(24), each of the 9 foregoing ques- 
tions. 

Here I have V(i«+*V(« — *)) = V(t + W(» ~ 20 ))= 
V(3+2)=5,and V*-*(«— *)=V(f— iV(36— 20))=V(3— 
2)=1, and .-. Vfcfcl = Ans. or V(£<zdbjK\/(a 8 — *) = V¥ + 

* This method of extracting the square root of a binomial surd, 
was known as early as the time of Lucas de Burgo ; who, in his 
Treatise entitled Summa de Arithmetical fyc. printed in 1494, has 
given a rule for that purpose, which, though not expressed in gen- 
eral terms, is similar to the one above used. Rules for extracting 
the cube roots of certain binomial surds, which are useful in some 
cases of cubic equations, were also introduced, with the solutions 
of these equations, by Tartalia and Cardan, in their Treatises 
on this subject ; and others, of a different kind, have since been 
invented by later writers ; but all these rules, as well as those for 
the higher orders, are more or less tentative, and only answer for 
particular numbers ; in which cases, that given in the text will be 
found as commodious as any that has yet been proposed. 

10 
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*V(529— 448))=V(HJ±4J)=4, and V?> - 4dV the 2nd 
Ans., the 3d, */(}a±:W("*— *>) = V(V:±W(36 2 — 1100)) = 
>v/(18±7)=5, and V 11 I •'• Sit*/ 11 * Ans « 5 or I !»▼» tQe 4th, 
V(^±^V(« 2 -^)=V(V±W33 , -«04))c=V(16Jd=7i) = 
z/24 and 3 ; .-. 2 A /6±3, Ans. * 

Case XII, To extract the cube root of a binomial, or residual 

surd. 
Rule. Let the surd, that is to have its root extracted, be of the 
form j/(a-\-*/b), or j/(a—*/b). 

Then, if a*—]b be a perfect integral cube, and some whole num- 
ber, can be found, that when substituted for n, will make vf — 
3 \£/ (a 2 — b)\n=2a, the roots of two expressions, in this case, will 

be VM-V*)=i"+iVi* S — 4^(«*— *)\> and &{a — */b) =*= 
i n — l\/i*r— ^^/Ctf* — b)\. And if the second part of the bino- 
mial, or residual, be an imaginary surd, and a*-\-b be a perfect in- 
tegral cube, the extraction may be effected, by finding the integral 
value of n in the following equation, as before, w 3 — S\^(^-\-b)ni 
= 2a. In which last case, die roots of the two expressions will 

be SV(a+S^)=\n+WWrWtf+*)\\ ea ch of which 

latter formulae may be obtained, by barely changing the sign of b 
in the former. 

1. Find the cube root of 10^6^3, or 10dbs/108. 

Here a=10, and &==1Q8 ; whence (# (a 2 — 4) = #( 100^-108) 
=—2, and n 3 — 3{^(a 8 — £)?i}=20, or w 3 4-6w=20, where it rea- 
dily appears, from inspection, lhatra==2. Whence ^(10-)-^/ 108) 
=+fW(*-4X— 2)=l+i V12=l+V3»and 4/(10—^108) 

=f—W(4—4x— 2)^=1— 4V 12 =i—V3. 

JPbr Trinomial, Quadrinomial Surds, tyc. 

Rule. Divide half the product of any two radicals by a third* 

gives the square of one radical part of the root ; this repeated with 

different quantities, will give the squares of all the parts . of the 

root, to be connected by -f- an( l — • But if any quantity occur 

oftener than once, it must be taken but once. For if a>4-y-f"* be 

any trinomial surd, its square will be z*-\^±z*^2xy^tex-^2yzi 

then if half the product of any two rectangles, as 2xy -f- 2xz 9 (or 

2z*yz 
2z*yz) be divided by some third 2yz, the quotient -^Z- =ar, must 

needs be the square of one of the parts ; and the like for the rest 
Extract the a root of 10+V(24)+a/(40)+V(60) 
xx^ V(24Xa/(40 )_ o '_, V(24)XV(60 ) /q _o ftnll 
Here 2V(60) =* and 2^(40) .- =a/9 = 3 ' aDd 

^ ( ^!/(24) (60) =V(25)=g* And the root is V2+V3+V* 
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Case XIII. To extract any root (c) of a binomial surd J.±JB. 

Bule. Let A*— B*=D, take Q such, that QD =n\ the last in- 
teger power. Let */ \ ( A-J--B) X VQ} = r » tne nearest integer 
number. Reduce A^/Q.to the simplest form p*/s ; let the nearest 

integer ^-^ = t ; then the root = 2 tts J lf u 

can be extracted. Note. -|- is for the binomial A -{- B, and — 
for the residual A — B. 

1. What is the cube root of a/968-1-25. 

Here D=34&=7X7X7, and QX7 3 =rc 3 ; Q = 1, ?i = 7, then 
#{(A+B}XVQ}=#56 + =r = 4, and A^/Q — \/968 = 

2W2=W',and ^ s =^2- 1 ^J^=t= 2, and V— 
=2a/2 ; A/{t*$—n) = V (8— 7) = 1 ; */Q = 1, and the root 
^^ . =2^2-{-l, which I find to succeed. 

2. Find the cube root of 68— a/4374. 

Here D=250=5X5X5X2. and 5 3 X2 3 =4D=QD = rc 3 ; and 
0=4, W =SX5=10, and ^{(A+B)XVQ| = //(134X2)=6 

*=r; A / /Q=136V1==PV^ and V^=l ; ^J/=Y=¥ = 
, and ^$=4, and the root ^ ^ v ^ - — z 



4-V6 a/2 4/4 

== /* ; for its cube is 68— 27 */6. 

Case XIV. To find such a multiplier, or multipliers, as will make 

any binomial surd rational. 

Rule 1. When one, or both of the terms, are any even roots; 
multiply the given binomial, or residual, by the same expression, 
with the sign of one of its terms changed, and repeat the opera- 
tion in the same way, as long as there are surds ; when the last 
result will be rational.. 

In like manner, a trinomial surd may also be rendered rational, 
by changing the sign of one of its terms for the multiplier ; and a 
qoadrinomial surd by changing the signs of two of its terms, &c. 

2. When the terms of the binomial surds are odd roots, the rule 
becomes more complicated ; but for the sum, or difference, of two 
cube roots, which is one of the most useful cases, the multiplier 
will be a trinomial surd consisting of the squares of the two given 
terms, and their product, with its sign changed.* 
Ghren surd 5+*/3 A /5-\-*/3 l/5+t/3 given surd. 

Multiplier 5— a/3 ^/5—a/3 a /5— 4/3 1st mult. 

25+5 V3 5+*/ 15 +/5— a/3 1st prod. 

— 5V3— 3 -V15— 3 VS-fV^d mult. 
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a 
Product 25—3=22 5—3=2 5—3=2 A ns. ratio. 

*/5+\/3— a/2 given surd. 4/49+4/35+4/25 mult. 
a/5-\-a/ 3-\-a/2 1 st mult. ^7—4/5 given surd. 

6+a/)5— V10 4/343+4/245+4/175 

-j-^/lfij-S—^/B —4/245— 4/175— V 125 

+V10+A/6— 2 ^343 # * 4/325=7—5 

6+2a/15 1st product. Given 4^7+4/3 surd* 

— 6+2^15 2d multiplier. Mult. 4/7*— 4/21+4/3 2 

— 56— 12^15 7—4/147+4/63 

+12V15+ 60 +4/147—4/63+3 

60—36=24, Ans. Ans. 10=7 + * * 3 

Case XV. To reduce a fraction, whose denominator is a surd, 
to another that shall have a rational denominator. 

Rule 1. When the proposed fraction is a simple one, of the 
form —j- 9 multiply each of its terms hy */a, and the resulting 
fraction will he . Or when it is of the form ,. , multiply 

the terms by 4/a?, and the result will he -^ — . And for the gen- 

b a b£/a*~i 

eral form , multiply hy A/a"" 1 , & the result will be 

a/ a a 

2. If it he a compound surd, find such a multiplier, hy one of 

the rules of the last case, as will make the denominator rational ; 

and multiply both the numerator and denominator hy it. 

2 3 3 

1. Reduce the fractions — r^; , .,. , and —7= jx, toafrac- 

a/3 J4/.0 a/o — v* 

tions whose denominators shall be rational. 

Here -* *- X ^= 2 ^- 3 ' and -*- x^— ^ 

ttere V3 _ V3 X V3 3 ,ana i4/5 X 4/5 3_ ix5 

_6^ = 6 Here 3 x */fi+V» _ 

3 V5+3V2 3 V5+34/2 _ V5+ ^2 

— 5H2 — 3 — — i — =V^+a/a Ans - 

Cor. A binomial becomes rational after one operation, a trino- 
mial after two, and a quadrinomial after three, &c. 

Cor. The number of operations is equal to the power of 2 in 
the index. 

A and B began to trade with equal sums of money. In. 
the first year A gained 40 dollars and B lost 40 ; but in the sec* 
ond A lost one third of what he then had, and B gained a sum. 
less by 40 dollar^ than twice the sum that A had lost ; when it 
appeared that B had twice as much money as A. What money did 
each begin with ? Ans. $320. 
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Cubic Equations. 

Let dx 9 -f- ex 9 -\rbz =r N be any cubic equation, and let, as in 
the solution of quadratics x = r \- y, or y -f- r = z, then 

by -f- £r = bx ) 
cy* -j- 2crv 4- cr 2 = cz* > = N r 
d*f +3drtf+3dr*y+ dr * =dx> ) \ Givcn 03 » +ax = n 

W +cY+ b'y + A = N Sum. ( b a 

Or, dif + C y + *'y = (N— A) =IV' ( *r -f a 

Again, y = s -4- z, then 2£r -f- a = a' 

^2-f b's= b'y) b a' 

c'z*-\- 2c' sz + rV = ^ V ) =>N bs -fa' 

dz*+Zdsz*+ 3d?z + di = *y ) [ 2fo -f a' =*" 
^ 4. c"? + h " z ^ A ' — tf Sum. 

Or aV -f- o"f + b"z ==(N'—A') = 2V Here it is evident that 
these equations are similar to the first,and thus we may success- 
ively find the values of r, *, t\ &c. &c. the figures of the root. 
Now to find the denominators v put down the coefficients in a line thus, 

d c b d c' V 

4r+c, d**+ cr+b ds+c\ ds>+ e's+b', 

2aV-f-c, 3df*+2er+b=*tf 2ds+c\ Ms*-\-2c'$+b\ 

Sdr+c^c'. 3<&+c'. 

&c* &c. &c. 

And if we suppose d = 1, then* the e qua Hon will be x* -f-cs 2 -}- 
bz c=r n. And then the values of r, s, t, &c. are as- follows : 

_ rt+cr+b ^ 'if+fi+V =Si ?+c"t+b" ^ U ^ te ' 
Now, by substituting the values of c', b' f c", b" y &c v we have 

■ jy jy 

^-{-cr-^-b r(r-f-c)-W 

JVV IT __ 

2 ' ^(b+^r) s ^Sr4-2br4^ ~ s ($4-3r4-c) +2r l +2cr-\-b ~" * m 

N" _ W_ _ 

3 - f+ c "t+b" — t(t+c4-3(r+s))+3s*-{-2c's+b ~ U 

N" JST_ 

4 - u *J tc »> u +i'» — u | u + c +l(r+ s +t) I +3t 9 +2c'7+^' / " Ut 

Hence it is evident how these formulas may be continued at 
pleasure, and all the quantities contained in the same are known ; 
And since, in the second formula, 3r* -j- 2cr -{- b form apart of the 
divisor, this may be used as a trial divisor for finding s, and so 
for the rest. An example will render these formulas very easy. 

10* 15 
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Given ^-f-ft^-ffes 80, to find x. 
Here 2 is the first figure of the root found by trial. 

c=9, £=4, 2V~=80, r=2. 

b = 4 c=9. Root 



r(r+c) = 22 

First divisor = r 8 + cr -{-#==26 

r* =4. 

j> + c / 5=^(5+3r + #)— 6.16 J 



80(2.47213596 
82 r. stu &c. 



28 = IV 

( 23.264 
4.736 = N" 
4.593323 
1 .142677 *398 

3d divisor is f + c"t + *" =65.6189 I . 133591 334 

And so on, 49 [ 9086 64 

(9-}-(2,47x3)+ .002)2 = 16-4112 .0328 24 J 6683 60 

Fourth divisor is 66. 7 95 1 5 §403 *4 

16.3161X1 -1|6«4161 .... 2 2005 4 

Fifth divsior is •••• |6|6-J8|3|0 #398 

Hence, from these formulas, we derive the following rule. Put 
down b the coefficient of z, and a little to the right place the ab- 
solute number, which is to be considered as a dividend, the fig- 
ures of the root forming the quotient. Place the first figure of the 
root found by trial in the quotient, above which write the coefficient 
of 2 s , observing that its unit's place be over the unit's place of the 
quotient. Multiply the value of the quotient figure, taking in those 
above by that value ; add the product to b, and the sum is the first di- 
visor. Write the square of the quotient figure just found under 
the first divisor. Find now the next figure of the root, and to its 
'value (including those above it) prefix three times the preceding, 
taking in the value of the figure above it. Multiply the result by' 
•the last found figure, add the product to the three sums immedi- 
ately above, and we shall have the second divisor ; and in the samr 
manner are the succeeding divisors to be obtained. 

Given x* + 4a* + 2x = 2328, to find the value of z. 

Here the highest denomination of the root found by trial is 10. 
b 4 = c 

2 2328(12 root. 

14.... 140 v 142 Here it must be observed, as in quadratics 

Divisor 742 ( "908 tnat tne 1 * n tne quotient must be considered 

100 ( 908 10 thus, ( r+a)r = (10+4) X10 = 140 ; 

36.... 72 ana * so if were in the hundred's place it 

Divisor 454 must be considered as 100, &c. 

Biquadratic Equations. 
For the solution of equations of a higher order, the principle is 
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nearly the same. Let Ex*±Dx*-]-Cx*-j-Bxm*Nbe any biquadra 
tic equation ; let r be the first figure in the root ; then we shal 

N _ . . . 



shall 

have j?j3ijyJttp »p sssr ' ^ ow * et V denote the remaining 

figures of the root, then y-j-rssz, and by substitution, 

By 4- Br =a= Bx 
Cy* 4- 2Cry -f Cr* = Cx* 
By 8 + 3Br tf + 3BrV + ^ = Ba» 
Ey 4 + AErtf + 6iBry + ^A + Er * c ^ 
JSy 4 + 2>y -f CT y* + 2*' y + 4 = 2V. 

Or, Ey 4 -j-D'if-]-C'if-\-B'y =2V , an equation similar to the one 
proposed ; and if 5 be the first figure of the root, then we shall 

If 

httVe ES* 4- D'S* 4- &S 4- W ~ S ' N ° W t0 find * e den °" 
minators, put down the coefficients in a line, thus ; 

ED C 

Er4-D, Er*+ Dr+C, 

2Er-\-D, 3E7*+2Dr- - C, 
$Er+D, 6Er*+3Dr-\- C = C 
4fir+ D=D' 9 
W B' C 

E* 4- B 7 , E# 4- D's + C, 
2& -- B 7 , 3J5y + 2B's + C, 
3JE» -- B\ 6Es* + 3B 7 * + C, 
4fir -- B, &c. &c. 

Hence it is evident how these lines are formed, viz. by multi- 
plying the succeeding terms by r, s, &c. and adding them respec- 
tively. By this means figurative numbers of the 2nd, 3d, &c. 
degrees are formed ; (see Simpson's Alg.) and so we may proceed 
to an equation of any degree. Thus, let there be given the equa- 
tion, E?+Ez i -\-Da?-{-Ca*-\-Bz=:N. Let r be the first figure of 
the root. Then r-\-ys=.z, or y-|-r=a;. 

By 4- Br = Bx 

Cif 4- 2Cry + Cr* = Cz 9 

Dtf + SDrf — 3Dr*y - - Dr* = Dx* 

Ey* 4- AErif 4- 6£rV4- *Er*y + Er* = Ex* 

Fkf + 5Frtf + lOFrV 4" lOJFVY 4- &R*y + &* = Fx* 



Er*+ Dr*4- Cr+ B 
4£r a 4-31>r 8 4-2Cr+ B =B' 



J&*-f D's 1 + Cs + W 
4E* 3 4- 3DV 4^2 c '* + & 

&c. 



iy + By + By + cy + B' y + a = n 

Or, iy+E / ^ 4 +By4-Cy+J5 , y = iV r , an equation similar to 
the proposed one whose root s must be such, that if JV 7 be divided 
by Fs 4 + E's 8 + BV + C's + B 7 , the quotient will be s. Now, to 
find the denominator of these fractions, multiply by r, s, &c., as 
before. Thus, 
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series 0, 1, 2, 3, ; or 10, 20, 30, <£c. ; that when it and the next 
succeeding number are separately substituted for x in the equa- 
tion, the results shall be the one less, and the other greater than 
If/ then r will be the first figure of one of the roots of the equa- 
tion ; and if 2Vbe divided by Rt»~ 1 +. . . Er*+p7*+Cr+B, the 
quotient must be r. Suppose such a value of r is found, and let 
y represent the succeeding figures of the root ; then y \ r • .r, and 
therefore By -}- Br = Bz, 

Cr? + 2Cry + Ct*= Cx*, 
IV + SDrf -f aDi^+ *>** = Da?, 
Ey* + 4Enf + 6£rV+ *Er*y-\- Er* = Ex 4 , 
JI§f-f~ # ••• 

J*T-1 JEY+ ITf + Ctf + B'y + A = N; 

and, by transposition, 

Bf+ ....EV+ DY + Cy + £'y . N— A = 2V, 
a& equation similar to the one proposed, the first figure s, in the 
root y of which must be such, that if iV be divided by Rsf ^ 1 -|- 
. * • . 25V-J-DV-|-C"s-}-.B', the quotient will be s ; if, therefore, we 
suppose s to be found, and if z be put for the remaining figures of 
the root, we shall, by proceeding as before, get another equation 
Hz n +E'V4-C"2 2 +^ /, z= iV 7 ' ; also similar to the first ; and if 
we continue this process, we may obtain, one by one, all the fig- 
ures of the root x, and it is evident that each divisor will be simi- 
larly formed from the coefficients of the corresponding equation, 
and the new figure of the root. 

Now it is obvious that B'x is the nth term in the equation 
JSy-f-- . . .Ey-J-Dy+Cy-j-FyssiV 7 , or that the column repre- 
sented by B* is the rath column from the left, and that it consists 
of n terms ; the column represented by, C is the n — 1th, and 
consists of n — 1 terms, $»c. ; also each of these columns, omitting 
the numeral parts, is equal to the preceding multiplied by r, plus 
the corresponding coefficient in the proposed equation ; conse- 
Lently, since the first column is simply R> if the second, third, 
\. coefficients of the proposed equation be Q, P, tyc. respectively, 
ten the first, second, third, fyc. columns, without the numeral co- 
efficients, will be R, Rr-j-Q,Rr*+Qr+P, £c. ; but if the first 
term in this series be multiplied by r, and the product added to 
the second, and the result be multiplied by r, and the product ad- 
ded to the third fyc. <£c. that the proper numeral coefficients will 
be obtained, because the above columns of numeral coefficients are 
the same as the several binomial columns, except that the above 
are written in a reverse order, that is, from right to left, and in 
this reverse order they will be produced by adding the series, as 
above. See Emerson Algebra Ed, 1764 page 287. 
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SOLUTIONS OF CUBIC AWI> ADPECTED EQUATORS* 



Given a* + 903*4- 2700*= 
21168, to find x. -f 90 



2700 
9ft... .676 

Div. 327ft 
36 
106.a . . 32.49 

Div. 3920.49 
9- 
108.98 . . 8*7184 

Div. 3961.7884 
64 

10|9. 1|44^4366 

Div. 3970.9498 
77 
Div. 3971.463 



21 168(6^384761 
19656 [967 

1512 
1176.147 



335.853 
316.943072 

18.909928 
15.883799 

3.026129 
2.780024 

246105 
238292 



267* 

288 
Div. 3J9|7|L]54 "29 



7813 
3972 



3841 
28 3574* 
Given x*+2x*—3x =9, to 



find x. 

—3 

3. ._3 

Div. 
I 
5.9.. 5.31 

Div. &31 
81 
7.7a.. . 2319 * 

Div.15.6619 
9 
7.799 . » 70191 

Div.15.964891 

81 
7.8J17 . . . 313 

Div. 16.03829 
5 

16.0419 



+2 

9(1.9394650585 

8.379 

.621 
469857 



151143 
143684019 

7458981 
6415316 

1043665 
962514 

81151 
80212 

939 
802 

137 

128 

9 

8 



Given a^fa^500,tofind*t* 
10 or 12 places. -4-1 

500(7.61727975 
392 [594 





Div. 56 

• 49 

22j6.13j56 

Div. 174.56 
36 
23.81.. 23:81 



Div. 188.7181 
1 
23.837.. 166859 

Div. 189.123159 

49 

23[85|12..4770 

Div. 189.294837 
167 

Div. 189.30128 
2 



108 
104.73ft 

3.264 
1.887181 

1.376819 
1.323862113 

52956887 
37858967 

15097926 
1 3251090 

'1846830 
170372fr 

1124 143101 
946 132512 

178 10589 
170 9465 



Div. 1,8,9.3,0,3,2 

Given ^+10a^+ 5x = 2ft0, to 



find x. 

5 
14 56 



Div. 

22.1. 
Div. 

22.31 
Div. 



61 

lft 

. . 2.21 

135.21 
1 
....2231 



4-10 
260 (4. 1179868ft 
244 

"16 
13.521 

2.479 
1.37653* 



1.10246* 
966091 



137.6531 
1 



136378 

124372 
2-2.3137^1670 120 l2m ' 

Div. 138.01S in nog? 
138.191 9 94S 



1,«3,8|.<6|X 



8 



829 
120* 



1,6.0,4,2,4 

A and F Between them owe $240. A pays eight dollars a 
dayv and B pays the first day $1, the second 2, the third 3, and so 
on. In how many days will they clear the debt, and how much 
did each of them, owe I Ans. 15 days* 



CTWO EQUATIONS. 
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3. Girena^ — 12* = 
find 7. 

—12 
1 

—11 
1 

,69 
I 
331 



*f • l • • • • 
Div- 



12, to 



—12(1.115749397 
—11 

—1 

— .869 

—131 
— 83369 



Di*. —8,3369 



—47631 
—41435125 



Dir. 



« • 



1 

16675 



1.287025 
25 
3.3457.... 2342 

^2679^ 
13 



—6195875 
— 5787588 

—408287 
— 330620 

—77667 
—74388 



.26551 
.2,6,5,3 



GO 




H 

i 

s 



CO 
©I 



o 
o 



2P 



83231 



CO 

<n83 

1^ 00 

ON 



CO© 

ffijg 

CM I 



0* f-< |«-« 

38 8 
&8r 



3. Given ^+^ = 500, 
to find x. 

Here C=l, B =0 
N=500, and the first 
figure of the root is 7. 

B=»0 C=l. 
8.... 56 500(7.61728 
D. 56 39^ 
49 108 
22.6. 13.56104.736 



174.56 

36 

23- 81 ... 24 

188.7.2 

1,8,8.9,6 



3.264 
1.887 

1.377 
L324 

53 

15 
15 



*C» IS Id 00 fa t* 



CO 



^StjSJSs* |Q> 



SSS53J2 



8 



»o 



!S 



s 



CO rH 

Oi 



Jg SB** 1 



s 






88 -b£ 

-5 Q 



CO 

<°. ►• 

CO }S* 






CO 



o 



8 U 



o 

CO 



no 



CUBIC Sfe1TAXIOJ».. 



4. Gire*z*—l&hx=- 29^, to 

find x. Or a 8 — 1&083*= -29.49074 

• . O.Root 
—29.49074(2.3333 

—28.166 [3333a . 



—18.063 



Sir. —14.063 

4 

O.O • • • • Jt^Cw 

Div. —4.193 

9 
6.93...- 2079 

Div. — 2.0Q543 

9 
6.993... . 20979 

Div. —1.775654 

9 
6.99] 93. ... 210 

— 1.75256 
2_ 

— 1.7,5,0,2 



—1.324074 
— 1.2579 

—66074 
60163 



—5911074 
— 532696 2 

—58411* 
— 525770 

—58342 
—52507 

—5835 
—5251 

6 —584 
5 -52£ 

f —59 
—53 



The root is 2.333333333, true to 10 
places, evidently shews that the true 
root is 2.3 or 2 J exactly. The root is 
carried so far to show that the 3's are 
all repeaters. 



6* Given**— &= 
2, to find x. 

—2 2(1.7693 
1....1 —1 



D. 



1 
1 



«5. 7 .. &•&& 

D. &59 

49 

5.16.. 31 

D. 6.98 



3 
2.513 

.467 
. 419 

68 
66 

~2 
2 



7.3 
Ans. 1.7693. 

6. Given x* — 
9z-ac5, to find x. 

—9 -fORoot 
3., ..9 5(3.24655 
D. 0" 
9 5 
9.2..JL84 3,968 

D. 19.84 1.032 

4 .8844 
9.64... 39 



D. 22.11 
5 

22.55 



1476 
1353 

123 
112 

11 
11 



7. Given s*-f 1728^ = 123578, or x 9 + 1728.3's = 123578 
to find the two roots or. values of x. 

Ans. 68.7652857 or —1797.0986190. 

8. Given* 8 — ^ = T^ft^, or 364s 3 — 127* •=* ^ftjfti = 
15.49699958, to find the two values of x. 

Ans. x. = .4446489374 or —.0957478385. 

9. Given a*— i%ix = -^A, or 102* 9 — 101* = VWWtf 
nas— 16.27843657, to find the two values of *. 

Ans. a?=.2026436785 or .787552399. 



■CUBIC -BQCAViaVS. 
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C0| 



-Q CO 



00 



09 



00 



CO 



§88 

CO 



§§ 



CO 



IP 5S|.§Iji! 



'2 



•-3 

1 

»■* 

O 
O 

5" 



• to 

OQ to 



i, 



Si 



CO 
b* 



to - 



8 
ft 

CD 
CD 

o 



CO 



4* J* 



5. 



Ox 

CO 

4* co 



I 

CO 



l.lilibi 



CO 00 M 00 co| 




CD 
Cfc 

$1 



CO 



Ox 



CO 
Cfc 



4* 



CO 
00 

4* 



co 

as 

tote 



CO 

•-* 4* 

• • 

4*^r 



Oi QD tC| O* O* 



co 


* 


M 


<3* 




CO 


• 

-a 

CD 




b> 

CO 




CO 


00 



CO rf^l CO CO 
00 OO'.OO C' O Oi 



9 

8 



CO 
h-CO 

* * 

4> CO 
Si 10; 



<§ cO 



4*00 






£ 





n 



16 



I 



CUBIC EQUATIONS* 



% 10. Given 
find 2. * 
—6 

<*• • • • 4 

Div. -T - 

4 
6.8... 5.44 

Div. 11.44 
64 

8.42. , 1684 

Div. 17,6884 

4 

8.4,6,5 .,, 423 

ir.^995 
2 

1,7.9,4;4 



.6, to 



O.Root 
5.6(2.8252638 
■4 

9.6 
9.152 

.448 
, 353768 

94232 
89498 

4734 
3589 

TI45 
1077 

68 
54 

14 
14 



11. Given *•— 12* = 15, 
to finds. 
— 12 

O* • . . .9 

Div. —7 
9 

9.9. • • 0.91 



0. 
15(3.971960 
-0 [768 

24 
21.519 



Div. 23.91 
81 
11.77. .. 8239 

Div. 34.4539 

49 

11.91 1... U9 

35.2946 
11 

3,5.3,1^ 



2.481 
2.411773 

69227 
35295 

33932 
31786 



3 
2 

T 



2146 
2119 

57 

24 

3 



12. Given a*+ 9z x* 6, to 
finds. 

9 

6.... J36 6(.637S342 

Div. 9.36 MM 

36 '.394 

i.83.... 549 amm 

79955 



Div. 10.1349 

9 

1.897.... 133 

Div. 10.2040 
2 

10.219 

1,0.2,2 



71428 

8525 

8175 

350 
307 

43 

41 

2 

2 



13. Given «•— 3a? = 3, to find x. 



—3 

Div. T 
4 
6.1 .J}1 

Div. 9.61 
1 
6.303. . 18909 

Div 10.248909 

9 

6.3 098. . 5679 

10.273506 

1,0.2,7,9,195 



0. Root. 

3(2.1038033531 
2 

r- 

•961 

"39 
30746727 

8253273 
8218805 

34468 
30838 

3630 
3084 

546 
514 



CUBIC EQUATIONS. 
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14 Given z % — 6z= 2, to 
finds* 
—6 

D. -2" 

4 
6.6-3.96 



ft Soot. 
2(2.601679 
4_ [1319 

6 
5.976 



D. 9.96 
36 
7.8 01 . 78D1 

14.287801 

1 

4682 

14.300285 
55 



24 
14287801 

9712199 
8580171 

1132028 
100 1386 

130642 
128755 



14.3055,2 07 



1,4.3,0,6,1 



27 1887 

14 1431 

13 456 

13 429 



15. Given a? + .75a? + 
,875a: =.5625, to find x. 

+ .75 
.5625 (.41437 
.534 0504 

285 
19746 

8754 

8008944 



.875 
1.15,. 46 

D. 1.335 
16 
1.96. , 196 

D. 1.9746 
1 
1.984 ... 7936 

D. 2.002236 

16 

1.99 23.. 598 

2.010786- 
14 

2.01152 

2.0,1,1,7 



745056 
603236 

141820 
140806 

1014 
1006 

8 
8 



16- Given a? -f fa? — 5z =* 



— J , to find x. 
—5 . 
— L8 

—3.1 

. 1 - 
4.18.. 1.256 

1034 
. 9 . 
4.838. . 24194 



—2.6(1.3510298 

-3i t 502 

- .4 
.310 3 

1341 . 
1311527 



17. Given x* — 24a? = — 
528.880073 to find a::. 
—528.8800785 
19.-95 —475. 

-95 



2*62305 
25 . 
49348 .. 49348 

2.8724398 
1 

_ 10 

^8,7,7,4,8^ 



29583 . 
28724398 

858934 
57549 6 

283438 
2 58973 

24465 
23020 

1445 
1438 



25 

8.7. — 2.61 

— 167.61 
9 
8.08..— 1616 



— 53.880 

— 50.283 



—170.2916 

4 

8,0.3 9 80 

— 170.460,9 

— 8 

— 1,7,0.4,7,0 



— 3.597073 
— 3.405832 

— 191241 
— 170461 

— 20780 
— 17047 



— 3733 

— 3409 

— 324 

— 171 

— 153 

— 153 



6—7 



24. 
% =5.3211219 Ans. 



IM SOLUTIONS 01 ADFKCTED EIHTATIOKS. 

Given y* — 3.4y*— 3y = — .6, to find y to 16 
places. — 3.4 

— 3 — .6{.1691770039038S07 

— 3.3 — .33 —.333 root. 

Divioar —3.33 — 267 

1 — 229944 

-3.04 —1824 _-37056 

Divisor. —3.8324 — 36336591 
36 — 719409 

-2.911 ....2619 9 — 406380629 

Divisor. — 4.037399 — 313028371 

81 _ 284560870787 

— 2.8629 . . . ....—28929 _ 28467500213 

Divisor. — 4.06380629 _ 28451646935 

— 5.89263 202584 1 ~ J|f^^| 

Divisor. — 4.0642981541 _ "3659654 

-2.892843 2 2574 — j^ 8 ^ 

Divisor. — 4.0SJ520990 __ 1219 

-4.|0|6|4|5|4|I,|247 —348 

— 23 

S —20 



16 55 

s e. 



1* 

H 



:K8 |e 



I 71 






I St I Si 



3-5 S-SSS-bS-S f « 
I 5 lolQln S 



ADFECTBD EQUATIONS. 
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441584^—771997102.9985^ -{-763080806290.03*= 1620020551 
find x to 18 or 20 places of decimals. 

Root, 1458.0156932762799496. 
771997102.9985 763080806290.03 162002055 753144.0000 

' '~ 382413102999.50 1 1453939n92-^53iUio0O 



382413102.9985 
-337584000 

44829102.9985 
-285584000 


111519::9H929S.53 47 
44S29 102998.50 A 
11 9(13230 122-87.03 
130347308800.60 

10599756 13 Wi.43 
|Kl[i|Vls5"00.6i)i)0 
S9>010771l^5.~:;!!O 

23926244850.0750 
>T 19- 1529-35.7550 

242^9204850.0750 


15266424464614.0000 
23990245394572.0000 
iii5:.!6:i97070(H2.0000 
13749226491787 7500 


-2407.54S97.0015 

85113600 
-3258G8497.U0I5 

76793600 
102002097.00 15 

68473600 


6787170578254.2500 
6773044690061.3440 
13225-.-.-, 192. 9060 
-'-127769782.58374 
470^118410.32226 
4213848172.06165 


-471135697.U015 
7389200 


-50'i953:.^f-; ( ; M!I 

3395223-728.0120 


584270238.26061 

505660113.21862 


-478521897.0015 

7259200 
-495784097.0015 

7129200 

— 4929L3297.0Ul.-3 

— 1116544 


811^430*625 ■■■:Ui>:> 

39(1] 1 II 150.0120 

8I27-sl94l8l.ll.6560 

4962543.2621 
842776978258.3739 

4962557 114 
8 12772015701. (159 

2481288.030 


78610125.04199 
75848988.16608 
2761138.87691 
2528299.40037 
232839.47654 
1685.53.29304 


-494029*41.01.115 
1113216 


64286.18350 

5S993. 65256 


— 49543057.0015 
1109SS8 


8427696344 12.32[9 
— 2l-!-J92.:i9 
842767153119.93 
297755.58 


5292.53094 
5056.59879 


— 496252915.0015 
383.208 


235.93216 
168.55329 


— 496254428.21 

1393.2 

— 496255711.4 

1383.2 

496257094.6 

691.6 


84276085530 4.3!S 

— 297755.6 

81.?7W.-:5'(i:0-..7 

— 44663.3 

842766512045. |1 
— 44663. 


67.37886 
68.99366 
8.38521 
7.58490 

.80031 
75849 


4962577S6 
692 


84276646S2S|2. 
— 149 


4182 
3371 


— 49625847 18 
69 


84276646679 
49 


811 
759 


— 49625917 
_- 8 ' 


84276646530 
10 


52 
62 


— 4|9|612<5I9|2|5 


8I4|2|7|6|6|4|6|5[2|0 





196 ADFECTED EQUATIONS. 

Extract the root of the equation &-\-§z A — lOa* — 112s*- 
207a; .=110. Here the first figure of the root is 4. 



6 
4 


—10 
40 


-112 
120 


10 
4 


30 
56 


8 
344 


14 
4 


86 
72 


352 
632 


18 
4 


158 

88 


984 
102.624 


22 

4 


246 
10.56 


1086.624 
106.912 


26.4 
.4 


256.56 
10.72 


1193.536 
111.264 


26.8 

.4 


267.28 

10.88 


1304.800 
17.454 


27.2 
.4 


278.16 
11.04 


1322.2513 
17.56 


27.6 
.4 


289.20 
1.68 


1339.811 
17.6 


2|8.|0 


290.8|8 
1.7 


1357.4 

l.|2 



—207 
32 


110(4.4641011 
—700 


—175 
1408 


810 
667.05984 



1233 142.94016 

434.6496 133.46395 

1667.6496 9.47621 

477.4144 9.24089 

2145.0640 23532 

79.3352 23158 

2224.39912 374 

80.389 232 

2304.788 142 

5.434 139 

2310.22|2 3 

5.44 2 



2315.66 
.14 



2315.8|0 *135& 
.1 1^ 

2|9|2.|6 1358. 1 6* 2|2|3|1|5.9 1|3)6 

Give a B +6a:*— 10z 3 — 112a: 2 — 207a: = —110 find the value of 

L 26.3 246 984 1233 —110(4.363261' 

3 7.89 76.167 318.0501 —700 ro< 

26.6 253.89 1060.167 1551.0501+590 
.3 7.98 78.561 341.6184 465.31503 

26.9 261.87 1138.728 1892.6685 124.68497 
3 8.07 80.982 74-1897 118.01149 

27.2 269.94 1219.701 1966.858,2 6.67348 
.3 8.16 16.785 7.5202 6.13762 

27.5 278.10 1236.49,5 2042.060 53586 

1.65 16.88 3.814 40998 

279.75 1253.3,7 2945.87,3 12588 

1.7 17.0 3.81 12301 



281.4 1270.3 2049.68 287 

2. .8 .25 this 205 



28,3 1,2,7,1 2049.93 add 82 

2,0,5.,0,2 sum 82 



ADFKCTED BQUAXftOKt. 



22. Given ^— 3a?— 2.5a?-f-102?— a?- 
about 9 or 10 places. 



— 2.5 
2 —2 

— 1 —4.5 
2 2 

1 
2 

3 
2 

5" 

7 
2 

9 
2 



— 2.5 
6 

3.5 
10 

13.5 
14 



27.5 
18 

45.5 
6.96 



10 

— 9 

1 

— A 

— 4 

7 

3 
27 

30 

85 



1 
2^ 

3 

—8 



— 9 

— 3 

— 2? 

— 13 
J* 

—11 



-9a?-f 2a*=x2, to find a: to 

(7364 
2 2(2.62599- 

— £ Root 

10 
26 6.3112896 

30 3.6887104 

40.518816 2.7866270 



J8 

+1 —11 10.518816 .9020834 

60 78.53136120.543936 . 7498790 

61 67.53136 131.06275|2 1522044 
69.8856 133.37520 8.26860 1373076 



130.8856 200.90656 139.33135 
31.476 91.4064 202.79040 8.46560 



11.6 52.46 
6 7.32 



12.2 59.78 
6 7.68 

12.8 67.46 
6 8.04 

13.4 75.50 
6 8.40 

14.0 83.90 
6 8.96 

H6 92.66 
6 30 



116.476 222.2920 403.69696 147.7969)5 
35.868 115.6920 9.73325 2.1789 

152.344 337.9840 413.43021 149.9758 
40.476 142.8720 9.850 2.1915 

152.16713 
397 

152.564 
397 



192.820 480.8560 423.280 
45.300 5.806 4 9.968 

238.120 486.662|4 433.248 
50.340 5.843 2.529 



288.460 492.5|06 435.7|7|7 152.96|1 



148968 
137700 

11268 
10710 

558 
459 

T>9 
92 

7 
6 

T 



1.859 5.9 



2.5 



290.319 498.4 
1.86 504.3 

292.17 
1.9 



1.5 

505.J8 

5|0|7 



438.3 
140.8 

.5 

4|4I1.|3 



1|5|3.|0|0 



296 



2|9|8 



1|5.|2 92.9|6 294.0 
9|3.|2 2 

23. Given Ay(7a?-f42?)=28— V(20a*— 10a:) to find z. 
Cubing 7a?+4a: 2 = 21952— 2352 V(^— 10a:)+1680a?— 840* 
-f (10a:— 20s 8 ) V(20a?— 10a:). Transfer 7a? — 16762? + 840* = 
21952+V(20^— 10aO(10s— 20a?— 2352). Or 7a? — 1676a? + 
840a; — 21952 = V( 20 ** — 10s) (10a? — 20a?— 2352). Again, 
(7a?— 1676a?+840s— 21952) 2 = (20a?— 10a:) (10a:— 20a: 9 — 2352)*. 
By actual involution and multiplication, 

49a?— 23464a?-f2820736a?— 3123008a?+74288704a?— 
36879360*4481890304=8000a?— 12000a?— 1887600a?— 
1882600a? «f 111108480%?— 55319040*; 



4BFKCTED EQUATIONS. 



Therefore, by transposition we- shall have the following equation 
of the 6th degree, or order : 7951a*-j-l 1464a*— 933136V4- 
124O408a*4-36819776a*— 18439680a*=481890304. 
24. Given 7951a:* + 11464a: 6 — 933136a:* + 12404082:* + 
36819776a*— 18439682=481890304 to* find a: to 9 or 10 places. 
7951 Root, 4.510662488 

11464—933136 1240408 36819776—18439680 481890304 
31804 173072-3040256 -7199392 118481536 400167425 



43268-760064—1799848 29620384 
31804 300288 — 1839104 - 14555808 

75072 — 459776 -3638952 15064576 
31804 427504 —129088 - 15072160 

- 32272 - 3768040 —7584 
554720 2089792 - 512245 

522448—1678248 —51982(9 
681936 653758 —15909 



106876 
31804 

138680 
31804 



170484 1204384 -102449|0 — 6789L1 

31804 103132 78632 2210 

202288 130751|6— 5l8l]7 -457|£ 
3976 10512 7600 12 



100041856 
60258304 

160300160 
—259915 

16004024)5 
-33946 

15970078 
—445 

159696313 
— 43 

1|5|916|9|20 



20626|4 14126(4 441 18 
398 1071 813 



— 4415 
JL 

-4|3 



81722880 
80020123 

1702757 
1596963 

105794 
95815 

9979 
9582 

397 
319 

78 
64 

14 

2? 
1 



2102 4 1519|7 125|6 
40 , 109 2 

214|2 162|9 1|2[7 {4-510662488, root as required. \ 

Given a* — 17a; 4 + 54 = 350, or z 9 — 6x = 6, to find z. 
—17 —17 Ans- +0 

14 54 350(14.95406861 



—3X14—42 

Divisor. 12 
196 
25.9 23.31 



168 

182 
170.379 



Root 



Divisor 189.31 

81 
27.75 •••• 1-3875 



Divisor 214.8175 

25 
2|7-8I54. «• -• 1114 

Divisor. 216.318lg 

2 

Divisor. 2' 1 161-41311 



11.621 

10. 740875 

.880125 
• 865276 

14849 
12986 



Ans. 

—6 6(2847322 

2 • • • 4 — 4 Root 

Divisor.-!" "10 

4 9.152 
68 •• •• 5-44 



848 



1863 
1731 

132 
130 



Divisor .11.44 714304 

64 133696 
8-44 *•* • 3376 127796 

Divisor. 17.8576 

16 
8-5|27 .... 77597 
Divisor. 18-2565 



5900 
5496 



Divisor. 118131119 



404 
366 

38 
37 



ADFgCTKD EQUATIONS. 



Given a^-| Ja*— 5*= 
0o find- 2. 

. *8 
—2-6(1.551029 
r8 —3-1 8502 

•3103 



448 1256 . 

1034 
9 . 
JLS38 24191 

2-62305 
25 
4,9131^^398 

2-8724398 

1 
10 

'' 2.I8I7I7I4I8 



1341 
1311527 



29583 
28724398 

858934 
575496 



— f Given** — 1.83z*+.3a: =s — .36, 

to find x.' 1-83 Root 

.i . - -36(-760059217570146 
1.13— -793 —-322 

—•46 — 446 
•49 .— 446239 
.326 195 9 _426 

— -74473 - 36025549875 

36 .—66411167916 

.446716 2233583 — 64843617393 

-1567550523 
- 1440961054 



283438 
25S973 



24465 
23020 

]445 
1438 



— -7205109975 

25 
.44)61 812 20214 

- -7204846377 
89 

- -720480527 



7 
6 



—126589469 
- 72048043 

—54541426 
—50433631 

- -I7I2I0I4I8I0I41318 -4107795 

— 3602402 
337 -505393 
ggg - 504336 
49 _1057 
43 —720 
A, B and C put in $65, and A 's money was in trade 
4, B's 5, and C's 6 months. When they divided their stock and 
profit, A' stock and gain was $42, B's stock and gain $30, and 
C's gain $ 9. What did each put in for his share ? 

By taking the ratio of each man's gain, divided by his time, 
and. then reducing to a common denominator, 

1 ■ ) -f-( — F"^)H — ( wiU g^s the following Rule viz. : 

Give each man's gain or loss and time, and the whole stock, 
to find each mans particular stock. 

Rule : Multiply each man's gain or loss into all the times except 
his own , then, as the sum of these products is to the whole stock, 
so is each man's product to his stock. 

Let x and y denote the stock A and B put in. Then 
42— as=A's gain=(42— a:)5.6=1260— 30a: ) 
30— ^=B's gain=(30— y)4.6= 720-^24y \ A, B and C's Prod. 
9 =C'sgain £.4,5 =^ 180 ) . 

2160-30OV-242, : 65: : j ™gz35 i y 

~ J2160aj— 30s 8 — 24*^=65(1260— 30*0=81900— 1950a: ) 
w \ 2160y— 30a^— 24/=65( 720— 24y>=*46800— 1460y J 

17 



190 



JtDFECTED EQUATIONS. 



i 4110a-30aJ—24a!y =81900 ) ( 685a:+5a?—4w =13650 ) 
{ 3720y-30sy -24^ -46800 J. \ 620y-5*y- 4/= 780 °-7 



Then 685a: -5a*— 13650=4a^, and y = 



685ir- 5a*— 13650 



4ar 



— , and 



by substituting this value of y in the following equation, 620y — 
6xy = 7200 -fr 4y*, and reducing by ex. 6, page 15, we get or— 
4432 8 +31500x= 573300, and find 2=30 = AV stock. 

Given 3s 5 — 9a: 4 - 2a*+13a*+2a: = 10, to 8nd x t or of— 2a*—.&? 



-f4.3a^-}-.6^=3.3. 



—3 
2 

— 1 
2 

1 
2 

3 
2 

5 
2 



— .6> 

— 2^ 
— 2_. 

— .6 
6 . 

5.3 

JX) . . 

15.3 
4^6. 



7.fr 19:89a 
_6 4.92 . 

8.2 24.813 

— dl28 ' 
8.8 3O093 

G 5.64. 

9.4 35.733 
6 7049. 

10.07 36.43823 
7 7098 

1(U4 37.14803 
7 7147 . 

10.21 37.86273 
7 7196. 

10.28 38.5823 
7 310. 

10.35 3&£LL3|p 



4.a 

— 5^ 

—1 . 
1.3 

— 2.3 
10.6* 



11.936. 

20.2693 

14.888. 

35.1573 
18-056. 

53.2133 - 
2.5506763 

55.7640096 

2.6003623 

58.364372. 
2.650391 3 

61.014763 
115840 

61. 120603 
11593 

61.23653 
11602 

61.35255 
15 4 

61.3680 
15 

6[1.3|8|3 



.6 

— 2 JL 
—1.3 

~4i> 

—6 
1SU616 

6.16W 
21.094 4 

27.2560 
3.903480675 

31.159480676 
4.08560604. 

35.244986716 
18336181 

35.42834852 
18370960 

35^6120581 12 
245472 

35!<6366053 
245532 

35.661 158|5> 
184 1 

35.663000 
1841 

35.66484| 1 
4 

3|5.6|6|4|813- 



80046 ) 
3.'3£2.6734374 \ 

— 2J6 

6 
.369696 

.230304 
. 218116364786 

J2187635263 
1 0628504556 

1559130707 
1 425464212 

133666496 
10 6989008 

26677495 
24965516 

1712079 
1 426595 

285484 
2 85319 

165 

143 

22 
21 

T 



80umoHs<or aseectbd equations. 
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&* 



CO 




CMtJ« 
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OlfH 



3 

CM 



CO 
CO 



83 
28 



1 



IS 82 



33- 



to 

CI 

n 



3 



1> 



■fe 

S3 




CfcCO 



S3 



Si 



0» 

Oi 

i— » 



IS 2 

Oi 
CO 
Oi 

co.-; 

co 



s' 

55 



88 

. . 
CO 



NCfc 

COO) 
TF CO 

co 



£8 



oo»o: 



fr 8 



CM 



33 



u 



OS fO> 



$ 



tag 

%a (T) CO 



3 






3 §3 

CM i— I 

00 CM 

U5 i— i 

COf-i 



CM 



i 

CM 



co*© 



SBSo 

cdo> 






3L 

SSI 



2L 

00.-4 



I© 



CO 

en 






If 




9 



lOO 

i>o 



T 



n»o. 
858 

• • 

CO >0 
CM 1[ 



.184 



CftCO 
CO CO 

^5 co 

CO 



a 



O *G 
CM CO 

. . 

co«-« 



CO 

* . 



CMO* 
CftCO 
COOT 

CO i-i 

1—1 

CM 



38 

Oi 

O 

t*CM 
1> 1> 



CO O 

f— < CO 
O CD 
CM 55 

r* CM 

1-4 

CM 



5C0 
CO IV 

Cfc CO 

CM CO 

* « 



NO 

cd'd* 

i— i 

CM 



S3 



»o 



CO 
CO 

Si 



9 



1> CO 

coco 
cou5 



CO. 



00 00 

TfCO 
TT f-4 



CO. 
CM. 
CM 



Sp- 
ed 00 

CO rH 



I I I 11 1 1 I 



CM 
1* 



3 






NO) 






CO 



CO CO 

C& l> 

. • 
r-4 IN 

CM CO 



COCO 

S3 



»oco 
^« I-I 



CM 

COCO 

U3 



CMI> 

CO 



CO 

£*» 00 
ON 



CO. 
00 00 



00 









x$** 



• 


28.49 
7.98 


36.47 

8.47 


44.94 
8.96 


53.90 
9.45 


63.35 
9.94 


73.29 
10.43 


83.72 
1.41 


85.1|3 
1.4 


• 




EP 


•-I n 

CM 


O0N 
CM 


U5N 

2 


CM N 

• 


OS 1> 

• 


COfH 

1— 1 



*o 



CO'CMi ^- 

00 'oo 0> 






SOLUTIONS OF CUBIC AND ADFECTED EQUATIOKS. 



A31 Given^ + 2x»4-ac 4 + 4z^ + 5^4-6z==654321,tofiAax 

654321(8.5*9 
342384 



5 
6344 

5349 
19872 

25221 

47712 

72933 
11339.9361 

84272.9369 
12259.6344 

96532.5705 
13217.7510 

1088.81 13621.816 109750.3215 
46.62 1064.574 792.9263 

1135.43 14686.390 110543.2478 
47.43 1107.990 796. 141 

1182.86 15794.380 111339.38(8 
48.24 64.146 799.36 

1231.10 15858.526 112138.75 



3 

80 

83 
144 

227 

208 

435 
272 

707 
336 

lOS 



4 
664 

668 
1816 

2484 
3480 

5964 
5656 

11620 
979.929 



311937 
288370.476241 



12599.929 
45.81 1021.887 



49.05 64.29 



96.36 



1280.15 15922.81 
2.77 64.4 

1282.9|2 15987. |2 
2.8 (tf 

1285.7 16052 
3 8 

1606|0 



112235. 1|1 
96.4 

112331. 5 
96^ 

112428 
14 



6 
42792 

12798 
201768 

244566 23566.521759 
75845J64249 2 0640.90591 7 

320411.64249 2925.61584? 
86879.31345 2 514.350990 

407^90.95594 411,264852 
5527.16239 377.850317 

33.414535 
29.395994 

4.018541 
3.779571 

.238970 
209977 

28993 
25107 

3796 
3780 

16 
18 

3 
3 

Ans. 
8.956979569036 



11244)2 



128|8 

1|2|9 IJ8[0|7 1|1|2|4|5 



412818.1183(3 
5566.9694 

418388.0877 
673.4017 

419058.498)4 
673.989 

419732.487 
101.198 

419833.68|5 
101.21 

419934.90 

7.87 

419942.7|7 
7.9 

419950.7 
1.0 

419951.7 



4|1|9|9|3 



G4 00 



00 



00 00 IgD 00 kj oo leg 00 



a* a 



oo a 



UD 



1> Oi 

SI 

*0 



CO Oi 

. 

CO 

to 



*QO» 



IS 



8 



*■* A man and his wife could drink a barrel of beer in 15 days; 
but after drinking together 6 days, the woman alone drank the re- 
mainder in 30 days. In what time could either alone drink the 
whole barrel ? 

Since the man and his wife had been drinking together 6 days, 
and they could drink the whole in 15 days, it is evident they 
drank ^ or $ of the whole ; and the woman drank 1 — { or 4 in 
30 days, or the whole in 50 days, or 3 times in 150 days. And 
by the question, they could both drink the whole 10 times in 150 
days, since the man alone could drink the whole 7 times in 150 
days, or once in 21f . 



SQUmom OF CUBIC AMD aofbctbd equatiohs. 



MS 



_, 32. Giv«n a* = 125000, to 
U6000. 




10 

10" 
10 

80 
10 

30 
10 

fir 

1P 



tmmtm 






CD 

H 

H 
CO 

T 

d 



§3 




100 

ISO" 

200 

300 
300 

600 
400 

1000 
20.16 

1020.16 
20.32 

1040.48 
20.48 

1060.96 
20.64 

1081.60 
2.60 

1084.2|0 
2.6 




1000 

1000 
3000 

4000 
6000 

10000 
408.064 

10408.064 
416.192 

10824.256 
424.384 

11248.360 
64.210 

11302.850 
54.34 

11356.1|9 
54.5 

11411.6 
6.5 



find z y or to extract the suraolid of 

Root. 
125000(10.456395626 
10000 100000 



10000 
40000 

50000 
4163.2256 

54163.2256 
4329.7024 

58492.8280 
565.1425 

59058.9705 
567.860 

59625.930 
68.509 

59694.43|9 
68.54 

59762.98 
3.43 

59766.411 
3.4 



1086.18 11438.|1 59769.8 
1|0|9|2 l|l|4|2|4 



H'CO 
CO _J 



59770.8 



cd 

1-4 

II 

.8 



2 » 
§ J I 



o 



o 

"«* 'CO 



CO 
CO 



•rHCO 

**P 

•o t^- 

t^CO 



•tUCO 

1> CO 

•O CO 

!*• CO 

CO CO 



rH ^< 

i-h tF 
CO CO 



coo 

CO CO 



CO 
CO 
CO 



[.« 


CD 
) CD 


CD 

^* CD rH 

CO •-« 


.14543 
0.120 


o 

• 


r- 

I 


• 


2 • 


«-H 
rH 

1 


f-H 
rH 

1 



25000 
21665.29024 

3334.70976 
2952.90353 

381.80623 
358.16663 

23.63960 
19.92992 

5.70968 
5.37937 

"33031 
29886 

3145 
2989 

156 
120 

36 

35 

1 



ice co co co 



|88 



©J 



O 



I 



CO 

CO 

I 



CO 
CD 

CO 



I 



Qiyen x * — 34,62s 8 + 300,6357a? — 34,62s = — 299,6357 
to find one of the values z, Ans. z = 

12 



ISA awmoKs 01 cubic ahd adfkotkp KgPATtfiiw* 
Giypn a? — 27* ■■ 36, to find 



-,-17 
5 25 

Div. —2 
26 

15.7 . . . 10.99 

Div. 68.99 
49 
17.16,, . 1.0296 

Div. 71.4996 

36 
864 

Div. 72.6192 

18 

Div. 7 2.718 

Div. 7&F& 



root. 
36(5.7668216 
—10 

46 
41.293 

4.707 
4.289976 



Given x 8 + 6a? -f 29a: 
to find x. 

29 
15 . . . . 160 

Div. 



417024 
363096 

53928 
60903 

3026 
2909 

16 
73 

15 
43 
= 1829, 



4-5 • 
1829(10.09024 
1790 [296 



179 
100 
36.09 . ..3.1681 

Div. 432.1581 

8i 
36|270 2 .... 71 

Div. 435.3314 



39 
3 9.894229 

105771 
87066 

18705 
17414 



4,3,5,.3,4 



1291 
871 

420 
10.09024296 root true to 392 
the last. 28 

26 



Given;*?— -9s 
—9 

Div. 4> 
9 
..4.76 



9.5 
Div. 

10.52 . 
Div. 

10.562 
Div. 



Div. 

Div. 
Div. 



22.75 
26 

. 2104 

27.9604 
4 
. . 21124 

28.192324 

4 

3169 

28.216621 
32 

28.22011 



= 18, to finds. 
12(3.5223339 

12 
1 1.376 

6 69208 
66384648 



9407352 
8464986 

942366 
8 46603 

"95763 
84661 

TllBS 
846t 



96 
85 

11 
9 



2636 
2640 



2,8.2,2,0,4 
Given of — 5a* -|- 2x = — 12, 

12(— 1.22606 



to find x. 

— 6. ..+6 
Div. 4-8 

— 8.2,.. . 1.64 

Div. ISM 

4 

— 8.63. ... 2589 

Div. 18.5789 

9 

— 8.696 ....522 

Div. 18.8909 



— JL 

— 4 

— 3.328 



[79 



— 672 

— 557367 

— 114633 

— 113345 

— 1288 

— 1137 

18 — 151 
17 —133 
18 



1,8,.9,4,3 

Two farmers sell two sorts of corn : A sells 5 bushels ; B re- 
receives in all for his $36. Now, says B to A, if we add the 
number of my bushels to the number of your dollars, the sum will 
be 28. Says A to B, and if I add the square of my dollars to the 
square of your bushels, the sum will be 424. How many bushels 
did B sell, and how many dollars did A receive ? See Index. 

Ans. fi sold 18 bushels, and A received $10. 



; 



SOLUTIONS OF CUBIC AND ADFECTBD EQUATIONS. 



135 



Given Sx — £*«!, or «• — 3a: 
* — 1, to find x true to the last 



{dace. 



3. 



.09 



— 2.91 
.09 
,94 376 



—2.6924 
16 
1.0 27... 7189 

—2.646011 



Q Root. 

— 1 (.347296355 
-0.873 

—".127 
— . 107696 

— 19304 
— 18522077 



1.04)12.. 208 



—781923 
— 527713 

—254210 
- 237444 

— 16766 
— 15829 



953.405 
785.027 

168.3788 
84.7661 

83.6127 
77.283513 

6.329187 
6.050544 

.278643 
. 259437 

19206 
17296 

1910 
1730 

180 
173 

7 



5 



-2.63856,5 
lj0|4169 .... 94 _ u ^-gfi 

2.|6|3J8|2|6|3 _ 13 -791 

—146 
132 

Given z 3 +24, 84a*— 67.613a: 

= 3761.2758, to find x ta about 

10 places of figures. -f-^4.84 

-67.613 3761.2758(11.1 

34.84 348.4 2807^87 

Div* 280.787 

100. 
55.84.. 55.84 

Div* 785.027 

1 
57.94. .. 5.794 

Kv. 847.661 
1 
58.23. .. 5.2407 

Div. 858.7057 

81 

58.41 .... 4089 

864.3634 
17 

864.789 
8|6|4|.8p 



Given a* — 15a* + 63* = 50, 
to find x. — 15 

63. 50(1.02803923 

— 14 — 14^ 49 Root. 

Div. 49. 1. 



1. 

— 11.98— .2396 

Div. 35.7604 

4 
—11,932.. - 95456 

Div. 35.425744 

64 

— 11.91 1597—358 

Div. 35.329994 

3[513[21916 



.715208 

.284792 
283405952 

1386048 
1059900 

326148 
317966 



56 
35 

21 
21 



8182 
7066 



1116 
1060 

Given a* -f 9a: = 30, to find 
the value of x. 0. 

9 30(21808497702 
_4 26_ Root. 559 

13 ~4- 
4 2161 



r * • •■ 



61 



61 



1.839 
1.819232 



Divisor 21-61 

1 19768 

6-38 - • • » 5104 18609946112 

Divisor 227404 1158053888 

64 930717101 

6-5408 —523264 g^gg^ 

Divisor 23-26243264 20<>414233 

64 
6.5[42|44-"- 26170 



Divisor 23.26792752 
6.54J252 9 5888 

Divisor 23.26824810 
6. 5 425 477* "-458 

Divisor 23.26831 156 

46 

D. 2|3|.2|6|8|3|2 



17922554 
16287818 

1634736 
16 28782 

5954 
4654 

1300 
1163 

137 
116 

21 



136 



▲DFSCTSD EQUATIONS. 



32. Given 

2 

2 
2 

4 
2 

6 
2 



s 4 — 3a* — 4z = 3, to find z. 



-3 

1 

£ 

9 
12^ 

21 
2.49 



8.3 
3 


23.49 
2.58 


8.6 
3 


26.07 
2.67 


8.9 
3 


28.74 
18404 


9.202 
2 


28.758404 
18408 


9.204 
2 


28.776812 
18412 


9.206 
2 


28.795224 
6446 


9.2|0|8 


28.801670 
6447 




28.808117 
6447 




28.856 
64 




28.8152|0 
6 



-4 
2^ 

-2 

18 

7.047 

23.047 
7.821 

30.868 

57516808 

30.925516808 
57553624 

30.983070432 
20181169 

31.003231601 
20165682 

31.02339728|3 
201706 

31.0254143|4 
20171 



3(2.3027756377637 
— 4 Root. 

T 

6.9141 

859 * 
61851033616 



24048966384 
21702262121 

2346704263 
21717790 04 

174925259 
155137157 

19788102 
18616668 



31.027431 
172 



4 

8 



31.0276014 
17 



31.0|42|7p|8 



1171434 
930533 

240901 
217102 

23699 
21720 

1979 
• 1862 

117 
93 

24 
22 

2 



33. Given 
*% 
5.5432 
7. 

12.5432 
7. 

I£5432 
7. 

50*32 
7. 



28.8158 

x * _f- 5.5432s 8 — 38.89s 8 = 1829.4194, to find x, 

Root (81. 



38.89 
87.8024 

4S.9124 
136.8024 

185.7148 
185.8024 

371.5172 
2.3529 



—98.2177 
342.3868 

244.1691 
1300.0026 

1544.1717 
26.1709 



1570.34 
26.33 



26 
6 



1829.4194(7.07644 
1 709.1837 

120.2357 
109.9240 

10.3117 
9.5940 

7177 
6406 
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im 



33.5432 
7 

33.6 1|32 
7 

&3.68 
7 

33.|7 



34. Given & 

4 

4 

12 

4 



373.87|01 
2.36 

376.23 
2.36 

378.6 
2 

378.8 
3f7|9. 



1596 
2 



i.618 
.2|7 



771 
640 



1599.0 
2.3 

1601.3 
2 

1|6|0|1.|5 



131 
129 



ar= 70764481. 



17a? — 20a; es 6, to find x. 



16.6 
.6 

17.2 
.6 

Tt^8 
.6 

Tp44 



-17 
16_ 

-1 
32 

§r 

79 
9.96 

88.96 
10.32 

99.28 
10.68 

109.96 
74 

110.710 
7 

111.4 



—20 

— 4_ 

—24 
124 



6(4.645751 
— 96 Root. 

102 
92.0256 



100 
53.376 

153.376 
59.568 

212.944 
4.428 

217.372 
4.456. 

221. 83 
5$ 



9.9744 
8.6949 

1.2795 
1.1120 

1675 
1561 

TIT 
112 

2 
2 



222. 



2f2|3. 



4 
6 



1112.1 

9fir. Given 246a*-f 4701a* 
246 4701 



221.4 

4922.4 
221.4 

221.4 

S365.2 
221.4 

5586,6 
14.8 



5601.4 
15 



-9800 
4430.16 

—5369.84 
4629.42 

— 740.42 
4828.68 

4088.26 
336.08 

4424.3(4 
337, 

4761.3 
337.9 



*9800a*-f4754a? 

4754 
— 4832.856 

-78.856 
666.378 

— 745.234 
265.460 

— 579.774 
285.67 

— 19410 

41.16 



—152.9(4 
41.5 



12* 



= — 101, to findav 
101{-9681 Boot 
-70.9704 

-30.0296 
- 28.7864 

— 1.2432 
—1 .2285 

— 197 

— lit ■ 

—86 
-77 

— 9 

-9 
18 
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Of Cubic Equations. 

95. A cubic equation is that in which the unknown quantity 
rises to 3 dimensions ; and, like quadratics, or those of the higher 
orders, is either simple or compound. A simple or pure cubic 

equation is of the form ax*z=b, or x%=-; where x = £/-. 

a ** a 

A compound cubic equation is of the form 

x*-\-ax=b, z*-\-ax*=b, or aP^-aaP-^bzsssc, 
in each of which the known quantities a y b, c, may be either -f- 
or — . 

Or either of the two latter of these equations may be reduced 
to the same form as the first, by taking away its second term ; 
which is done as follows : 

Rule. Take some new unknown quantity, and subjoin to it a 
third part of the coefficient of the second term of the equation 
with its sign changed ; then, if this sum, or difference, as it may 
happen to be, be substituted for the original unknown quantity and 
its powers in the proposed equation, there will arise an equation 
wanting its second term. 

Note. The second term of any of the higher orders of equa- 
tions may also be exterminated in a similar manner, by substi- 
tuting for the unknown quantity some other unknown quantity, 
and the 4th, 5th, &c. part of the coefficient of its second term, 
with the sign changed, according as the equation is of the 4th, 
5th, &c. power. 

1. Required to exterminate the second term of the equation 

a^+&w^==£> or at-^Saz? — b==0. Here x=z — k*=z — a. 

( x*=z*— 3az*+3a*z— a 8 ) 
Then ] Sax 9 f-3az*— 6a l z-\Sa 9 ^ > ; whence z*— 30^+ai 8 

— £=0 ; or z* — 3fl?«==3— 2a 8 , in which equation the second pow- 
er {z 9 ) of the unknown quantity is wanting. 

2. Let the equation ar — 12x*-\-3x=s — 16 be transformed into 
another that shall want the second term. Here £=z-|-4. 

( {z-\-4)*m=z*+12z*+48z+ 64 

Then I— 12(s--4)S= — 12z*— 96*— 192 
( + 2(z-f-4) = + 3*-f 12 

Whence z 9 — 4Sz — 116== — 16 ; or z*— 45*=100, which is an 
equation where **, or the second term, is wanting, as before. 

3. Let the equation x* — 6a3=10 be transformed into another 
that shall want the second term. Ans. z* — 12z=26. 

4. Let y 8 — 15^*-|-81y=243 be transformed into an equation 
that shall want the second term. Ans. z*-\-& & —£8. 
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5. Let the equation a?+£2?+|a: — ft 33 ^ ^ transformed into 
another that shall want the second term. Ans. y 8 +iia:4=|» 
Here y= 2+5, Here z =y— J, 

y 8 =ar+152?+ 752+125 " ' ' " " 

— 15y*= — 152?— 1502:— 375 
+81y = + 812+405 

—243 = —243 



* < 



+l^= +1^— fy-hfr 

I — & — ft 



2?+6z — 88= 0. Hence we have y+~Hy — f = 0. 

6. Let 2?+8y* — 52?+102: — 4=0 be transformed into another 
that shall want the second term. Ans. y 4 — 29^+94^—92=0* 

Here x = y — 2, 
z* = y 4 — &/> + 24y* — 32y + 16 
82? = 8f — 482/* + 96y — 64 

— 52? = —5f + 20* — 20 
+10* = lOy — 20 

— 4 = — 4 
We have x 4 - — 2V + 94y — 92 = 0. 

7. Let x A — 32?+32? — 5x — 2 = be transformed into another 
that shall want the third term. Ans. #+V— ^V — ^=^0. 

Here x=y~\-e, 
* 4 = ^ + 4^ + 6eY + 4efy + e 4 
— 32? = — 3^ — def — 9<?y — &? 
' +3:**= + 3y* + 6€y + 3e* 

— 5x x= — 5 y — 5e 

— 2 = —2 

Now, the value of c, by which the third term is taken away, is 
had by resolving the quadratic equation 6c* — 9e+3=0 ; the roots 
of which are found = 1, or £ : hence, by substituting y+1 for z, 
in the given equation, we find y 4 + y 2 — 4y — 6=0, an equation 
wanting the third term. 

8. Let 32? — 22+1 = be transformed into another whose 
roots are the reciprocals of the former. Ans. y 8 — 2^+3=0. 

Here let x = i ; then 32?— 22+1 =^ — +1=0, or 3—2^+ 

y y y , 

^=0 ; hence y 8 — 2^+3=0; the roots of which are the recipro- 
cals of the former. 

9. Let z 4 — $2? — §2? — £z+rV ^ e transformed into another, in 
which the coefficient of the highest term shall be unity, and the 
remaining terms integers. Ans> y 4 — 32?+12y s — 162y+72=0. 

Here let *=§; then £_^,+ £-|L + _^_:y + 

12^ — 162y+72 =0, the equation required ; the roots of which are 
6 times those of the former 
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Of the solution of Cubic Equations. 
96. Rxtlb. Take away the second term of die equation when 
necessary, as directed in the preceding rule. Then, if the numeral 
coefficients of the given equation, or of that arising from the 
reduction above mentioned,' be substituted for a and b in either of 
the following formul« r the result will give one of the roots* as re- 
quired.* 3"-J-<IX=^ 

Where, it is to be observed that when the coefficient a, of the 



a 9 , a 



second term of the above equation, is negative,-^-, as also -^, in 

the formula, will be negative ; and if the absolute term b be nega- 
tive, £b in the formula will be negative ; but {b* will be positive. 
It may likewise be remarked, that when the equation is of the 

a 8 ? 

form of — aasc=±£, and 5= is greater than j, or 4a 8 greater than 

27$*, the solution of it cannot be obtained by the above .rule ; as 
the question, in this instance, fells under what is usually called 
the Irreducible Case of cubic equations. See index. 

1. Given 2a*— 12a?+36:&=44, to find the value of x. 

Here t? — 6a?-f-18zs==22, by dividing by 2 ; and, in order to ex- 
terminate the second term, put x=z-X-^=szX'2 : 

Then —6(2- -2)*= 4-6**— 24*— 24 =22, 
18(*4-2) = 18z+ 36 



* If, instead of the regular method of reducing a cubic equa- 
tion of the general form a? rf- az*-}-fa;-|-c=0, to another, wanting 
the second term, as pointed out in the preceding article, there be 
put x = \{y — a), we shall have, by substitution and reduction, 
tf-\-{$b— -Q(?)y=9crf> — 27c — 2d ; where, since the value of y can 
be determined by either of the formulae given in this rule, the 
value of a: will also be known, being x=\(y — a). And if £==0, 
or the original equation be of the following form, a 8 -f"gg a | c 0, 
the reduced equation will be a? — 3<£y 2 7c, where the value 
of y being found as above, we shall have, as before, x=\(y — a), 
which formulae, it may be observed, are more convenient, in some 
cases, than those resulting from the preceding article ; as the co* 
efficients thus obtained are always integers ; whereas, by the for* 
mer method, they are frequently fractions. 
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Whence 2^j-6z-|-20==22, or £-\-%z=3l\ and, consequently, by 
substituting 6 for a and 2 for b, in the first formula, we shall have 

^^|j+V(H-W)}+^{f-V(t-hW)]= 
„ V\ i+V<i+«)i+4/{ i-V(i+8)j=^(i+^9)+ 

^(1— V9)=4/(l+3)+^(l— 3)=4/4— 4/2; therefore x=x 
+2=4/4—4/2+2=2 + 1.687401 —1.259921=2.32748, Ans. 

2. Given a^— 62ssl2, to find the value of x. 

Here a being equal to — 6, and b equal to 12, we shall have 

by the formula ^^{6+^(36-8)1- ^^^^^ 

^(6+V*3)+ ^ V28) -^(HMMAH- ^^^ 

=4/(11-2915)+ 4/(1J 2 2915) = 2.2435+^ = 2.2435 + 

.8957=1392 ; therefore a*=3.1392, the answer. 

3. Given x 3 — 2x= — 4, to find the value of x. 

Here a being = — 2, and 3= — 4, we shall have, by the for- 
mula, 
x=&\—2+*/(4r-£ r )}+#\— 2-V(4— &)}, or by reduction, 

>^(— 2-H^V3)— >^(2-KW3)=4/(— 2+1.&45) 
_^(2+1.9245)=Ay(— .0755— 4/3.9245 = —1226— 1.5773= 

—1.9999, or —2, Ans. 

iVbte. When one of the roots of a cubic equation has been 
found, by the common formula as above, or in any other way, the 
other two roots may be determined as follows : 

Let the known root be denoted by r, and put all the terms 
of the equation, when brought to the left hand side, ==0 ; then, 
if the equation so formed be divided by s-f-r, according as r is 
positive or negative, there will arise a quadratic equation, the 
roots of which will be the other two roots of the given cubic. 

4. Given x 3 — 15z=4, to find the three roots or values of x. 
Here x is readily found, by a few trials, to be equal to 4, and 

therefore, by division, we get x — 4)a 8 — 15a: — 4fc 2 -4-4ar-}-l ; 

Whence, according to the note above given, x* -f- 4s-}-l=0, or 
a?-f-4a; == — 1 ; the two roots of which quadratic are — 2-|-^/3 f 
and — 2 — */3 ; and consequently 4, — 2-[-^/3, and — 2 — ^3, 
are the three roots of the proposed equation. 

1. Given a£-f-3a? — 6x = 8, to find the root of the equation, or 
the value of x. See index. Ans. x— 2 . 

2. Given x 8 — 6as=6, or x 9 4-9x=S i or a? + 2a*— 23* = 70, or 
2»_17a*-f 54s=350, or ^—3^=5, or a*+a? = 500, to find the 
yalue of x in each expression. Answers, ^/4-f-4/2, or /J/9 — aJ/3, 
or 5.1346, or 14.954, or 3.1038, and 7.61678, as required. 
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3. Given a*— 6a5=4, to find the three roots of the equation, #r 
die three values of x. Ans. — 2, l-f->v^3, and 1 — a/% 

4. Given ar 8 — 5^ -J- 2a: =* — 12, to find the three roots of the 
equationy or values of x- Ans. — 3, 1 -f- */*>, and 1 — a/5. 

& Find: the root of the equation ai 8 -fr x =500, or z 3 — 62=5.6. 

Ans. x=7.89500828, and 2=3.82526334. 



Solution of Cubic Equations by the Tables of Sines and Tangents. 

97. Cubic Equations may often be more readily resolved by 
means of the following trigonometrical formula, than by the me- 
thod before given ; particularly when they fall under what is 
usually called the irreducible case, in which the common, method 
is known to- fail.' 

1. Given z 9 -\-ax=>Jtb > to find the value of x- 

Put "ht->%^ = t* 11 - z » ana \f C 7 * 2 tan - i z J= ton - u > 

2 a 
Then x = ±- a/^X cot. 2u ; where the upper or under sign is 

to be taken- according as b is positive or negative. 

2. Given a* — aa*=:±:£, to find the value of x. 

This form has two cases, according as -777- a/k is less or 

00 o 

greater than radius r, or 4a* less or greater than 27^. 

In* the first of these cases, or when 4a s >27£ 9 , 

2iw ji 

Put "oF^^F 5 sm# *» an( * VC 7 "* ton - 1*)= tan « u r 

2 jl 
Then a: — db~ Ajrk X cosec. 2u, where the upper or under sign is 

to be taken r according as b is positive or negative* 

In the- second case, or when 4a*<r27£% 

2br 2 
Put —a/-= cos. z, then x will have the three following values •, 

2 ja, z 2 a x 

*=*=*:- */§ X cos.^ ; as==F-V>- X cos. (60°— ^ 

and as==F-A/|x cos. (60° -f|-) 

where the upper sign is to be used when b is positive, and the 
under sign when it is negative, as in the other cases. 
L Given a^-f-18as=6, to find the only real value of x. 

Qgtf ft. 

Here o=18y and; &=6 ; whence -^- a/^ =&r a/G =* taox ; 
and, consequently, by formula 1* we shall have 
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US 



Log* 6 0.7781513 

4.log. 6 0.3890756 

Log. 2 0.3010300 

Log. r 10.00000 00 

Log. tan. z 10.6901056 

Therefore 2=78° 27' 47", and 
42=339° 13' 53*". 
Secondly, /{/(r 2 tan. £z)=tan. w, 
whence 

Log. A - 20.0000000 

Log. tan. \z -..9.9119523 

Sum-. ,3)29.9119523 

Log. tan. u 9.9706507 



Thirdly, -Vf- X cot 2m 
—a/$X cot. 2u, whence 



J log. 6. «•* * • * • « • . • <• 0.3890756 

Log. 2 0.3010300 

Log. cot 2« 8.8301834 

Sum 9.5202890 

Log.r 1 0.0000000 

Log. x 1 .5202890 

Consequently z = .3313139* 
the positive root of the equation, 

as required. 

Therefore «=43° 4' 55", and 
2w==86 Q 7' 50" 

2. Given a? — 3z=l, which is an equation falling under the ir- 
reducible case, to find its three roots. 

Here, a being =3, and b = 1, we shall have, by taking the ra- 

dius r=d, coa. *:=— ^/— =4=.5=cos. 60°, whence 

Mo, a 

2=2^5- X cos. |=Q cos. 20S=-J-1.8793852, 
*a-8Zx cos. (60°— 1-)=— 2 cos. 40°=— 1.5320888, 

x±-> 2 V^-X cos. (60°-|^-)=— 2 cos. 80S=— .3472964. 

Therefore the three roots are 1.8793852, —1.5320888, and 
—.3472964. 

'And if the equation be x* — 8»= — 1, the three roots or values 
of x are —1.8793852, 1.5320888, and .3472964. 

Which are the negatives of the roots of the former equation. 

1. Given a? — 2x 2, to find the root of the equation, or the 
value of x. Ans. x=z — 1.7693. 

2. Given x* — 300s i 1000, to find the root of the equation, or 
the value of x. See index. Ans. a=3.472964. 

3. Given x* — 9s=9, to find all the three roots of the equation, 
or values of a. Ans. 3.411474, —2.226682, and —1.184792. 

4. Given x* — x* — 2a>-]-l = 0, to find all the three roots of the 
equation, or the three values of x. Ans. 2 cos. |», — 2 cos. frc, 
and 2 cos. T n, where ws±=180°, and rad. s= 1. 
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^+(i«+V{K-f2(»--|*)i 

4(i«-^142H») 



Then find the two rallies of a; in each of the following quadra- 
tic equations, 

)*=_(r-Ui)+V { (r-Hi)«-^{ 

) as=5 _(r44*)_V{ (r-H*)»-dI, 
and they will be the four roots of the biquadratic equation re- 
quired. Or, if the equation be of the more commodious form, 
z A ^ba?-\-cz-\-d==sQ, to which it can always be reduced, by taking 
away its second term, it may be resolved thus : 

Rule II. Find the value of z in the cubic equation z* — 
( T Vi , +4)z=cs T f^ 3 -f-ic s — iW, and let the root thus determined be 
denoted by r. Then find the two values of x, in each of the 
two following quadratic equations, 



x 9 — V 



(r+tb)*—d 



and they 



!2(r-|*)ja*=^(r-H*H-V; 
?(r--4b)\z=*-~(r-\ : $b)— A/\(r+tb)*- 

will be the four roots of the biquadratic equation required* 

1. Given the equation s 4 — lOa^-f-^a* — 50a:-f-24=0* to find 
its roots. Here «=■ — 10, £==35, c= — 50, and d=24 ; whence, 
by substituting these numbers in the cubic equation 

2H-(i«c— ^--d^^+Uf+dJ)— 2 4 ¥ (oc+8<*), 
we shall have the following reduced equation, z* — 4f z = "rVff» 
which being resolved, according to the rule before laid down for 
that purpose, gives 2x==i{ / 4/(35+18 A /—3)+>v^(35— 18V— 3)}. 
But, by the rule for binomial surds, given in Art. I, Case 2, 
in the former part of the work, ^(354-18//— 3)=£-Ha/— 3, 
and ^(35— 18 A A-3)=f-i V— 3 J 

wherefore z=4{J-H\/— 3+J— J^— 3j=f 
And if. this number be substituted for r, — 10 for a, 35 for b> 
and 24 for d, in the two quadratic equations, 



^+[£«-A/««42(r-4*) 




■(r+^+VHr-K*) 8 — d\ 
ir+$b)—A/\(r+ib)*—t 
they will become, after reducing them to their most simple terms, 
z 9 — 3x= — 2, and x* — 7x 12 ; from the first of which &=§ 
±>v/J=f=t4=2 or 1, and from the second a*=J±Vi=£±i 
=4 or 3 ; whence the four roots of the given equation are l y 2, 
3, and 4. 

2. Given x*-\-12z — 17=0, to find the four roots of the equation. 

Here a=0, fl=0, c=12, and <fc=— 17; 

Whence, by substituting these numbers in the equation ji 8 — 
(*feb*-{-d)z= T i v lP-\-£c i — \bd, we shall have, after simplifying the 
result, z*-\-17z=18, where it is evident, by inspection, that 2=1. 

And if this number be substituted for r, for b, and —17 for 
d, in the two quadratic equations 



sHVj2(r-i*) 



■H4*)4V 
*=-(r+i*)-V 



(r4-lb)*—d 
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ur 



they will become, after reducing them, in the usual manner, to 
their most simple forms, 

^+2*2=— 1+3V2, and z»— 2**=— 1— 2*/% which being 
resolved, according to the general rule, we shall have, 

a^— i\/2+V<— i+V18)=— W2+a/(-J+W2), 

*=— iV2— V(— i+Vi8)=^lV2— V(— i-HV2), 

*=-HV2+V(— i-/s/18)=4-W2+V(-J-3V2), 

?^=-j- J V2— V(— i-V18)=+i n/2— V(-i-3 V2), 
which are the four roots of the proposed equation. Where it is 
to be observed that the first two are real, and the two latter ima- 
ginary. 

Rule III. The roots of any biquadratic equation of the form 
s&-\-az*-\-b z | c 0, may also be determined by the following gen- 
eral formulae first given by Euler, which are remarkable for their 
elegance and simplicity. 

Find the three roots of the cubic equation 2?-{-2a2?-\~(a* — ^c)* 
s== #*, by one of the former rules, before given for this purpose ; 
and let them be denoted by r', r", and r'". Then we shall have 



When b is positive, 
—*/r'—A/r"—*/r 



—*/r'++/r"+ A /r'" 



m 



+*Jr'—>/r"+*/r 



+*/r'+^r"—*/r'" 



When b is negative, 

2 

+*/r'— / Jr"—t/r 



til 



in 



—*/r'+*/r"—*/r 



III 



— s/r'— */ r" +*/r'" 
2 

101. If the three roots r\ r", r"', of the auxiliary cubic 
equation be all real and positive, the four roots of the proposed 
aquation will, also, be real ; and if one of these roots be positive, 
and the other two imaginary, or both of them negative, and 
equal to each other, two of the roots of the given equation will be 
real, and two imaginary ; which are the only cases that produce 
real results. 

3. Given x 4 — 25z 2 +60a;— 36=0, to find the four roots of the 
aquation. Here a= — 25, £=60, and c== — 36 ; whence, by sub- 
stituting these values for their equals, in the cubic equation above 
giyen, we shall have £— 2x25z a +(25 2 -f-4x36)2=60 a , or:- 
£0z s -j-769z=3600 ; the three roots of which last equation, as 
found by trial, or by one of the former rules, are 9, 16, and 25, 
respectively; whence 

:J(— V9— V16— V25)=4(— 3— 4-5) 
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1, 

and — 6. 



:J(— V9+a/16+\/25)=J(- 3+4+5)=H-3„ 
s J(+\/9— V16+>v/25)=i(+3-4+5)=f-2, 

4(4-V9+\/16— V25)=i(+3-H— 5)= " 
And .*., the four roots of the equation are 1, 2, 3, 

1. Given x 4 — 55x* — 30a+504=0, to find the four roots or va- 
lues of x. Ans. 3, 7, —4, and — 6* 

2. Given x 4 -{-2x* — Ix* — 8s=— 12, to find the four roots or va- 
lues of z. Ans. 1, 2, — 3, and — 2. 

3. Given a: 4 — 8a*+14a*+4a*=8, s 4 — 17a*— 20s— 6=0, a: 4 — Qz 
^-4z=3, x *— *19a*+123a*— 302a: + 200 = 0, to find the four 
roots or values of x. 

Ans ' J 1+>vA 1— /v/5.' i 1 AnS> 1 — 2+V 2, — 2— V2. 
^ S i+W3, i-W3, ) \ An8 [ 1.02804, 400000 
A™- | —j-j.^, _i_^3. J | Ans ' \ 6.57653, 7.39543 

4. Given a: 4 — 27a^f 162a*+356a:— 1200 = 0, x 4 — 12a*+12fc 

— 3=0, x 4 — 36a^+72a: — 36=0, to find the four roots or values of 

. A { 2.05608, —3.0000,) ( .60601,-3:907572 
x in eacn. Ans. j 13>15306) 14.7908. $ \ 2.85808, .443274 

Ans. 0.8729836, 1.2679494, 4.7320506, —6.8729836 

5. Given x 4 — 5x* +13a* — 17a: +12 =0, to find the 4 roots 
of the equation, which are all imaginary 

I have a* — 2a: + 3 = 0, or x* — 3x + 4 = 0, Ans. 

*To this we may farther add, that when one of the roots of an 
equation has been found, either by this method or the former, the 
rest may be determined as follows : 

Bring all the terms to the left hand side of the equation, and 
divide the whole expression so formed by the difference between 
the unknown quantity (ar) and the root first found ; and the re- 
sulting equation will then be depressed a degree lower than the 
given one. Find a root of this new equation, by approximation, 
as in the first instance, and the number so obtained will be a sec- 
ond root of the original equation. Then, by means of this root, 
and the unknown quantity, depress the equation a degree lower, 
and thence find a third root ; and so on, till the equation is redu- 
ced to a quadratic ; when the two roots of this, together with the 
former, will be the roots of the equation required. 

Thus, in the equation x 8 — lSz'+eSasrsSO, the first root is found 
by approximation to be 1.02804. Hence 

x— 1.02804)ar>— 15ar+63a:— 50(a*— 13.97196a+48.63627=0. 

And the two roots of the quadratic equation, x* — 13.97196a: 
=—48 63627, found in the usual way, are 6.57653 and 7.39543. 

So that the three roots of the given cubic equation x 9 — 15z*+ 
63a*=50, are 1.02804, .6.57653, and 7.39543 ; their sum being 
=15, the coefficient of the second term of the equation, as it 
ought to be when they are right. 
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Of the resolution of Equations by approximation, or the method 

of successive substitutions. 

102. Equations of the fifth power, and those of higher dimen- 
sions, cannot he resolved by any general rule, or algebraic formula, 
that has yet been discovered ; except in some particular cases, 
where certain relations subsist between the coefficients of their 
several terms ; or when the roots are rational, and, for that reason, 
can be easily found by means of a few trials. See p. 113. 

In these cases, therefore, recourse must be had to some of the 
usual methods of approximation, among which that commonly em- 
ployed is the following, which is universally applicable to all 
kinds of numeral equations, whatever may be the number of their 
dimensions ; and which, by continuing the process to a sufficient 
length, will give the value of the root sought to any required de- 
gree of exactness. See Index. 

Rule I. Find, by trials, a number nearly equal to the root 
^sought, which call r ; and let z be made to denote the difference 
between this assumed root and the true root x. 

Then* instead of x, in the given equation, substitute its equal 
r-f-sZi or r — z t according as r is too little or too great, and there 
will arise a new equation, involving only z and known quantities. 

Reject all the terms of this equation in which z is of two or 
. more dimensions, and the approximate value of z may then be 
determined by means of a simple equation. 

And if the value thus found be added to r, when it is too little,. 
or subtracted from it when it is too great, it will give a near value 
of x f or of the root required. 

But as this approximation will seldom be sufficiently exact, the 
operation must be repeated, by substituting the number last found* 
'.fox TV in the abridged equation exhibiting the value of z; when a 
second correction of z will be obtained, which being added to> or 
subtracted from that number, will give a nearer value of x than the 
former. 

- And by again substituting this last number for r, in the above 
mentioned equation, and repeating the same process as often as 
<»ay be thought necessary, a value of z, and consequently of the 
root sought, may be found to any degree of accuracy. 

Note. The decimal part of the root, as found both by this and 

the next rule, will in general about double itself at each epexa- 

tmi ; and therefore it would be useless, as well as troublesome, to 

•use a much greater number of figures than these, in the several 

substitutions for the values of r. 

13* 
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Then 



1. Given s 8 +3 s +£=90, to find the value of a;, by approxima- 
tion. 

Here the root is soon found, by a few trials, to lie between 4 
and 5 ; but nearer to 4 than to 5. 

Let therefore 4=r, and x=r-{-z t 

a*=i»- -2rz+z* 

And, by rejecting "the terms z 3 , 3rz* and 2 s , or, to avoid trouble, 
omitting them in the operation, as being small in comparison with 
z, we shall have r 8 +7^r+37*z+2r2+z=90 J 
• 90— 7*—A—r 90—64—16—4 6 

Whence * =- 3 r*+2r-fl = 48+8+1 =67 = ' 10 ' . «* 

consequently, s=4.1; nearly. Again, if 4.1 be substituted in the 
place of r, in the last equation, we shall have. 

_ 90—r 3 —r»—r 90— 68.921— 16.81 —4.1_ ^^^ 
Z ~ 3r+2r+l ~~ 50.43+8.2+1 — "WKfc 

And consequently a=4.1+.00283=4. 10283, for a second ap- 
proximation ; and if the first four figures, 4.102, of this number, 
be again substituted for r, in the same equation, an approximate 
value of x may be obtained, to six or seven places of decimals. 

And by proceeding in the same manner, the root may be found 
still more correctly. 

1. Given 3 s +20z=100, to find the value of x by approxima- 
tion. Ans. 2=4.1421356237. 

2. Given x 8 — 9#=10, to find the value of x by approximation. 

Ans. 3.4494897428. 

3. Given 3 3 +93 s +4z=80, to find the value of x by approxi- 
mation. Ans. 2=2.47213596. 

Here, by a few trials, the root is found to be between 2 and 
<3> and very nearly equal to 2.5; let, therefore, a»=r+25=3.5+2r; 
then x 9 = r 3 + 3r*z + &c. 

9a* = 9r* -j- 18r* + &c. 

4z = 4r -- 4z 



r 3 + 9^ + 4r+z(37*+18r+4r) 

80— r 3 — 9^ 4r 1.875 

s=80, and z g QJ , 1C . A — =-7.=W = — .0276. Whence 

3r*+18r+4r 67.75 

z=2.5— .0276=2.472, the root nearly. And if this value be sub- 
stituted in the above expression for z, we get 2=2.4721359. 

4. Given s 4 — 38x 8 +210a 9 +538a+289 = 0, to find the value 
of x by approximation. Ans. 2=30.5356537529. 

Here x is found, by trial, to be very nearly s= 30 ; let, there- 
fore, x r | x 30+g ; then 
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a? = r 4 -f- 4r 8 z + &c. 

— 38a? = — 38r" — 114r*z — &c. 
+ 210a? = 210r* + 420rz + &c. 

+ 538a: = 538r + 538z 

r 4 — 38^+210^+63^+^(4^—1147* 
+ 420r + 538)+289=0, and 

_ r 4 — 38r 3 +210r a +538r+289 — 10571 _ 

Z ~ 114^— 4^— 420r— 538 = — 18538 ; 

whence a^=30.56, nearly. Again, taking 30.5 for the root, and 
substituting it instead of r in the expression for z, we get z = 
30.5356. 

5. Given a?+6a?— 10a?— 112a*— 207x— 110 = 0, to find the 
value of x by approximation. Ans. 4.46410161. 

By a few trials, x is found to be between 4 and 5, and nearly 
equal to 4.5. Let, therefore, as=r+2=4.5+z ; then 

a? = 7 s + 5r 4 z + &c. 

6a? = 6T- 4 + 24r 8 z + &c. 

— 10a? = — lOr 3 — 20r*z -- &c. 

— 112a? = — 112/* — 224rz + &c. 

— 207a: = — 207r — 207z 

r^r 4 — lOr 3 — 1 121*— 207r + 
z(5r* + 24r*— 30/*— 227r — 207)=1 10 ; therefore 



1 10— ^—6^+10^+1 12r 2 +207r _ 

: 5r 4 +24/*— 30T 2 — 227r— 207 — — 0J54 ; whence *™ 



.035=4.465; and, taking this for the root, and substituting 
again in the value for z, we get as=4.464101, the root nearly. 

103. The roots of equations, of all orders, can also be deter- 
mined, to any degree of exactness, by means of the following easy 
rule of double position ; which, though it has not been generally 
employed for this purpose, will be found, in certain cases, supe- 
rior to the former, as it can be applied at once to any unreduced 
equation, consisting of surds, or compound quanties, as readily as 
if it had been brought to its usual form. 

Rule II. Find, by trial, two numbers nearly equal to the 
root sought, and substitute them in the given equation instead of 
the unknown quantity, noting the results that are obtained from 
each. Then, as the difference of these results is to the differ- 
ence of the two assumed numbers, 

So ip the difference between the true result, given by the ques- 
tion, and either of the former, to the correction of the assumed 
number belonging to the result used, 

Which correction being added to that number when it is too 
little', or subtracted from it when it is too great, will give the root 
required, nearly* 
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And if the number thus determined, and the nearest of the two 
former, or any other that appears to be more accurate, be now 
taken as the assumed roots, and the operation be repeated as be- 
fore, a new value of the unknown quantity will be obtained still 
more correct than the first ; and so on, proceeding in this manner, 
as far as may be judged necessary. 

1 Given a^+33*+3as==130, to find a near approximate value 
of x. Ans. 25=4.078753. 

2. Given 3 8 +103*+53s==2600, to find a near approximate value 
of x. Ans. as=l 1.00673. 

It is soon found by trial that x is rather more than 11 ; let, 
therefore, 11 and 11.1 be taken for the assumed number ; then 



1st Sup. 
1331 
1210 
55 

2696 Results 
(2655.231 11.1 
. J 2596. 11 

( 59.231 : .1 
4X.1 



2d Sup. 
1367.631 
1232.10 
55.5 

2655.231 
2600 
2596 






59.231 ==0067; whence 

:11+.0067=1 1.0067, Ans. 

3. Given 2^—16^+403*— 

302+1=0, to find a near value 

of a:. 

Dividing by 2, we have x* — 
83*+20a:— 15* = — .5. By a 
few trials it is found that x is a 
little greater than 1 ; let, there- 



fore, 1.2 and 1.3 be assumed for 
the numbers ; then 



1st Sup. 
2.0736 

28.8 

30.8736 
—31.824 



2d Sup. 
2.8561 
33.8 

36.6561 
—37.076 



—.9504 results —.4199 
.9504 1.3 .5 
.4199 1.2 .4199 



.5305 
.1 X .0801 



.1 






.0801 



«^ ft/ - =.01509, whence 

:1. 3— .0151=1.2849. Now 
take 1.284 and 1.285 for the 
assumed numbers, and repeat 
the operation. Then x will 
come out =1.284724. 
4. Given x 5 + 2x* — 3:z 3 +4ar+5:c=54321, to find a near value 
of x. 

By a few trials x is found to be nearly =8 \ ; take, therefore, 
B.4 and 8.5 for the assumed numbers ; then 
1st Sup. 41821.19424 = x* = 44370.53125 2d Sup. 

9957.4272 = 2s 4 = 10440.1250 
1778.112 = 3x* = 1842.375 
282.24 = to* = 289. 
42. = 5x = 42.5 



53880.97344 results 56984.53125 
(56984.53125 8.5 54321 

Therefore 1 53880.97344 8.4 53880.97344 



!• 



3103.55781 : .1 






440.02666 
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.1 X 440.02656 



=.0141 ; whence x = 8A+ .0131 = 3.4141, 



3103.55781 

nearly. Taking 8.414 and 8.415 for 

42170.867905346409824 = a* = 

10023,976207593632 

1787.017385832 

283.181584 

42.07 



2x* 
4s 3 
4s 2 
5x 



54307 . 1 13082772041824 
54337.65465655325 8.415 
53307 . 1 1308277204 8 . 414 



the numbers, we have 
: 42195.935727527009375 
: 10028.74241890125 
= 1787.654620125 

283.2489 
: 42.075 

54337 . 654666553259375 

54337.65466655325 

54321 



30.54158378121 : .001 :: 16.65466655325:000545 
and x=t— 2=8.415— .000545=8.414455, very near. 

5. Given /J/(7a^-f 4z 2 )+ A /(20s 2 — 10r)=28, to find an approx- 
imate value of x. Ans. 4.510661. 

By trial x is found to be between 4 and 5. Let these two num- 
be taken for the first value ; then 

1st Sup. 8 . = */( 7s 3 + 4z*) = 9.916 2d Sup. 
16.73 = a/(20z* — 10a:) = 21.213 



Therefore 



24.73 
31.129 
24.73 



results 
5 28 
4 24.73 



31.129 



6.399 






3.27 



3.27 
6.399 



= .51 ; whence 



• 51, nearly. Assuming x = 4*51 and 4.52, and repeating 
the operation, we get x=4t. 5106, the root, nearly. 

6. Given a/ { 144a 2 — (z 2 — 20) 2 } +a/ { 196a*— (^+24) 9 } =114, 
to find a near value of x. 

Here the root is found, by a few trials, to be rather more than 
7 ; let, therefore, 7 and 7 . 1 be assumed for the numbers ; then 



1st Sup. 7056 = 
4761 = 



144z* = 
(a*-j-20) 2 = 



a/ 2295 = 47.906 

9604 = 196s 2 

5329 = (z* + 24) 2 

a/(4275) =65.383 



7259.04 2d Sup. 
4957.5681 

a/2302.4719 =47.977 

9880.36 
5536.8481 

a/4343.5119 =65.905 



47.906 47.977 \ 

65.383 65.905 ( or 

113.289 results 113.882) 

.IX 118 0118 ft , 

:.2; whence 



.593 



.593 



113.882 7.1 
113.289 7 

.593 : .1 
.12, nearly. 
20 



114. 
113.882 

:: .118 : 
By assuming 



M4 
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7.12 and 7.13 for the numbers, we get x = 7.12209461, the an- 
swer, nearly. 

1. Given a^-j-a^-f-a^sdOO, to find an approximate value of z. 

Here it will be found, by a few trials, that the value of x lies 
between 4 and 5. 

, Hence, by taking these as the two assumed numbers, the opera- 
tion will stand thus : 



Second Sup. 
5 
25 
125 

155 



• • » • 



• • • 



• • • • 



• • 



First Sup. 

16. . . •£* 

84 Results 
155 5 100 

Ofx . • • . fx •••• Otc 

IT : l : : 167^225 

And consequently z=4-f-*225 
■=4.225, nearly. 

Again, if 4.2 and 4.3 be now 
taken as the two assumed num- 
bers, we shall have 

First Sup. Second Sup. 

17.64 x> 18.49 

74.088 . ...x 3 79.507 

95.928 Results. 102.297 
[102.297.. ..4.3,. 102.297 
95.928 . . . ,4.2. . 100 

6.369 : .1 :: 2.297 

036. 

And consequently 2=4.3 — 
.036=4.264, nearly. 

Again, let 4.264 and 4.265 
be the two assumed numbers. 
Then 

First Sup. Second Sup. 

4.264 .... x .. 4.265 
18.181696 . x* .+ 18.190225 
77.526752 . a* ..77.581310 

99.972448 100.036535 

Therefore 
100.036535 4.265 100 
99.972448 4.264 .99.972448 



• . 



.064087: .001 :: .027552 
! .0004299, and consequently, 



x = 4.264 + .0004299 = 
4.2644299, very nearly. 

2. Given (-Js 2 — 15)Vf*V* 
=90, to find an approximate 
value of x. 

Here, by a few trials, it will 
be found that the value of z lies 
between 10 and 11 ; which let, 
therefore, be the two assumed 
numbers, agreeably to the di- 
rections given in the rule* 
Then 
First Sup. Second Sup* 

25 - (K— 15) .. 84.64 
31.622 .. x*/x .. 36.482 

56.622" Results 121.122 
Hence 
121.122 ~ 11 ~ 121.122 
56.622 - 10 .. 90 



64.5 : 1 :: 31.122:.482 

And consequently as=ll.— 
.582=10.518. 

Again, let 10.5 and 10.6 be 
the two assumed numbers ; 
Then 

First Sup. Second Sup. 

49.7025 (ix*— 15) 2 55.830784 
34.0239 x»/x~ 34.511099 

83.7264- Results- 90.341883 

Hence 
90.341883- 10.6 
83.7264... 10.5 



90.341883 
90. 

6.615483.. .1 :: .341883 

t .0051679, and consequently 
x = 10.6 — .0051679 = 
10.5948381, very nearly. 
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Of Reciprocal Equations. 

104. Although no general method has hitherto been discov- 
ered for the resolution of equations higher than those of the fourth 
power, there are, notwithstanding, some particular equations, of 
mM orders under the 10th, which, on account of the relations sub- 
sisting between their coefficients, may be solved by the rules that 
have been already given for the first four orders. 

This is particularly the case with what have been usually called 
reciprocal equations ; which are such that the coefficients of their 
teems, taken from the beginning of the equation, are the same as 
those of the corresponding terms, taken from the end, with the 
same signs ; or which remain of the same form when the recipro- 
cal of the unknown quantity, or -, is substituted for x ; except 

that the terms are then reversed. Thus the equations a^ -!- 
pa^+qa**-*-^. . . .^ ga ^|^-i_o, and aAn+i ipjta^**-!^ 

• • • •-t-S r « s -j-p^-j-l==0,may always be transformed into others of a 
degree which is denoted by half the exponent of the highest pow- 
er of the unknown quantity, if it be an even number, or by half 
that exponent when it is diminished by 1, if it be an odd number, 
the method of resolving them, as far as to the 9th order, inclu- 
sively, being as follows. To this we may add, that the nature of 
these equations consists, as abovementioned, in their not being 
changed by substituting f for x ; from which it follows, that if a 
be any one of the roots, its reciprocal i will also be a root ; and 
as -f-f, or — 1, is always a root of the equation, when the number 
«f its dimensions is odd, it may be readily shown from these cir- 
cumstances, that every equation of the 2mih or 2wth-j-lth order, 
can be- reduced to another of the mth. order. 

Case I. When the index of the highest term is an even number. 

Rule I. If the equation be of the fourth power, as ^-{-pz 8 -}- 
qx*-\-px-\-\=&, find the two values of z in the equation, z*-fpz-\- 
q — 2==0, and let them be denoted by r and r 9 ; then the roots of 
the two quadratic equations, a? — rx-\-l = 0, and x* — r'x-f-l=0f 
wiH be the four roots of the proposed equation. 

2'. If it be of the sixth power, as x*-{-px 5 -{+qx*'±-rx 3 -{-qz*-\-pz 
4-1=0, find the three values of z in the equation, z*-\-pz*~\-(q—-3)z 
-f-r — 2p = 0, and let them be denoted by r. r', r" ; then the 
roots of the three quadratics z 8 — rar-f^l=0> 2* — r'a:-j-l==0, and 
sf — r"a:-(-l=0» will be the six roots of the proposed equation. 

3. And if it be of the eighth power, as x*-\-px 7 -\-qar-{-rx 5 -{-sz* 
-\-rz 3 '4-qx 2 -\-px-\-l=^) i find the four values of z in the equation, 
^-f-p^+C^ — 4)^ 2 -4-(r — 3p)^-f-5 — ^2(^ — 1)=0, and let them bo 
denoted by r, r', r , r"\ 
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Then the roots of ihe four quadratic equations. 
3*-— r*4-l=0, s»— r'x-f-1 = 0, a*— r"o:-f-l=0, and x % — r'"z+l 
=0, will be the eight roots of the proposed equation. 

Cass II. When the index of the highest term is an odd number* 

Rule I. If the equation be of the third power, as x*-{-px i -\-px 
-|-1=0, where one of its roots is evidently — 1, find the value of 
z in the simple equation z-\-p — 1=0, and let it be denoted by r ; 
then the roots of the quadratic equation z* — rx-\-l=Q, will be the 
other two roots of the proposed equation. 

2. If it be of the fifth power, as x 5 -\-px*-\-qx 9 -j-qx*-\iMc-\-ls=0 9 
where one of its roots is also — 1, find the two values of z in the 
equation z*-4-(p— l)z~j^q — p — 1=0, and then let them be denoted 
by r, and r ; then the roots of the two quadratics x* — ra:-}-l=0, 
and x 9 — r'ar-f-1 = will be the other four roots of the proposed 
equation. 

3. If it be of the seventh power, as x^-^px'-^j^-^-ra^-^rx 9 ^ 
qx*-\-px-\-l=0, where one of the roots is — 1, as before ; find the 
the three values of z in the equation z*-\-(p—l)z*-\-(q — p — 2)z-j- 
r — p — q-{-l = 0, and let them be denoted by r, r', r" ; then 
the roots of the 3 quadratics x* — ra:-j-l=0, x* — r'ar-j-l = 0, and 
x 9 — r"x-\-l=0, will be the other 6 roots of the proposed equation. 

4. And if it be of the 9th power, as 

xt+ptf+qz^rz^sxt+sx^rxt-^qaP+px+lssQ, 
where one of the roots is — 1, as in the former cases, find the 
four values of z in the biquadratic equation 

* 4 + (J*-*)* 3 + (2-P-3)* 2 + (r— q-2p+2)z+s—r— q+p+1 

=0, and let them be denoted by r, r* y r", r"' ; 

then the roots of the four quadratics 

z 3 — ra:4-l=0, x*—r'x+ 1=0, z 2 — r"s-fl=0, and x*—r'"z+l 

=0, will be the other eight roots of the proposed equation. 

Note. If an equation of this kind be of an odd number of di- 
mensions, or if the middle term of one of an even number of di- 
mensions be wanting, the same rules will hold when the signs of 
the terms, taken from the beginning, are -f- and — alternately. 
Thus x 9 — -px*-\-px — 1=0, and x* — px*-\-px — 1=0, are reciprocal 
equations, like those above given, except that -{- 1 is now one of 
the roots, instead of — 1. 

1. Given x*-±4x* — 19a*-f-4r+l=0» to find the four roots of the 
equation. Here p=4 and q= — 19 ; hence, by Case 1, 
2*-{-pz=2 — q becomes z 2 4-4z=2-f-19=21, 
Where the two values of z are -(- 3 and — 7 ; 
Consequently x* — 3z= — 1, and x*-{-7x= — 1, 
From the first of which equations x=% dbJ\/5, 
And from the second 3=( — J±f */&)={— J±Ja/^) '» 
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Therefore the four roots of the proposed equation are 
H-W5, $— J »/5 y — J-H*/ 5 ' and —i—i^Z. 

2. Given af—lla: 4 +17^-f 17^—112:+ 1=0, to find the five 
roots of the equation. Here p =^ — 11, and q =1 7 ; hence, by 
case 2, z 2 -]- (p — \)z = 1-JrP— £ becomes r* — 12c= — 27, where 
the two values of z are 9 and 3 ; x* — 9x= — 1, and x* — 3x= — 1 ^ 
from the first of which equations z=§ ± J\/77, and from the sec- 
ond as=Jdb|\/5. Therefore the five roots of the proposed equa- 
tion are —1, J+W77, f— J ^77, £+i a/5, and |— J ^/5. 

105. If the coefficients of either of the orders of equations, 
mentioned in the rule, be in part literal, and so constituted as to 
render the different terms homogeneous, its roots may be deter- 
mined by means of the simple substitution of a new unknown 
quantity, as if they were entirely numeral. 

Thus, let there be taken, as an equation of this kind, z A -\-£aa? 
—-19flft?-f-4flfe -f- a* = 0, where the indices of the given and un- 
known quantities, when added together, are the same as those of 
the first and last terms. Then, by putting x =: az, we shall have 
dV-j. 4aV— 19aV-f4a 4 z-f a 4 = 0, or, dividing by a\ z A +4S 3 — 
— 19z 2 -|~^H-l == > which equation, like the first of those given 
above, will have for its roots |~f-£\/5, f — |\/5, — J-Hja/^, and 
—J — JJa/5 » and the four roots of the proposed equation are 
<$ + W.5), 0(§— W?). «(— l + W<% and a(— f-f */S). 

An homogeneous equation, containing only two letters, a and a:, 
is of the general form 

x^+pa^+qcfx^+rdx"*-*-^ . . . .-^ r kar' x x-\-la m ==^ i 
where p, q, r, k, I, are the numeral coefficients. 

1. Given x A — 15x 3 -|-33ar 2 — 15a:-j-l=0, to find the four roots of 
the equation. Ans. f±£,\/5, and 6db\/35. 

Here p= — 15, q = 38, we have z 2 — 15z= — 36, by case 2; 
zs=$:=b 3 ir : =12 or — 3. Hence we have x 2 — 12;z= — 1, and x* -\- 
Sx= — 1 ; .'. in the first we have a: = 6±^/35, and in the sec- 
ond case we have x=$±l*/5. 

2. Given x* — lax 3 -\-5d t x*--4a B x-\-a 4 =Q 1 to find the four roots 
of the equation. Ans. a{$ dbJ\/5), and a(i=fc£\/ — 3). 

Let p= — 4, q=5 ; then z* — 4r=2-^-5=== — 3 ; .\ z = 3 or 1, 
and we have x 2 — 3y= — 1, and x= £dz|A/5. 

Again, x* — x = — 1; ,\ z = £ db £V — 3 ; consequently 
we have a(J ± Ja/->)> and a(£±^\/ — 3). 

3. Given a: 5 — 21o: 4 +37^+37a; 2 — 21a:+l=0, to find the five 
roots of the equation. Ans. — 1, f±£y\/5, and ^dbi>\/357. 

Here^= — 21, and q=37 ; then by case 2, 2 2 — 22* = — 57; 
.-. z=lldbS = 19 or 3, and .\ if— 19x=— 1 ; then 
x = J^fcj^/357. Again x*— Sx=— 1, we find at=4 ±iV 5 - 

106. Equations of this kind, in which the given and the un- 

11 
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known quantities can be substituted, alternately, for each other, 
without producing a new equation, are always capable of being 
reduced to others of lower dimensions. In order to such a reduc- 
tion, let the equation, if it be of an even dimension, be first divi- 
ded by the equal powers of its two quantities in the middle term : 
then assume a new equation, by putting some quantity (or letter) 
equal to the sum of the two quotients that arise by dividing those 
quantities one by the other, alternately ; by means of which equa- 
tion lei the said quantities be exterminated ; whence a numeral 
equation will emerge, of half the dimensions with the given lite- 
ral one. 

But, if the equation propounded be of an odd dimension, let it 
be first divided by the sum of its two quantities, so will it become 
of an even dimension, and its resolution will therefore depend 
upon the preceding rule. 

Let there be given the equation x 4 — 4a2?-f-5aV — i£px-\-cfis=Q. 

Here, dividing by cPz*, we have -= f-5 [—5 = 0, (or 

tr a x ar 

«J# Qp X CL 

-^-f-^ — 4X--| — f-5 = 0, by joining the corresponding terms ;) 
or *tr cl x 

X CL 

and by making z =- -| — , and by squaring both sides, we have 

CL X 
dr CL^ X* cfl 

also 2* '" ] 2-f^, or 2* — 2b=— -f-~. Therefore, by substituting 
these values, our equation becomes 2 s — 2 — 4z-|-5, or 



whence 2=3. But - -| — being = 2, we have x* — zaz = — a* ; 

a x 

and consequently x =|2a = fc^/(i« a 2 s — (h) = | a X \z-Aia/(z* — 4)} 

==£aX i3±A/(5)}, in the present case. 

2. Let there be given x*-{4ax 4 — 12aV— 12trV4-4afe-f^=£: 0. 

In this case, we must first divide by x-\-a, and the quotient will 
come out at-^Sax* — 15cL*x*-\-3d i x-\-a* — : whence, by proceeding 

as in the former sample, we have fj +Jf3 X - +— 15 - 0, 

CT 2T CL X 

or 2*— 2+32— 15=0, and from thence 2=^^a. 

Given 7x* — 26^ — 26a 5 x4-7a 6 =0, which, divided by efz*, be- 

X* CL* x CL* 

comes 7 X (-3 +""§) — 26 X (-5 +^)= s 0« Now making, as before , 

X CL Qu Cl 

2= — I—, we have 2 s — 2 =— j-j- -^ ; and mult, again by ares 

CL X CL XT 

X CL 3T CL X £t 2; 

— |— » we likewise have have 2 s — 22 =-=+—4— +-»=*-• 
a ' x cl* • x l a ' 7? d 
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a? d 3? cf 

ma^j r z-\~; and therefore 3? — 3z = -^-|~Z8 : which values be- 
ing 1 substituted above, our equation becomes 7 X (z 3 — 3z) — 26 X 
(z»— 2)=0, or 7* 8 — 26s 8 — 21z + 62=0. Where, trying the divi- 
sors of the last term, which are 1, 2, 4, 13, &c. the third is 
found to answer ; z, consequently, being = 4. 

4. Wherein let there be given 2a; 7 — 13aV— 13dV+2a 7 =0. 

Here dividing first by s-f-a, the quotient will be 2x 6 — 2ax* — 
IlaV-^lLA! 3 — llaV — 2dfVf-2a 8 =0 ; which, divided again by 

•V, gives 2x(^3)-2X(J-^)-llX(^+J)+ll====0,that 

is, 2X(^— 3z)— 2X(« f — 2)— llz+Jl=0,or 2z*—22*—17z+15 
=0 ; whence z==3. 

107. A literal equation may be made to correspond with a 
numeral one, by substituting an unit in the room of the given 
quantity (or letter :) and equations that do not seem, at first, to 
belong to the preceding class, may sometimes be reduced to 
such by a proper substitution , that is, by putting the quotient of 
the first term divided by the last, equal to some new unknown 
quantity (or letter) raised to the power expressing the dimension 
of the equation. Thus, if the equation given be 2x* -f- 24s 8 — 

315a*+216a;+162=0 ; by putting ^^ = y\ we kave x = 3y ; 

whence, after substitution, tne given equation becomes 162y* -{- 
648^— 2835y*-f648y-f 16£=0 ; which now answers to the rule, 
and may be reduced down to 2i/ 4 -f-8y 8 — 35y i -\-&y-\-2=0. 

4. Given 7z* — 26a? 4 — 26a:-{-7=0, to find the roots of the equa- 
tion. Ans. The only real roots are 2 = t^/3, 

5. Given 2a: 7 — 13aV— 13a 5 a^+2a 7 =0, to find the roots of the 
equation. Ans. The only reals roots are 

— «, *(f -± J//6), and _-{(2+V14)±V(2+4<\/14)}. 

108. Of Binomial Equations, or suck as are of the form 

a*±a m =0. 

Equations of this kind, which are a peculiar species of recipro- 
cal equations, may be reduced to a more simple form by putting 
z=? ay, and then dividing the result by a m ; in which case we shaU 
have a m y m ±a m =Q, or y m ±l^=0> where the several values of y 
are the roots of — 1, or -f-1 ; and consequently those of x are the 
same roots multiplied by a. 

Whence, as the first of these forms, a?"-}- 1=0, or x m s=s — 1, 
(using x instead of y,) is a reciprocal equation, wanting all the 
intermediate terms, its solution may be obtained from the rules be- 
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fore given for this purpose, by making the coefficients, p, g, r, s x 
each equal to 0, and finding the result accordingly. 

It therefore only remains to determine the several roots of the 
equation af" — 1=0, or a^=l, which, for the first ten orders, may 
be done as follows. 

Case T. When the index of the first term is an even number. 

Rule I. If the equation be of the fourth power, as a: 4 — 1=0, 
where two of the toots are, evidently, -f-1 and — 1, find the two 
value of x in the equation a^-f- 1 = 0, and they will be the other 
two roots of the proposed equation. 

2. If it be of the sixth power, as x* — 1=0, where two of the 
roots are 1 and — 1, as before ; find the two values of x in each 
of the equations z 2 -|-:r-}-l=0, and x* — #-|-l=0, 

and they will be the other four roots of the proposed equation. 

3. If it be of the eigth power, as x 8 — 1=0, where two of the 
roots are also 1 and — 1, find the two values of z in the equation 
z 2 — 21=0, or 2^=21, and let them be denoted by r and r' ; then 
the roots of the 3 quadratics ar*-|-l=0, or* — rz-}-l=0, and x* — r'x 
-J- 1=0, will be the other six roots of the proposed equation. 

4. And if it be of the tenth power, as x 10 — 1=0, where two of 
the roots are 1 and — 1, as they are in all even powers, find the 
four roots of the equation z* — 3z -j-l=0, and let them be denoted 
by r, r' r", r'" ; then the roots of the four quadratics 
jL-ra-|-l=d0, ^—r'a;+l=0,^— r"a:+l=0, & z 2 — r'"a>f 1=0, 
will be the other eight roots of the proposed equation. 

Case II. When the index of the first term is an odd number. 

Rule I. If the equation be of the third power, as x 3 — 1 =0, 
where one of the roots is evidently 1 ; find the two values of x in 
the equation a^-f-^+1 = 0, and they will be the other two roots 
of the proposed equation. 

2. If it be of the fifth power, as x 5 — 1 = 0, where one of its 
roots is 1, as before ; find the two values of z in the equation z*~\-z 
— 1=0, and let them be denoted by r and r' ; then the roots of 
the two quadratics x 2 — r:r-f-l=0, and x* — r'ar-J-ls^, will be the 
other four roots of the proposed equation. 

3. If it be of the seventh power, as x 7 — 1=0, where one of its 
roots is also 1 ; find the three values of z in the equation 2 3 -f-2*— 
2z — 1=0, and let them be denoted by r, r', r" \ then the roots of 
the 3 quadratics, x*— ra;+l=0, a 2 — r'ar-f 1=0, & x*— r"a;+l=0, 
will be the other six roots of the proposed equation. 

4. And if it be of the ninth power, as x 9 — 1=0, where one of 
its roots is likewe 1, as in all the odd powers, find the four va- 
lues of z in the equation z i -\~z z — 3z* — 2z-|-l=0, and let them be 
denoted by r, r' r" r'" \ then the roots of the four quadratics 
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a?— ra:+l=0, a*— r'avfl=0, a*— r"a:-f 1=0, & a*— r"'a:+l=0, 
will be the other eight roots of the proposed equation. 

109 Since two of the values of x, in every case of even 
powers, are -j- 1 and — 1, if the first member of an equation of 
the form x** — 1 = 0, be divided by a£— 1, the quotient will be 

And because one of the values of z y in every case of the odd 
powers, is 1, if the first member of an equation of the form 
a*""** 1 — l=0,be divided by x — 1, the quotient will be 

both of which are reciprocal equations, having all the coefficients 
of their several terms = 1 ; and, consequently, each of them may 
be resolved by the method employed in the last article}* without 
recurring to any separate considerations. 

1. Required to find the four roots of the equations a£*— 1= 0, 
Here, the index of x being an even number, two of the roots 

are +1 and — 1. by Case I^we have a;*-{-l=0, or x ==;£>>/ — 1 ; 
whence the four roots are 1, — 1, 4~a/ — 1, and — a/— «JL 

2. It is required to find the three roots of the equation xt\ %y 0. 
Here„ the index of x being an odd number, one of the uoofc is i. 
And* by Case II, we shall have x*-\-x-\-V=to> or x*-\-x=* — T.. 

Whence, by quadratics, a; = — |zfc \/(i— *1) — •— - |d~i\/ — & 
,\ 1, — i~j-J\/ ; — 3, and —J — J\Z—-3, are the roots sought. 

And if it be required to find the three roots of the equation 
a* 8 -)- 1=0, we shall have* in this case, one of the roots = — 1, 
And, by dividing x*-\-\ by ar-f-1, there will arise a?- — x-\- l==0,or- 

x*— a=>— 1 eonsequ©ntly^=J±V(J— 1)=" JifcrlV 1 -^ 
that is — 1, J4- J a/ — 3, and J — \h/— 3> are the roots sought.. 

3. It is required to find the five roots of the equation X s — 1=0:, 
Here 5 being an odd power, 1 root of the given equation is == X 

Therefore, by the rule, Case II, z*-\-z — 1=0, or z * ] z 1 ; 

z= I | V(i+l)=-H-WS=r, and z=—±—i*/5=*r\ 
Whence, also, x* — rx-\-\=&, or x 2 — ( — J+£/v/<5)2= — 1. And* 
a^J(-l-f V5)zbA/{iV(-l+V5f-l |=J(-1+V5> 
±W(— 10— 2V5=i(-l+V5)±i(V10+2V5)V— U 
In like manner, a? — r'x-\-l=0, or, x i -]~(&-\ri/s/5)zz=a-—l > 

where x=- JKl+V^iViiVll+AX^) 2 — 1 £==--* (1+a/G)* 
J(^/10 — 2^/5)^/ — 1. Therefore the five roots are 

1, H— l+V5)dbJ(>v/10+WW— h and 

— i(i+V5)±*Wio— W&W— l. 

1. It is required to find the four roots of the equaton a: 4 -f-l=0. 
See Index. Ans. x = £ A/2±i a/— % and — $a/Z±:±a/—2. 

2. It is required to find the five roots of the equation a^-f-l=0. 

Ana. —1, J(l+V5)±i(V10— V^IV- 1, 

14* 21 
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and l(l-V5)±i(VWH-V?)V-l- 

3. It is required to find the six roots of the equation x* — *A=0. 

Ans. d, — a, a( — J±£^ — 3), and a(£±i\/ — 3). 

4. It is required to find the eight roots of the equation ar — 1=0. 

Ans. 1, — 1, V— h — 1, (W^zfcW— 2)> (— W2±W— «)'. 

5. Find the roots of the equations x 10 — a 10 =0, and a"— 1=0. 

O/" Equations that have equal Roots. 

110. Besides the classes of equations before treated of, there 
are others of a different kind, that are equally susceptible of be- 
ing reduced to those of lower dimensions ; the most useful of 
which are such as have two or mose equal roots, with the same 
or contrary signs ; in which case the method of resolving them, 
as far as the 4th order, inclusively, are as follows :* 

Rule I. If a quadratic equation of the general form a^fcaaj-f- 
fc=0, has two equal roots, with the same sign, they will be each 
= — I a, or -\-£a, according as the coefficient of the second term is 
positive or negative. And if the equal roots have contrary signs, 
the equation must be of the form z* — #=0, in which case as=x± 
^/b\ or =-\-b, and — b. 

2. If a cubic equation of the general form, a?-{-aa?-{-bz-\-c=Q, 

has two equal roots, with the same sign, each of them will be a 

root of the equation 3x 9 -\-2az-}-b=0, and the remaining root will 

be = — a — twice one of the equal roots. And if the equal roots 

have contrary signs, we shall have in that case, ab = c; and the 

c c 
roots sought will be */ 1 and — */ , and the remaining 



root will be =0. 

3. If a biquadratic equation of the form 

X 1—38 210 538^89 ' \ ^ as two e( l ua ^ roots > with the same 
sign, each of them will be a root of the equation 

(3a*^)z*+2{ab-6c)z+ac-16d = 0; x* -^^z=?^ 

, 22416 25058 . 1868 2089 _ - „ 

^"W^W^-W^^ By Case II, 
1868 . 934 2089 872356 1334025 1 934 

221 X "T" ( 221 } ~ ( 221 + 48841 ^ 48841 ' * 221~ 

* Other methods of resolving equations that have equal roots, 
have been given by Maclaurin, and several of the best foreign 
writers on Algebra, which, though not so simple as those here 
laid down, are more commodious for equations of the higher or* 
ders, which, if treated in the manner employed in the text, woult* 
become very tedious. 
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, 1334025 1155 _ 1155 934 221 

v 48841 — 221 J 0TX — ^W'haai - "22T ,0r— *' "^ 

the other two roots will be found from the equation 

^-|_( tt _|-2r)a:+3+2ar+3r 2 =9, or x 9 — 40as=— 289, 
r being one of the equal roots before obtained. 

And if the equal roots have contrary signs, we shall have 

a(bc — ad)= c 2 , and x=±a/ as before ; the other two roots 

o> 

being found from the equation x*-\-ax-f-6-\-r* = Q. 

4. Also, if the general biquadratic equation x A -f- ax 3 -\-bx*-\-cz 
-]-<£= 0, has three equal roots, with the same sign, each of them 
will be a root of the equation 6:*r*-|-3tfzs== — b. And if two of the 
three equal roots have contrary signs, we shall have 

albc — ad)x=c*, and x — ±a/ , as in the last case.* 

• a 

1. Supposing that two of. the roots of the equation 
z*-\-z*-t-33-{-63 = 0y are equal to each other, and have the 
same sign, it is required to determine them. 

Here a being ==1, b= — 33, and c = 63, we shall have, by the 
rule above laid down, 3x*-{-2az-\-b=3x*-]-2x — 33 = ; or x* — 
$x=U; whence x=— \±aSU+11)=— idbV^F=— Jdb-tf^ 
3, or = — J — J #- = — -V** the former of which values (3) being 
substituted for x, in the original equation, is found to succeed. 

Whence two of the three roots are each = 3 ; and the remain- 
ing root 7. 

2. Supposing that two of the roots of the equation 
x 4 -]-^— J^+sV^+l == 0, are equal to each other, and have the 
same sign; it is required to determine them. 

* The mode of solution here given might have been easily ex- 
tended to equations of the 5th, 6th, &c. power ; but in those above 
the 4th degree, the expressions for the equal roots, when they 
have the same sign, are too complicated to be of any practical 

use. 

Rules might have been also introduced for determining, a priori, 
by meams of the relations of the coefficients alone, whether or not 
any given equation has equal roots ; but, except in the case where 
they have contrary signs, this may in general be more readily 
done, by finding the root of the quadratic equation to which it is 
reducible, and then seeing whether the root, thus obtained, be a 
root of the original equation or not. 

In all cases of this kind, however, it may be of use to know, 
that an equation cannot have equal roots when the last term, and 
the coefficient of the last but one, are prime to each other ; but 
the reverse of this is not always true. 
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Here a being =4, fc=s — $, c=A, and <£=$, we shall have, by 
the rule, (3o 8 --«)^+2(a^— 6c)a:4-ac— 16^==V^— 1|»— 14==0. 
Or, by transposition and simplifying the terms, a? — j^fz&S}^^; 
the two root* of which equation are § and =^f|. 

And by trial, the first of these, §, will be found to be a root of 
the original equation. Whence thetwo roots required are each =$. 

And, since r = §, we shall have, by the rule, 

a*+(a+2r)z+b+2ar+3r*=2*+ (J+ |)*— J-J-j-J* =0, or 

g 8 | y,r i I ; the roots of which latter equation are — |, — f. 
Hence the four roots of the given equation are £, §, — J, and — f. 

3. It is required to determine whether the equation a^-f-llz 3 -^ 
19a? — 99s — 252=0, has equal roots, and if so, what they are. 

Here, since a=ll, 3=19, c i 99, and d= — 259, 
we shall have, by the rule a(bc—ad)=ll(— 19x994-11x252)= 
U(— 1881+2772)= 9801=99*=c*; whence the equation has 
two equal roots, with contrary signs ; and, consequently, 

z=± A /— = db Vff = ± V9 = 3, and — 3, which two 

roots will be found to answer the conditions of the question. 
Also, since r=:±& we shall have, by the rule, aA-f- o&\- *-f-**-fc- 
= a* -f lire + 28 St* 0, or z* -f 11a: = — 28; the roots of 
equations are —4 and — 7 W ;hence the four roots of the given 
equation are 3, — 3, —4, and — 7. 

1. Supposing that two roots of the equation x 3 — 48a: — 128=0, 
are equal, and have the same signs ; it is required to determine 
them. Ans. — 4, — 4, and 8. 

11 . A cubic equation of the general form x*-\-px*-\-qx \ r 0, 
has two equal roots with the same signs. Let its 3 roots be de- 
noted by a, b, c; then we shall have the two following equations; 

| o^fV4-?^=0 1 — { l 3 +pb 2 +qb+r=Q \ =a 8 — b>+ p(a 2 — b* ) 

-\-q(a — b)=0 ; and when divided by a — b, will give c?-\-ab -|- 1? 
-j-p(a-j-£)-f-<7==(). If we now take b = 0, the reduced equationin 
this case will be 3a 8 -{- 2pa -%-q =0, or =3a^-j-2pa:-(-?==0, where 
one of the values of x, taken twice with the same sign, will give 
the two equal roots of the proposed equation. 

2. Given the equation x*-\-5$x* — fcz — J£=0, to find whether 
it has equal roots, and if so, what they are. Ans. J, — J, & — 5J. 

3. Supposing the equation x*-\-3cf — 14a? — 12a;-}-40=0, to have 
three equal roots, two of which have the same sign ; it is required 
to determine them. Ans. 2, 2, — 2, and — 5. 

4. Supposing the equation x 4 — i&V* 2 — Fuu#-taS«=0» to have 
two equal roots, with thesame sign ; it is required to determine 
all its four roots. Ans. — J, -— £, «J, and -fa. 
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Of Exponential Equations. 

Ill An exponential quantity is that which is raised to some 
unknown power, or which has a variable quantity for its in- 
dex, as «*, a* 9 x*, or a*, &c. See Logarithms. 

And an exponential equation is that which is formed between 
any expression of this kind and some other quantity whose value 
is known ; as a*=^, x*=a, &c. ; where it is to be observed, that 
the first of these equations a*=b> when converted into logarithms, 

is the same as x log. o=log. b ; or x . ; and the second 

log. a 



z*=a, when so converted, is the same as x log. z=log. a ; in the 
last of which cases the approximate value of x may be deter- 
mined as follows : 

Rule. Find, by trial, two numbers nearly equal to the value 
of x y and substitute them in the given equation, x log. x = log. a, 
instead of the unknown quantity, noting the results obtained from 
each, as in the rule of Double Position, before laid down, in art. 31. 

Then, by means of a certain number of successive operations, 
performed in the same manner as is there described, the value of 
x may be found to any degree of accuracy required. 

1. Given :r*=100, to find an approximate value of x. 
Here, by the above formula, we have x log. x = log. 100 = 2, 

And since x is easily found, by a few trials, to be nearly in the 
middle between 3 and 4, but rather nearer the latter than the for- 
mer, let 3.5 and 3.6 be taken for the two assumed numbers. 
Then log. 3.5=. 5440680; which, being multiplied by 3.5, gives 
1.904238=: first result; And log. 3.6 = .5563025; which 
being multiplied by 3.6, gives 2.002689 for the second result. 
Whence 2.002689. .. .3.6. .. .2.002689 
1.904238.... 3. 5.... 2. 

.098451 : .1 :: .002689 : .00273 
for the first correction ; which, taken from 3.6, leaves x = 

3.59727, nearly. And as this value is found, on trial, to be rath- 
er too small, let 3.59727 and 3.59728 be taken as the two as- 
sumed numbers. Then log. 3.59727 = .5559731; which, being 
multiplied by 3.59727, gives 1.9999854 = first result. 

And log. 3.59728 = .5559743; which, being multiplied by 

3.59728, gives 1.9999953 = second result ; whence 
1.9999953. .. .3.59728 2 

1 . 9999854 3. 59727 .... 1 . 9999053 

.0000099 : .00001 :: .0000047: .00000474747 
for the second correction ; which, added to 3.59728, gives x = 
3.59728474747, extremely near the truth. 
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And in the same way may the value of the unknown quantity 
be determined, in any other equation of this kind. 

1. Given 0^=5000, to find an approximate value of x. 

Here x log. x= log. 2000 = 3.301030, and x is found, by a 
few trials, to be rather less than 5 ; let therefore 4.8 and 4.9 be 
taken for the assumed numbers ; then log. 4.8=0.681241, which, 
being multiplied by 4.8, gives 3.269956 = the first result ; and 
log. 4.9 = 0.690196, which being multiplied by 4.9, gives 
3.381960 = the second result. Whence 
3.381960 . . 4.9 . . 3.381960 
3.269956 - .. 4.8 > . 3.301030 

.112004 : .1 :: .080930 : 00722 for the first correction, 
which, being taken from 4.9, leaves 4.8278, the answer nearly. 

2. Given (6a;) y =96, to find the approximate value of x. 

Here x log. 6x = log. 96, and x is easily found, by a few 
trials* to be rather less than 2 ; let therefore 1.8 and 1.9 be taken 
for the two assumed numbers ; then log. 6a:(=10.8) = 1.033424, 
which, multiplied by 1.8, gives 1.860363 = the first result ,- and 
log. 6x( = 11.4) = 1.056905, which, multiplied by 1.9, givea 
'2.008119 = the second result. Whence 
2.008119 . . . 1.9 . . . 2.008119 
1.860363 . . . 1,8 . . . 1.982271 

447756 :. .1 :. .025848 : .0174 for the first cor- 
rection* which, taken from 1.9, leaves 1.8826 for the answer, 

3. Given z* =123456789, to find the approximate value-of x. 
Hera, after a few trials, or from inspection m a table of powers 

we find x is between 8 and 9, but nearer the latter than the form- 
er. Assume therefore x=S.6 and as=8.7. 

Then log • 123456789 = 8.0915149 
Log.8.6=0.9344935 L.8.7=0.9395I93 8.17381 8.7 8.09-151 
Muluby 8^6 87 803664 £6 803664 

56069610 65766351 -13717 : 0.1 :: -05487 

7-4759480 7-5161544 : -04 

803664410 Res 817381791 Whence 

x = 9-6 -|- -04 = 8-640 nearly; And repeating the operation 

by assuming x equal to 8*64 and 8-641; x is found = 8-6400268 

4. Given a; x — x=z(2x — x*)*, to find the approximate value of*. 
Ans. x =1.47933. , , m _, 

5. Given a rax+n =3 nx+m , to find x. Ans. x—,° g ' m f* m -. 

6. Given a" m ) lo £* ^ — io £' ° 

^«4- T Y to find the values of x and y. See Index. 

7. Given 2*=48> (f) x =4, and 2^=100, to find x. 

Ans. x = 3.26, z cm 3.8 and z a 3.5972. 
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Here * is found, by a few trials, to be nearly equal to 1.7 ; let 
therefore 1.7 and 1.8 be taken fer the assumed numbers : 



1st Supposition. 

By logs. a*= 2.46471 

a*— <e= 0.76471 

2x — a*= .93529 

log. (a*— a:)=— 1.883496 

-log. (2a;— a*)=— 1.982909 



* 



2d Supposition. 

a* = 2.88072 

a*— <c = L08072 

5a: — **= .71929 

log. (a?— <c>= 0.033713 

-log. (2a:— a^)=— L864943 



0.033713 u —1.982909 

—1.864943 resmts —1.883496 



.168770 .098413 

Therefore .168770 : .1:;.098413 1 .058. Whence 1.8 — .058 

esel.742, the value fo a:, nearly; and, assuming 1.74 and 1.75 for 

die numbers, and repeating the operation, we get 2=1.74793. 

1 

5. Given a x -\ — -=£, to find the value of x. 

.-. x -log. «=log. b± */^— 4) = log. {A dh ^ /( ^_ 4) _4 g. 2; 

log. {t>zkA/(P— 4)— log. 2 

log. a 

6. Given a m *-f-a mx - , =£, to find the value of x. 

(r+a"*- 1 ^ ; or a** + — =£ ; .•. a"" — , , * 
1 3 a-f-1 

Take the log. and mx. log. a =s log. (a£) — log. (a+1) 

log.(^)— log.(l+l) 



a: 



wrlog. a 



112. In considering the nature of an exponential of the form a , 
it must be observed that it means a to the power of b x , and not a* 
to the power of x, which would be a ta . 

7„ Given a^=a, to find the value of x. 

Find by trial a number, n, as near to the true value of x as 

can be done. Let n-\-y=x, then by taking the log. of the given 

equation, 

y 
in+yyiog.(n+y)— log. a; i.e. (rc-fy)-log. »-(l-j-^.)— fog. a, 

Or (*fy)-log. w+(»+y)M j | —J^-ffcc. J =log. a; 

Then by multiplying (w-f-y) into the series, and rejecting all 
the terms into which y 9 , y 8 , &c. enter, we obtain (n+y)'log. n-j- 
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My=log. «. Whence y= -^ -r~-; and .*. x=n-£y=s 

log. 



i 



n*log. n log. fl+Mw , . , ^ , 

, ° — " Vrr » which affords a near approxi- 

log. n+M log. n-j-M 



mate value of x. If extreme accuracy be required, we must use 
this ralue of x in the place of n, and repeat the operation. 

Of the method of Indeterminate -Coefficients. 

113. This is a species of investigation which is frequently 
used for obtaining the development of certain fractional and other 
expressions, without having recourse to the operations of division, 
or the extraction of roots ; the method of performing which is as 
follows :* 

Rule. Assume a series, or other expression, with unknown 
coefficients, for that which is required to be found ; then, having 
multiplied it by the denominator of the given fraction, or raised it 
to its proper power, find the value of each of these coefficients, by 
equating the homologous terms of the two expressions, or putting 
such of them as have no corresponding terms, equal to 0, as the 

case may require. Find the development of ^-y — , according 
to the above method^ _±_^ +Bx+c ^ +E3 , +Scc , 

Then, multiplying the right hand side of the equation by b -J- 
cz, and transposing a, we shall have 

0=Ab 4- Bb\z 4- Cbh* + Db\z* + Eb\x A + Fb l^+fcc. 
4- Ac] + Be\ + Cc\ + Dc| + E * 



And by putting the first term, and the coefficients of the seve- 
ral powers of x =: 0, there will arise the following equations : 



Ab—a = 
Bb + Ac =0 
Cb+Bc=0 
Bb + Cc =0, &c. 



E* -f Dc =0, ) 
Fb -f Ec =0, J 



or 




£=-4a 



&C. 



E-fft 






Hence — t—. =-= — Ax — —Bx*- 

b-f-cx b b b 



-Cx* — -^Dx*— &c. 



* The method here described of assuming certain expressions, 
with indeterminate coefficients, in the investigation of analytical 
problems, and then determining their values by means of their re- 
lations to other quantities that are known, appears to have been 
first employed by Descartes, who obtained by this means the rule 
for revoking biquadratic equations, which still goes by his name. 



atPBTsaxnuTE cosFFicnxtt. 



wiiere it is obvious, that each coefficient, after the second it equal 

to the one that immediately precedes it, multiplied, by — -r 

which law renders it unnecessary to take a greater number of 
equations, or to push the calculation farther. r . . % 

j d-4-ex [above methofc 

J 2. Required the development of / ■ I TT r y» according to tip 

Assume ^^^ =* + Bx% Cz<+ DJ+EJ + kc. 

Then multiplying the right hand side of the equation by a«4» 
V&\«c'x*, and transposing a-\-bx, we shall have 



0=Aa'4-Ba' 
— d-\-Ab* 



x-\-Ca 



--AS 



x*+Da' 
4-C&' 

+BC 



4-Db 

+€c 



X 4 -|- &c. 
And, by putting the 



first term, and the coefficients of the several powers s= 0, there 



will arise 



Aa' — d^§ 
Ba' + Ab' —e ?=0 
Ca' -f Bb' +Ac' = 

D(t -f Cb' -f ^C' are 0, 



or 



&c. 



/ > 



**-* 



a a 



b' 



a 



:B fc 



Lastly 
Whence 



Ea + Db -\- Cc — 0; 



d^-ex a 'd 

a'+Vx+cx* ~a' ~ ( V 



a a 



a 



(— C-f— 7)^ — &c., where each coefficient, beginning with the third, 



a 



may be readily deduced from the two that precede it. 

So that if if P, Q, R, be any three consecutive coefficient, we 

shall have ito'+Q£'+Pc'=0; or R=— ^Q-ilp. 



a - a 

3. Given (i 2 -|-p) 2 _(^a:-f-r)^2: 4 +fl2 8 -(-^a:-|-c, to find the inde- 
finite coefficients p, . q, and r. 

Here, by squaring the terms on the left hand side of the equa- 
tion, and collecting those that are alike, we have 

** + (2p — ?V — Zqrx + p 2 — r 2 = x K + «s» 4- to; + c. 

And consequently, by equating the homologous terms, 



2p — f =a 
— 2qr=szb 



or 



2p — a = 0* 
— bs=z2gr 



where it 
is plain, that the product of the first and third of these is equal to 

\ of the square of the second ; or, 2p 8 — ap* — 2cp -{- ac = JJ*. 



15 



22 



ItO INDETERMINATE COEFFICIENT*. 

Whence the value of p may be found by a cubic equation, and 
then q and r from the former equations. 

We shall further observe, that every algebraic function, contain* 
ing one unknown quantity, or that quantity and its powers, may 
be assumed of the following form : A^^A x x^A^^A^-\-A^^- 
&c., of which the terms involve only the whole positive powers of 
the unknown quantity z, and certain coefficients Ao, A l9 A* Jkc 
which are wholly independent of the value of that quantity. 

114. This may be exemplified by considering the expansions of 
such functions as usually occur ; where the particular series that 
is to be adopted, in each case, may be determined, by putting :c=0 
and observing the nature of the result. 

1. Thus, if the function to be developed is to become = to some 
particular quantity for a; = 0, the first term of the series must be 
taken singly, or without an x ; and if it is to become equal to zero, 
for 2=s=0, the first term must contain x. 

2. AUo, if any term be either omitted or introduced into the series 
that does not belong, to it, the comparisons of the homologous 
terms will always show the impropriety of it, by their leading to 
absurd equations. Thus taking, for instance, as a partial exam- 
ple of the first of these cases L_, = Ar\-A l x-\-A*£-\-Atf?-\-tez. < , 

is plain, that when &=0, we shall have |=A , jot A©=1 ; which 
is therefore the first term of the series. 
3. In like manner, if we take the expansion of a fraction of the 

following kind, , i i AjX-^-A&P-^-AtfP-^-A&^&c. it is equally 

evident that the first term of the series must contain x 9 for x=4S ; 
for, if it were A , f would be equal to some determinate quantity, 
which is impossible. 
4. Also, if there be taken, as an example of the last of the above 

cases, -z c=sA<r{-AiX ••••-]- A^-l-A^ 4 -}- &c, where the term 

AjZ* of the series is omitted, it will be found, by multiplying the 
right hand member of the identity by 1 — x, ana equating the ho- 
mologous coefficients, that Ao = I, and A t = 1, as also A x = ; 
which is absurd. 

5. Again, let there be taken, as an additional example, the well 



x m — v m 



known formula =af l " 1 -f-A a a^ 8 + Arf*-* -f- . . . . -|- 4 

where, supposing m to be a whole positive number, it is evident 
that the series is rightly assumed ; because, for x= 0, the devel- 
opment is reduced to t?™" 1 , and for t?=K) it is reduced to z m "\ as 



INDETERMINATE COEFFICIENTS. 



171 



it ought.* Hence, multiplying the right hand member by x 
we shall have 



v 



V 



x"*~*. ...+0 1 



— A a v I — A 9 v | ... . — v 
6. And, consequently, by putting the coefficients of the several 
terms of the product, except the first and last, equal to 0, there 
will arise the following relations : 



Ag — 

Ay— A s r=0 
A< — A 8 tf=0 
A s — A4#=0, &c. 



or 



A*=n 

A s 

A 4 

Afi=l? 4 



&c. 



From- which it is evident, that the proposed formula, when ex- 
panded, will become 

x** — v m 

=^ l +vx^+v k x m -*+tfx w ~ A + -ft,— 1 

115. In like manner, supposing, when m is a whole number, 
the following polynomial, or series, 

a; ra +Aa^ ! +Ba^ 2 +Ca^-f +Ta:-f-V,. 

to be exactly divisible by x — a t we shall have, by assuming a cer- 
tain, series, XT' 1 -J- A'a^ 13 -f- B V"- 3 -jy &c. for the quotient: 

oT +Aa^4-Ba^+Ca^-f-. . . .+T*+V= 

(x— a) (x^ 1 + A V 1 -* -f B'aT- 9 ^- .... +S'a;-f T)v 

where A, B, C, &c. are supposed to be known coefficients, and 
A', B', C, &c. other coefficients that are to determined^ 

Then, by actually performing the multiplication indicated by the 
second member of the identity, there will arise, 

a^+Aa^-'-f Ba^-fC^-f-. -. .Tar+V 



af+A' a: 1 "- 1 -]- B' 



ar m - 3 + S' 



a*+ T' 



a;— aT' 
both series 



a^- 3 + C 
— aA' — «B' 
In which case, as the corresponding powers of x in 
has a term , that for the development of the quotient appears to 
have been rightly assumed. Wherefore, bringing all the terms 
to the left hand side of the equation, we shall have 

* In the case where the index, in the above expression, is a 
fractional number, which requires a different investigation, the 
same formula may be exhibited under the form 

~™>(i)M-:) ? +© ? + ■•+(;) 

being, in this state, a similar theorem to that given by Landen, in 
his Residual Analysis, from which he attempted to derive the Doc- 
trine of Fluxions, now the method of the Calculis. 



(m— l)m 



1TO 
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A 

—A, 



*— 1 + B 
- B, 
-faA' 



x~*+ C 
— C 



a ^- , +..+ R **+ T 
_ R> _ T' 
-faT' +aS' 
And, consequently, by equating the coefficients of the several 
powers of x with 0, there will arise the following relations ; 



A— A, 

B— Brf-aA'srrO 
C— C'--aB'=0 
D— D'--ffC'=0, &c. 



or 



A'=a+A 
B'=±a»--aA+ B 
C'=a 8 +a 9 A--ffB-f- C 
D'r^+^A+^B+aC+D, &c. 

where the law by which they may be continued being sufficient- 
ly evident, we shall have, for the quotient, 



6 = a*- 1 -f a 
+ A 



a^-f-o 8 
-- a A 
-- B 



,m— 8 



-fa 8 



2f*-* -f 




-fa 8 A 

■faB 

4- c 

And as the process here followed is the same in effect as that 
which would have taken place from a direct comparison of the 
corresponding terms of the two members of the identity, it follows, 
that, when two polynomials are identical, the coefficients of the 
respective powers of the unknown quantity, in each of them, will 
be equal. 

So that, from these instances, and others of a like kind, that 

might be given, the form of the series for any expanded algebraic 

function, and the values of the assumed coefficients may always 

be determined. a 

4. Find the expansion of the expression -? . Assume 

^cx 

— - — =A4-Bs+C^+D^+Ea: 4 -f <£c. By freeing this equation 

of fractions a= Ab+Bb x+Cb x*+Db x*+Eb\x 4 -f 

—Dc\ + 



=Ab+Bb 
— Ac 



x+Cb 
—Be 



x*+Db 
— Cc 



&c. 
&c. 



By transposition, Ab-\-Bb x-\-Cb x*+T)b x*-{-Eb\x A -f &c. 



-Ac —Be 

Therefore Ab — a =0 ; 

Bb— Ac=0 ; 



Cb— Bc=0 ; 



_Cc —Del 
Ab= a, 

Bb=Ac, 

Cfc=Bc, 



-f Sec.) 

&C. ) 



A= 



a 



w 

b* 

Ac 
b 



ac 
a<? 



Therefore 



J)b— Cc=0; 
a 

b — ex b 



a . acx 



,yj — b b" 

Dfc=Cc • D=J^=— • 

a&x* , a&x*. \ h 
— r 4-_-&c.Ans. 



& Find the expansion of the expression >\/(a— %r). 
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Assume V(«— *)=A+B2+Ca*+D^+Es l +&c. 
Clearing the equation of surds by squaring, 

s=A. 8 +2ABar-|-(B 8 +2AC)^-f(2AD+2BC)^+&c. 
By transposition, (A 2 — a) + (2AB -f- l)z+ (2AC + BV + 
(2AD+2BC)rH-&c.==0. Therefore A 2 — a=0, i 

.-. A=J; 2AB-4- 1=0, .\ 2AB=— 1, .\ B= *=— %- 

2A 2a* 



2AC-fB*=0, .-.2AC=—B 2 , .-. C = _^ = 



\ 



2A 8a 8 



2AD+2BC=0, .\ AD=— BC, .-. D= 



BC 



a 



i 



A~ 16a 5 ' 

1 x a* £ 

Whence fi/(a—x)=a? \ 1— - ^ ~lfo?* *°^ Ans * 

6. Required the development of ^/(a 2 -}-^*) by this method. 
Assume ^(a 2 -f-2^)==A-(-Ba:--[-Cj?-|-Dy 8 -f-&c. ; then* by squar- 
ing each side, and transposing, we have 

( A 2 — a 2 =0, therefore A=e* 



Whence j 2 AC—1 _£ ; [ [ ] * ] ] # - ^=1. 

I 2AD+2BC=0, &c D=0, &c. 

X* X* 

Therefore V(fl?+* , )=a+^ — g^"H^ 

7. Required the development of . - • by the same me- 
thod. Here, since the first term of the series m«st contain x 9 

x 

Assume r— - t : — :=Ar+Bjc 2 4-Ca^4-Da; < -Wcc.then we have 

l + x-4-a?* 

■4-A) 4-B 



-1I4b!< 



.B>2?--C }x* 
C \ ~ D 




s'-j-fce. = ; 



A — 1 =0, therefore A= 1 

A4-B =0 B=-l 

Whence 4 A— B+C = 0, C= 

B+C+D=0, D= 1 

C-fD+E = 0, E=— 1; 

Therefore . . X . . = z—x*4-x i — z»-f a 7 — &c. 
15* 
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1. It is requited to convert 



method. 



- into a series by the above 

A A_ , ax , a*x* . a*z* . a*x* 



H s- ■hr+* fc 



*• ' »« 



14-2* 

2. It is required to convert ■= — 



into a series by the 

ibove method. Ans. a+3x+&+7x>+llx 4 +\Qx*+29x<+ta. 

1 — x 
3. It is required to convert 4| ^3 into a series by the 

same method. Ans. l+a:+5^+13a; 8 +41ar 4 +121^+365^+&c. 
Assume f3^^= A +B^+ c ^— ^^— E^+F^+G^+.&c, 
This, cleared of fractions, and by transposition, we have 



A+ B 
— 1— 2A 

,+1 



13 

-3.5 =26+15 =41 



a+ C|a*+ D|aP+ E x*+ F 2*+ G s*+&c. 
— 2B — 2C —2D — 2E — 2F — &c. 
§ _ f _3A — 3B — 3C —3D — 3E 
therefore A— 1=0 ; .-. A=l. 
B— 2A+1=0 B=2A— 1=2— 1=1; 
C— 2B— 3A=0; .-. C=2B+3A=2.£+3=5 
D— 2C— 3B=0 ; .-. D=2C+3B=2.5 +3.1 
E— 2D— 3C=0 ; .-. E=2D+ 3C=2.13 

F— 2E— 3D=0; .-. F=2E=3D=2.41 +3.13=82+39=121 
G— 2F— 3E=0 ;.\G=2F=3E=2. 121+3.41=242+ 123=365 

l_2^l33J =1 +*+ 5 ^ Ans - 

4. It is required to convert \/(l — x) into a series by the same 

, . A , x x* 3x* 3.5x* 3.5.7s 5 

method. Ans. 1— _ _^-_ --—^-fcc. 

5. It is required to find, according to the above method, the sev- 
eral roots or values of a;, in the equation x A — 6z 8 +133* — 12x=a, 
ky means of a quadratic equation. 

Ans, a;=}±Vii±A/(fl+)!- 
Put x=y-\-z ; then by substitution and ordering the equation, 
the terms I have y 4 +y 8 (4z— 6)+^(62*— 18z+13)+y(4r-^6)X 
(2*_3 z +2)+z 4 _ 6z*+132*— 12z=a. ( 1 .) Let 4z — 6 = ; or 
z = %; then the odd powers of y disappear from the (1), 
and it becomes, by substitution for z, its value in the other terms, 
ff — kit — H=l> or V* — ly^a+ft- Hence, by completing the 
square, I have y 4 — £^+-^=0+4 .-. ^=i±A/( a -H)» or ?=: 
Vli±V(«+4)| ; hence z=y+2t=J±/v/{J±V(«+4). 

1 — x 1 1+a: 



6. Convert 



or 



or 



l—Zx—W " 1— 2x+x*' v 1— 2x+z*' 



or 
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«5 



3— s— 6a* 



and 



1 



l+5ar 



l_2;r— 2*+2a* "~ 1—2^+2*' w 1— ar— 6a* ,vt 1+2? w 
1 l+^+g^* 1 +62+2 1 

( t+^ or n^Fs?- and (l-z)" each rf *• fore « oia « 

expressions by the method of indeterminate coefficients* 
Answers : ~l+2s+82*+28a^f 1002 4 +356a^ fc., or 
l+2a+32*+^+^ 4 +13a^ffc., or l+ar^2*f 7s»+Ajc. «r 
3+5a+72*+132*+23a: 4 +&,c., or 1-f 2^+(4a 9 — l)^+(8a»-4«) 
j^+fcc., or 1 + 6a: + 122*+48a*+ 120a*+ &c., or | 
2_4a+82*— 16ar+32a: 4 &c., or l+2»+3a^H^4^H^+*c- 
or 1 +3a;+7^+13z 8 +25a: 4 +51ar 5 +103^+&c., 
or 1 -J- 8a: + 27a^f 64a^f 1252 4 +216ar+343a* 

8 Assume j— ^^^tsA+Bar+C^+D^+Ea^+F^ 
This, cleared of fractions, and by transposition, we have 



s+ Clx*+ D 
x— 3BI* 9 — 3C 1 
— 2A|a*— 2B 



A + B 

+ 1 
— 1 

A— 1=0 

B— 3A+1=0, 

C— 3B— 2A=0 

1>-3C— 2B=0 

E— 3D— 2C=0 

F— 3E— 2D==0 

G— 3F— 2E=0 



2*+ E 

2*-3D 
a*— 2C 



a: 4 + F 
a: 4 — 3E 
a; 4 — 2D 



2*+ G 

a*_3F 



and A = 1 

. B = 3A — 1 = 2,. 

.. C =3B+2A =8 

•. D =3C+2B = 28 

•. E =3D+2C= 100 

\ F =3E+2D = 356 

•. G =3F+2E — 1268 



s 6 + H 
of— 3G 



ar 5 — 2E a*- 2F a: ? — 



a:' 
la 7 




1—71 =l+2a:+?a?+282^+100a: 4 +356^+1268a^Ans 

a =A+Ba:+Car+D2*+&c. ; 



1— 3a:— 2* 
9 Assume 



a'+b'x 
Then multiplying each side by a' + b'z, and transposing, we 



have 



Aa' 



14w} aP +cJ : H+ to - a -«- 



Whence 



Aa' — a=0, therefore A= -7 

a 



Ba'+ A&'=0 
Ca'+ B&'=0 
Da'+ C*'=0 



B= 



*'A 



a 



a 
V 



7B 



jCiocc. 
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Of the Binomial Theorem. 

116. The Binomial Theorem is a general algebraical expres- 
sion, or formula, by which any power, or root of a given quantity, 
consisting of two terms, is expanded into a series ; the form of 
which, as it was first proposed by Newton, being as follows : 

ice. where P is the first term- of the binomial, Q the second term 

m 
divided by the first, — the index of the power or root, and A, B, C, 

n 

&c. the terms immediately preceding those in which they are 

first found, including their signs -f- or — . 

Which theorem may be applied to any particular case, by sub* 
stitutingthe numbers or letters in the given example, for P, Q, m 
and a, in either of the above formulae, and then finding the result 
according to the rule. 

When the index of the binomial is a whole number, the series 
will terminate, as observed under the article Involution before 
treated on ; but when it is a negative or fractional number, as in 
the following examples, the series will proceed on ad. infinitum, 
and will become more convergent the less the second term of the 
binomial is with respect to the first.* 

* This celebrated theorem, which is of the most extensive use 
in Algebra, and various other branches of analysis, may be other- 
wise expressed as follows : 

(2) or (ar\-x) » = 
"rij-" 1 / x x i mm-\-n / x N , , m m-\-n m-j-2n x , 

m 

(3) or (a-\-x)»= 
.* »— r- WA — *\ i mm-\-n e a — x^ m m-\ r n m-\-2n a — x, . 

And if the reciprocals of the same expressions be required, they 
will be 

1 1 f1 m x .m m-\-n x % m m-\-n m-\-2n x ^ 

(4)- «— ^{1- -(-) + W --^T^)— n--2n~-3n~(a r 

(a-f-x)* a* 
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1. If is required to convert (c?-\-x) into an infinite series. 
Here ¥*=*£, Q=-3, — =—, or m=\. and ?i=2; whence 

» ^2 * 1 * a«"~2a ' 

. * .. * 
X«-X-s== 




2» ^ 4 ~2a~a* 2.4a" 



3» * 6^* SA? x rf SAW ' 
w— 3n 1— 6 3s» a: 3.&e« 



4» ^ 8 ~ 2.4.60 s ~ a* 2.4.6.8a 7 

^W ^ x 3.5.^ « 3.5.7s» # 

5» ^ 10 * 2.4.6.8a 7 * a 8 2.4.6.8.10a — r ' ' - 
., i_ . x x* 3s» 3.5a; 4 3.5.7a* 

(«"+*) —a^^ 2.4a 8 ' 2.4.6a 6 2.4.6.8a 7 + 2.4.6.8.10a« 
Where the law of formation of the several terms of the series is 
sufficiently evident. 

2. It is required to convert 7 — r^rs, or its equal (a-f-fc)" 4 , into an 

(a -\-o) 

infinite series. 

b fit 

Here P=a, Q=-, and — = — 2, or m = — 2 and »=s 1 : 

a n ' 

1 .l v - (1 m x . mm — n x , 

(6) or —gjH-Hl- -(^)+^- -aT^)*- 

(a-f-ar)* * ■ 

mm — to m — 2n t x 8 . 1 1 " .m.a — « v 

»-2ir •nsr<HF3 ) +&c - ; (6) TTT^^' {l +* ( w2 

1 (a-f- s) ° • 

+?n w-f-n.a — x. 9 . m m — n m — 2n,a — a\ a , _ . 
?i 2n a-J-a: ' n 2n 3n Or\-x * » 
It may here also be observed, that if m, taken singly, be made 
to represent any whole, or fractional number, whether positive 
or negative, the first of these expressions may be exhibited under 
the more simple form 

{ a+xr=rar+mcr-'x+^ I 1.2.3 * *' 

m{m—l)(m— 2 ) j^Mll^g' 

where the last term is called the general term of the series, be- 
cause if 1, 2, 3, 4, &c. be substituted successively for n, it will 
give all the rest. _ 
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™ ? „1 m 2 \ b 

whence P» = (a) ■ = ^*=—==A, -AQ =— T X-3 X— 

w cr n \ cr a 

!t*! DQ _^ x «V_»'=E *, to. 
4» 4 cr a cr 

1 1 2b , 3£* 4^ . 5b A . 

Consequently ^_^ = - 5 -_+_ _ + __&c. 

a* -4 

3. It is required to convert -,.or its equal aj(d? — a;) 

2 7W 1 

into an Infinite series. Here P=a*, Q = — -«, and - Q > or 

a 71 <c 

m=— 1 and w=2 ; whence 1*^ifl*=(tFf* ==-<=zA, -AQ 

I a: s ■ „ * n 

*>i — ^ wn — 1 — 2 x x 3a? n 

tn-^n _--l— 4 3a* _ s_ 3.5a* _ T> 

3* CQ— — 6" X 2.4rf X a* - 2.4.6a 7 = ^' 

m— 3rc_ _ —1—6 3.5a* v ^ a: 3.5.7a; 4 „ . . 

— DQ= — 5 — X 5-3-5-1 X 5 = .g Q j =E»&c; there- 

4» 8 2.4.6a 7 • a a 2«4.6.»r 

r 1 , , , t x > , 3 <a* , 3.5 f x* , 3.5.7 c a* 

(cf—xf 

((t—xy 1 

4. It is required to convert ^9, or its equal (8-j-l) , into an 
infinite series. m 

Here P=8, Q=J, and — =£, or m=\ and «=3 ; whence 

n 

P»"= (8>»"= 8*=2==A, -AQ=4X|x4=o7*=B, 



n 



2 51- 3.2 ar ~ 



2n DV€= nr~* 3.2 s * 2*"""" 3.6.2 1- ' 
tn^-2*-- 1—6 11 5 



3n ^ 9 ~ 3,6.2* ~ 2 s- 3.6.9.2 7 
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n^ ^ 1—9 5__ J_ 5.8 - 



4n ^ 12 ~3.6.9.2 7 ~ 2T" 3.6.8.12.2 10 
iw— 4n 1—12 5.8 1 5.8.11 p 

c ^ o c n in mo X os o a n io i ^ cusT— '* > 



5rc ^~" 15 ~ 3.6.9.12.2 10 ~ 2 s- 3.6.9.12.15.2 1 * — 
^9= =2 + J_ L. 4_i *L_ i **» 

" ^^^3.2» 3.6.2* ^3.6.9-2* 3.6.9.12.2 10 ' 3.6.9. 12. 15.2 U 

— &e., which series, in this instance, converges very rapidly ; and 
the same will be the case with the example fifth next follow- 
ing. But when the given number falls in, or about the middle, 
between the two nearest integral powers, this will not take place. 

In such cases, therefore, recourse must be had to the use of lo- 
garithms, ihe rule of double position, or some other more ready 
mode of computation. 

5. Required to convert 4/243, or A /( 1 + 1 )» («±«) » («=b*) f 



i 



2 2 

3 ~~J /I ~\& 



.(« — b) , (a-f-s) , and (1 — a:)*, each expression to an infinite se- 
ries. A 

6- Convert j> OT 1» or 1> or \""~^J » or 

<*fa*)* (*±*)* (1+*)* XOr ~ Xj 

their =s, (a±a:)"~*, a(«±a;)"** (l + z) \ and (14-a:)*(*-a:) 
each into an infinite series. 

5,. Here P=243, A = — 573 = «r"> — =i> or *w=l» and n=5; 

m X m 1 —1 



-^-BQ= 10 X 5 3, X 3 « c ^ 5 .io.3' r ~ C ' 

OT ~ 2w C Q ~ 9 v ~ 4 v - 1 ~^ 9 -D • 

""*3m ^ 15 ^.lO.y * 3* ""5.10.15.3" ' 

4m ^^^30*5.10.15.3"* 3* 5.10.15.20.3 14 ' 

ttaAn 1 4 4.9 4.9.14 

V240=J 5>3 , 5>loy 5J0.15.3" 5.10.15.20.3 lf- 

5/.Here A=o, q = ±— , wi=l, w=2, F«"s=a*=A, 

CL 

^B*==L X«»X * £ X ± |=.» X --^=0, 



1(90 WHOMUL TOUOBBM. 

*•— 2n„ —3 1 a* x 4 Ste 8 _ 



*/ _i_ \ iw/i , * *" L 3z* 3.5.3* , . 

'5/. Here P=a, g=±— , flt=l, and u=3. P'= a*= 
"AQ^^X ±- =a*X d=-^-=B, 

Dr t=-2r- Xa 5 Xdt«— Xdb-B-a* X^-3==C. 



2» ^ 6 ~ rtX 3.«" J -« ^3.60" 

»t— 2»_,_ —5 J — 24» 4 I . 2.5.4 s _ 

m -3»TiQ=- 8 y J y «•&» v +» «* X-2.5.84* 
4* W1 iT X ° X 3^9^ X± «— 3.6.9.12a* — E 

, . zvl K,„, i 24* , 2.54* 2.5.84 4 ,. 

•'• (a=fci) =" * X (1± 3T ~W ^ S.e.M 3.6.9.12a^ = &C - 




-AQ=iX^X 

• _ _ 

m — n n ^ — 3 i 4 4 1 — 34* „ 

*»-*» CO-" 7 V J X=^X - *— .* V 3W -P 

-3^-00=^2" X a X 48a ,X - -_ a X - 4 . ai2a *=I>. 

w— 3ra po _— 11 v 4 3- 7 *' v I a*X—37.114 4 

4n ^ = 16 X ' X 4.8.12a 8 X «"■ 4.8.12.16a 4 ** 

, ,,1 i wl 4 34* 3.74' 3.7.114 4 

•'• (a ~ i) =a X(1 -4a-4^ _ 4^12?-4ll2l6« 4 ---* iC 

,',6/. Here P=a, Q=£, m = 2, «=3. P »= a* = A, 

JJac^x^xJUb. 

n a on 



<?&— 71 



—\\2xx\ & 

^=-7T- X «* Xo- X-=*= a*X — ^ 



2?i ^ 6 ~ ~3s a ~ 9a 2 
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«!=>— lx .»x £ 4- •» X ^-* 

, i J I ( i i 2* a* . 4x» 4.7a* . , 

... («+*) - . j 1 + g -_^ a ,+ w .- -^^rh&c 

6'. HerePsrl, Q=—z, m=5t, n=5. 
pr=»l=A, ^AQ=|X-^==^=B, 

71 O 

w— n ^ —3 2a: —2.32* 



BQ = -tttX — _ X -* = -^7T- = C, 



2ti ^ 10 ~ 5 " 5.10 

3n ^ = 15 X 5.10 X= 5.10.15 ' 

n— 3n — 13 2.3.8a* _ _ — 2.3.8. 13a* p 

4w Dy— 20 X 5.10.15 X X ~~ 5.10.15.20 — E ' 

f 2a: 2.3a* 2.3.8a* 2.3.8.13a: 4 

••. (1— a) _1 5 g 1Q 5l{)15 5jQ.15.20 te ' 

6". Here P=a, Q= dA tti=— 1, t*=2. P^= <f"*=A 

m A _ — 1 — I ^ , x — X x _ 



» 2 a 2.a 

m — n nr ^ — 3 — A x , a* — £ ^ 3a* 

BQ=— — X a^X =F ttX ± — = «^ r X 



2ti ^ 4 ~ 2a N a 2.4.0 s 

771 — 27i.~- — 5 — X 3a* a: — j- 3.5a* 

-3r- CQ =— X a X 2A^X ± r= ° * T 2A6«'= 
to— 3»_.„ — 7 W -A 3.5a* w ,* -4 _ 3.5.7a: 4 „ 
—-DQ—-- X • *=F 2X6? X ±7- ° X 2.4.6.8a 4 -^ 



, , ,—4 — 4„_ * , 3** 3.5^ . 3.5.7a: 4 
•'• {a±X) = a (1=F 2T a +2X? ^2AJ& + 2.4.6.8a 4 T &C - 

. HereP=a, Q==b-, tti=— 1, ti=3. P"=« 5 =A, 



w o a o.a 



^BQ^X^X ± £x ± :-=.-*X^ 

==?CQ==I X .-» X 3 ^X d= |= .-» X T3 ^=D 
»n— Sm-.^. 10 w -4 4.70? , x -A 4.7.10* 4 _ 

/ . xH ~iv. „-^ * i 4^ -r. W* i 4.7.10a; 4 , , 

6"". Here P=l, Q=a:, tw=— 1, ti=5. See Index for last. 
16 



ltt 
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«^ 6 a: 6a* 

BQ=- „X— rX 



2n * 15* 5 ^"^610 



3n VVr ^ 15 X 5.10* 5.10.15 "• 

»i— 3n^_ 16 — 6.11s 1 6.11.16s 4 „ 

X g1 Ai g Xte= g1A , g nA =E ; 



4* ^^ 20 ~ 5.10.15 ~ 5.10.15,20 
n , -^ s , 6s 8 6.11s 8 t 6,11.16 a 4 

We have seen that (a±s) a =a s ±2os4-s 9 ; (a±*) 8 = a'dr 3a*s 
-H^a^is 8 ; (ttis) 4 ^ a 4 ±4a 8 s+6a 8 s s ±4as 8 -}-a^, and in general, 

(a = hs) n, =»er l ±wa s-J j-g — a*-*** =h j^-g a M :r 

-f-&c, where m is any number whatever, whole or fractional, pos- 
itive or negative. 

This theorem will, therefore, not only enable us to find any giv- 
en power of a binomial, but will furnish a ready way of extract- 
ing any proposed root of the same. Any binomial, as (a -J- x) m 
may be expanded into a series of the form A -f- Bx -4- Cs 9 -}- &c. 
whatever be the value of m, where the first term is independent of 
x, and the following terms are whole positive increasing powers 
of s, with coefficients B, C, &c. independent of x. 

Let m be any whole number, and let (1 -4- ^""Wl-f-Ps+Qs* 
-f&c. ; .-. (1+ *)^(l+Pr+Qx 9 -f &c.)-(l-f s). 

=l +x$%tt' ] =l+(P+D^+(P+Q)^+&c. 
which shews that, by the introduction of another factor, the coef- 
ficient of the second term is increased by 1. Now (14-z)*=l-f-2s 
-f Sec; (1-f s) 8 = l+3s -f .-. generally (l+s) m =l+w«:-f- &c. & 

(l+s)"" 1 ", or by actual division. . , ■ =1 — ma;-J-&c. Now since 

(l-f-X) 

Hence, whatever be the value of m, the two first terms of the 
expansion (a-\-x) m are cP-^-ma 1 *-^. Assume (a -|- x) m = a m -|- 
ma m ~ 1 z-\-Ax*-{rBx B -{- &c, where A, B, &c. do not involve x % and 
remain to be determined. On this supposition 
\a+(x+z) \= <T+ ^a m - , (s-fz)+A(s+z) s -(-B(s+z) 8 +&c. 
= a»4- m*™- 1 * - -As* + Bx*+ &c. ) 

+ jwa" 1 -^ + 2 A** + 3Bs*z-f-&c. }........? 

+&c. 
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Now \(a+z}+z) ^(a+zr+m{a+z)^ l z+Az*+Bz 9 +&c.=* 
'^^^s+Aa^fBa^j-fcc. ) 

- -mzla^+im— l)'c^+A¥+B , z , +&c. } [ . . . . q, 

Where a 1 , B\ &c. are the values which A, B, &c. assume when 
{m — 1) is put for m. Now these two series p, q, expressing the 
values of {a-±-z-]-z) m must be identical ; therefore, by equating co- 
efficients 2A=m-(m — l)™ -8 , .\ A= — ^^ — -a nr ~*; also A ! = 

(_ OT ,_l ) .( WI _ 2) g ^ Hence m-m^"**-?**-****. 

1*2 1-2 

_ w(w — lWm — 2) , . , , . , . , 

.-. B=— ^ j-^ '-a™-* ; &c. .\ (a-\-z) n =a m -\-ma'*- l x-\- 

In the same manner it will appear that {a — z) m = a* — md^z 

+ \.2 g mta 3? V ^'3 V*-V+ta....±*\ 

And this formula will hold good whatever be the value of m ; 
whether it be integral or fractional, positive or negative. 

Extract the cube root of 750, or of 9 , -f-2L Here e=9, m=3, J 
and 3 = 21 ( 21 4(21)* ) 

9-085592, . ••• ^< 750) — 9 t 1 +2250 I 18(750)' + &c ' ! = 
If c m be large compared with z, these expressions converge with 

great rapidity ; and in general it is not necessary to take more 

than four terms of the series. m ./ m * \\ 

Since (a-fa;) ,B ==a m -f??w ra - I a;-| ' tf—z* &c., and 

(a— z) m =a m — maT^x \ ™ T~T g m ~V— &c. .-. by addition, 

< g + a:) °'+ (a - a:), ' ==8 " + W '- ( 77 1) a ^+&c. = sum of the odd 
2 '1*2 ' 

terms of the expansion of (fl-J-ar)™.. By subtraction 

(a+xr—jar-z r ,»,, „ , m-Qw— l)'ft»- 3) ^-^ , ... _ 

— ! =mar^ z-\ tttz, a^^ar-4-occ.^ sum 

2 ' 1'2'3 ■ 

of the even terms. If «=zt=l, (l+l) m or 2»=l+m+ m ' {fn ~ 1) 

-}-&c.= sum of the coefficients of the expansion {a-\-z) m . The 
sum of the coefficients of the odd terms is equal to the sum of the 
coefficients of the even terms : For if 0=25=1, 

r-_\- ft. . (<H-»)"'+(«-g) m (*+*)"— («-* )' 

l*-~*/ — w » • • g " — 2 
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A trinomial (a-f-£-f-*) may be raised to any power, thus : 

a+b-\-x=a>\-(b+x) ; .: (a+b+x) m =(a+(b+x)) n =a*+mer- » 



<H*)4 



by considering (b-\-x) as one quantity. And in general 

. m'lm-1) m _ ait , #r(m-l\ _.. . , , (#*-l)-(wi-2) m .. m . 
&c., which is De Moivre's Theorem. 



On the Multiplication and Division of Series. 

117. Any two series may be multiplied or divided by each oth- 
er, by substituting the numbers or letters of the given example, in 
the place of their corresponding terms, in the following general 
formulae, and then finding the result accordingly.* 



Product = 



A«Bg4-AA 
4-AoB, 



X— — AqDq 

--A.B, 
--AoB, 



z'+AaB, 
--AjB, 
— A.B, 
"A,B 



.z'-j-^-c. 



jr'+A^B, 
— A»B, 
--A,B, 
— A,B, 

+A„B 4 
And if Bo=A , Bi=A!, B^^sAa, fyc. the formula for the square 
of the upper of the above series, or 
(Ao+A,ar4-A 2 a^-(-A3ic 3 -|"A^ 4 H~4 ,c -) 2 will evidently be in that case 



as follows : 
Square = 



A© -j-AiA() 
-J-AqAi 



z-j-A^Ao ^-f-A 3 A ^-j-A 4 A z 4 -\-fyc. 

— ~A|Aj *~ — AgAj — — A 3 Ai 

-f-AoAi --A^a — A 2 Ag 
— [-AqAs — AjA 

+AoA 4 
A1 Ao+AiS+A^+Aga^-f-A^+fcc. 

' l+B^+B^+B^+B^-f&c. 



* In the mode of notation here followed, it is to be observed, 
that A , A l? Aa, &c. are the coefficients of the several powers of 
r, so taken, that the inferior figures 0, 1, 2, 3, &c. by which they 
are denoted shall always agree with the indices of the unknown 
quantities that are attached to them ; by which means the law of 
the continuation of the terms is, in all cases, rendered obvious, and 
a conformity between the coefficients and powers of z constantly 
preserved. 
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Arf A, a+A» z'+A, a*+A, **+&c 

— B.C, — Bfi, — B,C, — B 4 C, 

Quotient = — B,C, — BA — B.C, 

— B.C, — B.C, 

— B,Cil 

And, if Ag, in the upper series, be taken = 1, and the rest c 

the terms be put = 0, or made to vanish, we shall have for the 



reciprocal of the lower s 



Reciprocal = 



_____ 1 

l+B,*+B 1 z , +B»* , +B,z*+&c. 
ll— BAlz— B.GJz'— B,C. J— B,Cjz*— Ac. 

— I h B ' c =^:=lc c ; 

II 1 — B,C, 

where it is to be observed, that in each of the two latter seriesC, 
denotes the first term, C, the coefficient of the second term, Ci 
that of the third, and so on, according to the order C„ C„ fee.* 

1. Find the product of the two series l--f^ r -|-$z»-{-i* , +**'+ 
fcc. and 1— li-ft**— f^-f-ij 4 — jt^-f-ftc. 

Here A t =l, A*=aJ, A..=\, *C. and B,=l, Bp— 4, B^A C. 
Whence A B^=1 ; A l B n +A ( ,B,= i J— J=^ ; 
A a B D -j-A,B,+A, h B,=i-i+i=U 
A I B^A3,+A,B l +A.B i =t-i+iW=iWr 
A J B o -j-A 3 B,-r-A. J B.+A,B 3 +A B i =l— A+,"f— tV+J=T^A 
■:■ l + i^+iJ-^+ ,y, : ^ ':'+ rA^++.'., the product required. 

2. D>vide the s*ri^ 1 + 4-^H^+tWo**+tViV++c- by the 

Here Ao=t, A,=£, A.=U, $*.; and B,=l- Bs=|, B:F=i> 4«. 

Whence A,=1=C ; A,— B,C ( =J— 4=— J=C, ; 

A*— B J (V-B,C 1 =i4— i+4=i=C ; 

A,— BjCr-B^,— BA=TVa^r— 1+4— A=— f==C» 

A,— BjCV— B.C,— BiCv- B,C^= 1 ^v ir — ++ts — rV+rV="4= c *! 

&c. Therefore 1— 1'+^''— ?.r+J .*:*— to.=q U otieBt. 

1. Multiply l+^+l^+^+^'+^+fc. by l+£*+i^ 
+i^+K+««- Ans. l+ofla'+l^+Ai'-Klx'+fa. 

2, Find the square of the series 1 — ^-f-|a»— ja*+|a*— 1^ + 
* The first term of the denominators of the two last examples 

given above are, for the sake of simplicity, taken equal to unity ; 
to which form any series can always be reduced ; as is evident 
from the following instance, 
a+SH-^+^J-es'+te—aa+Vi- -^+-^+^^+)&c. 

which method may also be used in other cases, whenever it will 
vender a formula more perspicuous, or any process of investigation 
less embarrassing. 

16* 24 
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}tf— &e. Ans. 1—x+tfz*— V^-HtJaM^t^+Ac- 

3. Divide z-fJ^+J^+Jz 4 +i^-f to. b Y *— i^+i*— *** + 
|*»— &c. Ans. 1+^+J^+TV^+A^-Hfi^+to. 

4. Find the reciprocal of l+J*+i*M-i^4^+i^+to. 

Ans. l—±x—fai*— gVa 3 — t^ 8 lflW — to. 
Oft ;A* Multinomial Theorem. 

118. The multinomial theorem is a general expression, or for- 
mula, for determining any power or root of a given quantity, con- 
sisting of any number of terms, the form of which is as follows : 

( Ao+ A^-f-AaZ*-}- Aj^-f A** 4 -}- .... 4-A„af )"t=A m -f- 



mAiB t 



-i +2mA*B 9 

+M)AA 



a* 
^- -f3mA 8 B 



4-(2?w— lJA^Bi 
+( m— 2)AA 



a* 



4A, 



I 



4-(3w— lJAtBi 
±(2m—2)A&\ 

+( »»-3)AA| 

where B =A <) "* ; also Bi, B 9 , B* &e. are the coefficients of the 

terms immediately preceding those in which they first appear. 

Or the same series may be exhibited in a more convenient and 

practical form, as follows ; 

(l^Aar+B^+C^+D^+E^+fec.)"^! 

mk , 2mB-\-(m—\)Aa ^ t 3mC+(2m—l)Ba+{m— 2)Ab _, 
-f- -y-a; -\ - ar-f - - x* 

, 4mD+(3m— l)Ca+(2m— 2)Bb+{m— 3jAc 4 

5mE4-(4?w— 1 )T>a+(3m— 2)Cb+(2m—3) Bc+(m— 4) Ad , 

&e. where a, £, c, &c. are the coefficients of the terms immediately 
preceding those in which they are first used. 

And the manner of applying the theorem to any particular case 
is by substituting the numbers, or letters, in the given examples, 
for A*, Ai, As, Sec. and m, as in the binomial theorem before 
given. 

1. Find the cube of the series l+a+a^a^+a^-f-a^+Sce, 

Here A<f=1, Ai=1, Ag=l, &c. and m=& ; 
whence Ao*=l m = 1 =B ; mA l B<r=3XlXl=&=B l ; 
2mA»Bo+ (m—l)A l B l 6+2X 3 

2Ao — 2 

3mA 9 B < rl-{2m—l)A>B l -\-{m — 2) AA 9+15+6 
3Ai — 3— =10=B* 

4«iA 4 B +(3m— l)A 3 B l +{2m— 2)A 3 B 2 +(?w— 3JAA 1/r _ . 
jj. =lfr-B 4 te. 

Therefore l+32?+6^+10^+15^+21^+&c. = required cube. 
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- 2. Find the cube root of the series 1 + Ja:-}"1 x *"f"i a:, "l~i a! *+ 
£a£-j-&c. Here A(f=l>A,=|, A s =J, Aj=J, &c. ; and m=r.\, 
.-. A." = 1"= 1 = B,; rnA.B, = iXiX | = £ = B,; 
2»»A ! i B a +(m— 1)A,B, 
2Ai = J(f — TV) = TV = tJ » 

3mA 3 B +(2m— lJ AaB.-f (m— 2)A,B,_ t „ t , , ,._- 
gr =4 14 — si: — rV=r4B — »* 

4mA,B +(2m— 1) A s B,+(2m— 2) A^Bj+fm— 3) A,B,_ 
4AT r%*=B* 

&c. ; therefore 1-f-i^ — iV^+fA^ 3 — Afft^-f"' 50 * Ans. 

3. What is the square root of the series l-f-a:-}-a^-}-a^-(-&c ? 
Here a, b, c, &c. are each = 1 ; also Q=J ; therefore 

(t^1)A£ 



fc=l=A, Q$=£=B, x -^— ^ ^Qc=|=C, 

(n _ 2) B.+(2^ +Q ^ =D) 

(7^_3)C&+{2tz— 2)Bc+(3?i— l)Arf 



f Q*=&V=E ; &c. 



4a 

4. Find the square of the series 1 — Ji 3 — }— -J-jc* — ^M-Js 9 — &c. 

5. Find the square of the series l-|-2:-|-i 8 -f-a^-f-2: 4 -J-&c. 

Ans. 1—l^+f fz 5 — T ^a: 7 +Hi^&c. Ans. 1+2*4^+4^+6* 

6. Find the square root of the series l+a+^r+ar+^+^+fcc. 

7. Find the square of the series y — y*+^ — y-\-y — &c. 
Ans. l+Ja+f^+^+AV? 1 . Ans. f— 2y 4 +3a*— 4^+5^°. 

8. Find the cube of the series x — $2?+ Jar*— i^ 4 +i^ — &c. 

3 5 7 9 11 

9. Find the 5th power of the series 1 -| f--^ +-5 H — 4 \ '~ 3 

10. Find the square root of the series , — , » , . 4 — . « , « « -z — 
1 — t^+i* — fr^+g 3 ^ — «e. 

O/* JAe Reversion of Series. 

119. Reversion of Series is the "finding the value of the root, 
or unknown quantity contained in an infinite series, by means of 
another infinite series, in which some other unknown quantity only 
is corrtained ; the method of doing which is as follows : 

Rule I. If the series consisist of all the powers of the un- 
known quantity, as ax-\-bx*-\-cz*-\-dx A -\-ez*-\-&cc=y, 
substitute the particular values of the coefficients in the given ex- 
ample, for a, b, c, d, &c. in the following formula, and the result 

y if* v* 

will be the value of z % as required, x = ^Vf" $b* — ^Ta 

_(5^ 3 — 5abc + a*d $+ (Ub* — 21a^c+ SaV + 6tfbd — a z e)£ 
— (42& 8 — 84ab*c + 28a»W +28^b 9 d^7J i cdr^7^be^ 4 f)\^&c. 
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where it is to be observed, that if y be a large number, the series 
will often diverge, and .*. in that case will be of no practical use. 

rr* a? , x 4 2? 

1. Given x+iT ~t~~j i "7 "h"H 4" ^ = z > to fi na< tne ^alue of 

x in terms of z. Here a=l, fl=J, c=J, cfc=J, *=J, &c. and 
y=z % whence i — 1, — 6 =— £, -f (^ — oc) = £ — | =$ 
— (5^— 5oAc-f ^)= — (8— §-|-i)== — 2 V 

— (?J— J+tf+i— A— /•+!)— yio. &c. &c. Therefore 
Ans. x = z—lz*+>z' — &z 4 + yj^z 5 — ^z 6 + &c. 

2. Given x — x* -j- z 3 — z 4 +-^ — A'H"^ 7 — &c. = z to find the 
value of x in terms of z. Ans. /=z4- z^z^+^H-^M" 28 '!""^' 0, 

3. Given Z — i^-J-J^ 3 — £-t 4 -|- fr — £* +f* 7 — &c. = z to find 

* in terms of z. Ans. x = z +Lf+*^+J^+-£ \-f 

4. Given a: — J^-j-^ 3 — J^+rfe 3 ^ — &e.=y, to find the value of 
a; in terms of y. Ans. a;=y+i^ +4^+4y 4 + i\r2/ 5 +uV^+ &c - 

c r.. , 2/* , V , 2* 4 , 2V 5 . 32^ , 244y 7 

5. Given y +f + £ + A + _£ +_£ + _**:. = z , to 

find the value of y in terms of z. 

z* , 4z* 7z 4 , 14z* 452z 6 , 7148z 7 • 

Ans.^z— -hp -gp h— ^ - --,. +- 51 ^_& c . 

Rule II. If the series consist of the odd powers of the unknown 
quantity only, as ox-\J>x*-^cx*-\-dx 1 -\-ez*-\-kc.'s=z y, substitute the 
particular values of the coeflicients, in any given example, for a, 
b, c, d, &c. in the following formula, and the result will be the 

value of x, as required. x =J- — b ^-f- (3b*— ac)^ — (12£ 3 -f- 

CL Of Or 

<td — &abc)£ + (55b 4 —55ab' i c+ 10a 2 W+5aV— <?e)^— &c. 

Where it is to be observed, that in this case, as well as in the 

former, the given and reverted series must be both of the same 

form, or otherwise they are not convertible into each other. 

1 1 1 1 

Given 3!—— 2? 1 ofi 3? 1 3? 

2.3 ^2.3.4.5 2.3.4.5.6.7 ' 2.3.4.5.6.7.89 

— &c. = z, to find the value of x in terms of z. Here 

fl = l, b= — £, c = T J , d = — -sr&Vo* * = rasisot ^ — *• 
.-. J =1, — A = J =^ ; (34*- ac)=( T V— xi ) =^ =^.|. Y ; 
_(12^+ a ^— 8^c)=— (— A— toVo+^o)=^ 3 ^ 5 • 

+(553 , —^5a3 2 c4-10a^-f 5a " c '— a " ts = 

/ 55 11 . 1 1 1 \ _ 3.5.7 

V 1296 864 ' 3024 ' 2880 3628&0 ) ~ 2.4.&8.9 ' Ulere,ore 
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• 1 tt 2_\_ " JS | "•** Tl_ 3.5.7 , . . 

^2lT + 2A^r + 2A6^ 2 I 2.4.6.8.9 ^' t " &C - 



2. Given ar-f-« 3 +« 5 +^ 7 4" a;9 +^ cc - : =y» t0 nn d the value of x in 
terms of y. Ans. x=y— if-l-Stf — 5y 7 -f-14y* — &c. 

3. Given x— J* 8 -}-^— i* 7 -}-^— A^'-j-j^r 11 — &e. to find the 

value of a: in terms of z. A . 1 . , 2 . , 17 , , 62 , 

Ans x =z+ r >+ T -*+—J+-- g f 

4. Given x-^^^&af+^lvrf+r&fc& m j-& c - =z to find x in 
terms of z. Ans. a; = z — i^-f-^z^ — ^hs^+riih^ 

Rule III. When two series are equal to each other, as 

ax^-bz*-\-cz*-\-dx i -\- &e^=«y-|-^y s +yy s 4"^ 4 +^ cc * 
and it is required to find the unknown quantity in one of them, in 
terms of the unknown quantity in the other, substitute the partic- 
ular values of the coefficients in the given example, in the place 
of the known letters, in the following general formula, and the 
result will be the root or value required. 

*= tt ^-(£_$A 2 )^-Hy— 2bAB-^A*)£+{d--bB*— 2bAC— 

3cA 2 B— dA 4 )^+(e— 2JBC— 2JAB— 3cAB 2 — 3cA*C— 4<*A 8 B— 

€ A 5 ) ^+(2-— 2£BD— bC*— 2JAE— CB 8 — 6cABC— 2cA*D— 

a if 

e<£A 2 B 2 — 4^A 3 C— 5cA 4 B— /A 6 ) ^-&c., where it is to be observed, 

a, 

that A, B, C, &c. are the coefficients of the first, second, third, 
^c. terms. The same form may also be rendered equally appli- 
cable to the case in which the odd powers of x and y only are con- 
cerned, by putting each of the coefficients of the even powers =0. 

Jy*-]- Jy s -(--J-y 4 -(-^y 5 -f-4cc. to find x in terms of y. 

Here «=1, &=— J, e= 2 V> < *~ r ~ a -At &*.; and o=J, (?=$« 
y==4, d=s%, &c. ; whence <*=|=A, (? — *A^=i-j-$Xi=ii=B 

a— iB a — 2aAC— 3cA J B— rfA < =^fi=D, 

e— 2*BC— 2iAB— 3cAB s — 3cA s C— 4dA s B— eA < =^fJ», &c. 
Therefore ^+J^+^^44f|«y«+4^-f-&c 
2. Given ar+^4-2 8 +z 4 +^+&c.=y+iy il +Jy 3 +^ 4 -f T Vy', to 

find x in terms of y. Ans. z=y — ly'+iy 3 — jy-Fi^"- . 

„ _. . x* . 3x* . 5x* , ny 9 , 3wy* , 5ntf 

3. Given *+ _ + _ 34+n ^ + &c=„ y + g? 4__ i+n _ I 

to find * in terms of y. Qt z=sny+ ^ Ayi+ J^By'&c. 
"Where A, B, &c. are the foregoing terms with their proper sign. 
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121. If the series given be ax^bx*-\^^dz i -\~ez*-^-&c.xsy, for 
finding the value of a: in terms of y, it may be demonstrated as 
follows ; assume «=sAy-f*By*-pC3^+Dy 4 +Ey 5 -jr&c. &c. 

Then, if this value be substituted for x and its powers, in die 
above equation, we shall have 



aAy+flB 



+ 2£AB 
+CA 8 



- -2b AC 
--JB* 
--3c4*B 
--<Li 4 



^*4-aE 1^4-occ* 
+2J4D 
--2£BC 

- -3cA*C 
--3c4B 8 

- -4dA*B 
+eA* l 

And, consequently, if the coefficient of the first term be put s= 
1, and each of the rest =0, there will arise the following results ; 
*A«l ; aB+JA 2 ^ ; aC+ 2*AB+cA 3 =0 ; 
aD+2*AC+^B 2 -f-3cA 9 B-fkA 4 =0 ; 
cE4-2^AD+2*BC+3cA^+3cAB 2 -H^A 3 B-f-«A 5 ===0, 

Where, finding the values of A, B, C, &c. in the first, second, 
third, &c. of these equations, and substituting them, as they arise 
in the succeeding equations, we shall have 

„ 14£ 4 — 21ab*c+3a*t*+6(?bd-- tfe . , ,. _ _ t 

E= • — = — - &c. &c. which are the c«ef- 

or 

ficients of y and its powers, in the reverted series. 

123. When the series consists of the odd powers of z, or is 
of the form ax-\-bx B -^-cx*-\-dx 1 -{-ex 9 -{-&c. ==y, the value of g, in 
terms of y may be obtained in a similar manner, by assuming 
z=Xy+By 3 +Ctf+I)y 1 -\-Ey>+&c. 

For if this value be substituted for x and its powers, in the 
above equation, as in the former case, we shall have 



aAy+«B 



y= 



y*4-aC 
A-2bA*B 
■cA 5 



tf+AV 
--3£A 2 C 
--35AB 2 ' 
--5cA 4 B 

+dA 7 




bA*D ' FT 



►ABC 

--&B 3 
--5cA 4 C 
--IOcAIB* 
--7rfA 8 J? 

4-eA B 
And consequently, by putting the coefficient of the first term 
esrl, and the rest =0, as before, there will arise the following re- 
sults : «A=1 ; aB+£AW) ; aC4-2£A*B-{-cA 5 =0 
«D+33A 8 C+3*AB 2 +5cA 4 B4-rfA'=0 

flE4^^A s D^^ABC+^A 3 +5cA 4 C+10cA 3 B a +7^A 6 B+cA , =se; 
where, finding the values of A, B, C, &c. in the first, second, 
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&c. of these equations, as in the former case, and then sub* 
etituting them, as they arise, in the succeeding equations, we shall 

have A— 1 - B = -A. C=^±^- D 1M *+ «**-*** - 

** ve A — a 9 x 4 ' a 7 ' U 5 s 

„ 55b 4 — 55a&c+10a*bd+5a*c*— a*e p ■_ . , 

E== ■ — s ! — , d-c. which are the coeffi- 

ciente of y and its powers, in the reverted series, for this case. 

124. When there are two series, consisting of the successive- 
powers of x and y, as aa:4-^^+c^ 3 -f-^ 4 +&c^==ay — ^-HV-j-fy* 

Let there be assumed, as in the instances before given, 
^=Ay-j-By 2 +Cy 3 +Dy 4 -f-Ey 5 +&c. Then if this value be sub- 
stituted for x and its powers, in the left hand member of the pro* 
posed equation, we shall have «y+0y 2 +yy s -{-ty 4 +*y 5 4-&e. 
=^Ay+(aB+*A^^+(aC+2*AB4^A 8 )y 3 +(aD+2^AC+3B s -f 
3cA*B+dA 4 )y A + (aE+2^AD-f 2*BC-f 3cA*C+3cAB* + 4dA 8 B 
-4-eA 5 )2T -f- &c. and, consequently, by equating the coefficients of 
the homologous terms, there will arise the following results : 
*A=«, aB+bA*=P, aC-f 2£AB+cA 3 =y, aD + 2b AC + 3B* + 
3cA*B+da 4 = *, a E+2MD+2*BC+3cA 2 C4-3cAB 8 44dA 8 B+ 
eA s =e, where, finding the values of A, B, C, &c. as in the former 
cases, and substituting them, as they arise, in the succeeding equa- 

, 11L A « „ 0— bA* n y ~ 2*AB — cA 8 

tions, we shall have A=-, B= : C=- ; 

a a a 

d —bB*—2bA C —3cA*B—dA 4 

b— 2bBC— 2b AD— 3c AB*— 3cA 8 C— 4<2A 8 B — eA 5 , 

a 
which are the coefficients of the terms of the series that give the 
value of x in terms of y. 

Of Permutations and Combinations. 

Permutation is a change in the order or position of any number 
of things, so that no two parcels of them shall be situated alike. 
I Thus, the two letters a, b, admit of two permutations, viz. ah 
and ba. 

The three letters, a, b, c, admit of six permutations, viz. abc, 
baCy cab, acb, bca, cba. 

By combination of quantities is meant the different collections 
that "can be formed of them, without regarding the order or posi- 
tion in which the quantities are placed. 

Thus, the number of combination which can be made of three 
things, a, &, c, taken two and two together, is 3 ; viz. ab, ac, be. 

The number of combinations of four things, a, 6, c, d, taken 
two and two together, is 6 ; viz. ab, ac, ad, bc % bd 9 cd* If taken 
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three at a time, the number of v <zcd,combinations is 4 ; iz. abc, 
bed, abd. 

Theorem 1. The number of permutations that can be formed 
out of (n) quantities taken two and two together, is n.(n — 1) ; 
taken three and three together, the number is n.(n — \).{n — 2). 

Let a, by c, d, e, &c. be the (n) quantities, which are to be ta- 
ken two at a time. Now, by placing a before each of the other 
(n — 1) quantities, we form (n — 1) permutations. Also, by placing 
b before each of the remaining (n — 1) quantities, we form (n — 1) 
permutation ; and this process can be repeated (n) times, therefore 
in all, we obtain, n(.n — 1) permutations. 

Again, of (n — 1) quantities, when two are taken at a time, we 
have (n — l).(7i — 2) permutations, as appears from what has been 
already said ; and since a can be prefixed to each of these quanti- 
ties, there may arise (n — 1).(^ — 2) permutations in which a stands 
first; and this process may be repeated (n) times, .\ upon the 
whole we obtain n(n — l).(w — 2) permutations when three quanti- 
ties are taken at a time. 

By following the same method, it appears, that in (n) things, if 
r of them be taken together, there are n.[n — l).(n — 2).(n — 3) . • • • 
(n — r-f-1) permutations. 

Theorem 2. In (n) quantities, containing (p) quantities of one 
sort, (q) quantities of another sort, &c. the permutations will be 
n.{n— l).(n— 2) 3.2.1 

1.2.3....pXl.2.3....gX1.2.3....r&c. 

Now when the quantities are all different from one another, the 
number of permutations =n.(n — !).(# — 2). ♦. .3.2.1, taking (n) 
at a time, by Theorem 1 ; but if any quantity recur twice, the num- 
ber of permutations is diminished 2.1 times :* and if any quan- 
tity recur thrice, the number of permutations is diminished 3.2.1 
times : and in general if there be (p) quantities alike, the number 
of permutations is diminished L2.3. •• +p times. The same may 
be shown with respect to the (g) quantities. Hence the number 
of permutations which can be formed 

n(+(n — l)»(7i — 2), 3.2.1 

1.2.3... ,p X 1*2.3 ....# X 1.2.3....r&c. 

1. Required the number of variations or permutations that can 
be formed of the letters in the word " Bacchanalia.** 

Here the letter c recurs twice, a four times, and there are 11 
letters in all ; .*. the number of variations required 

* Since each combination of two quantities admits of 1.2 per- 
mutations, and each combination of three quantities admits of 
1.2.3 permutations, .*. the quantities 1.2, 1.2.3, &c. become divi- 
sors of that number which would represent the number of permu- 
tations if the quantities were all different 
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11.10.9.8.7. 6.5.4.3.2.1 



=831600. 



1.2X1.2.3.4 

2. How many different numbers can be made of the following 
digits ; 1, 2, 2, 7, 7, 7, 5, 5, 5, 5 ? Ans. 12600. 

3. How many permutations may be made of the letters in the 
word " examination." Ans. 4989600. 

Theorem 3. The number of combinations that can be formed 
out of (n) things, taken two and two together, is \\n.{n — : 1)} ; 

when taken three and three together — - — y-kti 

Now since each combination ab admits of two permutations, 
.% when the quantities are taken two at a time, there will be 1.2 
times as many permutations as combinations. Now by Theorem 
1, the number of permutations of (n) things, taken two at a time, 
=n.(n — 1) ; hence the number of permutations = 1*2 times the 
number of combinations ; .*. the number of combinations 

n.(n — 1) 

Again, by Theorem 1, there are n.(n — l).(w — 2) permutations 

in (n) things, taken three at a time ; but each combination of 3 

things admits of 1.2.3 permutations, •"• w.fa — !)•(?* — 2) = 1.2.3 

times the number of combinations, i. e. the number of combina- 

n.(n — 1) . (n — 2) _ r ,. . t . _ . 

tions = — - =-~ . By following the same method, it ap- 

pears that the number of permutations of (n) quantities, taken (r) 
at a time, =n{n — 1).(ti — 2)...{n — r-J-1). Also each combination of 
(r) things admits of 1.3.3.4. . . .r permutations ; .\ the number of 
permutations = 1.2.3. .. .r times the number of combinations ; 
nence the number of combinations in (n) quantities, taking r of 

them at a time, =» — * \ ~ — - 

Theorem 4. The total number of combinations which can be 
formed of (n) things taken, one at a time, two at a time, &c. = 
2 n — 1. 

First let the quantities be taken one at a time, then the number 
of combinations is ... .w. If taken two at a time, the number is 

n — 1 t/. i « .i i ( n — l)«( w — 2) 
n •— 5— • If taken 3 at a time, the number is n. ' • 

( W _l).( n _2).( % _3) 



If taken four at a time* the number is n. 



1.2.3.4 



... . n. (n — 1) , n. in — I) An — 2) , 
.•. the total number = n -| Y2 ^ — — l"E5 "^~ 

bb(1-|-1)*_1 — 2*— . 1. ' 

1*7 05 



INVESTIGATION OF COMPOUND INTEREST. 

Investigation of the Rules of Compound Interest. 

Let a = annuity, rent, or pension, n = number of times that 
interest is to be paid for the annuity or sum lent, r = rate of 
interest of 1 dollar for 1 time, m = amount of the annuity, or sum 
lent, for n times, at r interest, p = principal, sum used, or present 
worth of a sum before it is due, (of compound interest.) First in 
amounts let q = 1 -}- r = amount of one dollar for 1 time. Now 
a = last year's amount, and 1 : q : : a : aq = last year but 1 amt. 
1 I q II aq I agp = last but 2 year's amount. 
1 : q : : a<f : aq 3 = last but 3, and so on to aq*~ l = first year's 
amount ; therefore a -f- oq -f" aq 3 -\- aq 9 7 &c., -j- aq"" 1 = m ; but 
a I aq l \m — aq"* 1 \m — a, then m — a = mq — aq n , or 
m — a-=zm -\-mr — aq?, .\ aq n — a = mr, then put A = qT 9 

/A i\ mr ( A — 1 ) a ( A — *) a 
(A — l)a=mr, .\ a=^-r — -; wi = ^ ; r = - — . 

*A — 1 a r m 

2d. In discounts, q : 1 : : a : - = first year's present worth, 

and q : 1 : : - : -« = 2d year's present worth ; : 1 : : -= : -5= 

9. <t a f <? 

3d year, and so on — = nth year's present worth, therefore I have 

a t a . a . g * ' a . a a a a 



q - q* ijP i j--"-", • ^"* jP' 1 * 

(Euc. 12, V.) ^O^ = ^_ aj0r ^__. =1? -j- ;>r _ a . #% 
fltf* — a=prq n , or (A — l)a=^rA; .'. A= ; hence (A — l)a 

k A mr-\-a a m ,, , % 

= mr=prA; .•. A = ! — = == — = (l-f-r)". 

a a — 77? p ' ' 

Case 1. Given a, wi, and p, to find r. 

Since A=^; .-. r = ( -^=i ) A *A^=^±?. 

^ wi a 

Case 2. Given p, m, and n, to find r. 

Since (r+ir = -; ... r= (-)" — 1. 

Case 3. Given a, m, and n, to find r. 

Since (A — l)a = mr ; therefore = — = * *~ r ) . 

nr na nr 



«ow(l + r)-=l + „r + »(==iy+»(2=l)x(2=^', 

H — JJT++ -g- X — g - ^)" 13 ; wl "cb. ty *e binomial the* 
9 13 
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71-J-l 

rem will become = 1 -f- r -| — ^-^ nearly. 

L*D-(£)=-l + r + 2ti,.; then r* + ^ = 

^-^X^fl^ let2E= rT+l ; ^ + E =(VI(2X[D-1 ! 1+E) 
XEJ=F; therefore r = F — E. In this solution, 1st find 

~ (S)^ 1 ; 2d> find E= dh" ; 3d * find F =V|2(D— 1)+B|-E; 
4th, findr = F — E. 

Case 4. Given a, p, and n, to find r. 

Since (A — l)a = Apr, .*. — ==— = = — l - — --; 

na Anr nr nr 

now (1+rr = l-»r + «X ^ f3 — n X ^ X^r» + 

i #. P n4-l , w+1 w-4-2 , . , 

&c. ; therefore — = 1 ^— r -| — ~ X ~k~~^ nearly ; then 

©"-'K'-T'+l 11 x =£•)-*' <*■* * «■ 

w J 

nomial theorem, will become = 1 -f- r fo" 7 ^* nearly. Now, 

(£)"^=(7)^ ;letG =(7)^ I==1 + r - J ir , " ;there - 

12 12 12 

fore t*— J±^r=— (G — 1) X -^7. Let 2H= -^r, 
n — 1 n — 1 n — 1 



thenr — H = (V{H— 2(G— 1)}XH=)K; .\ r=H — K. 
Case 5. Given a, 7i and r, to find wi. * 

-Since ( A - 1)« = mr, therefore » = { ±^. 
Case 6. Given p, n, and r, to find m. r 

Since A = — , .\ m = pA. 

P 
Case 7. Given a, jp, and r; find m. 

. m a ap 

Since — = ; .\ m=. — - — . 

p a — rp a — rp 

Case 8. Given a, p t and n y to find m, 

FindG=(^)«-*; H=p-L^ ; K=VJH-(2G~1)}XH: 
Now H — K=r, by the 4th, but (r+l)"=- ; .-. m=r(r+l)"Xl>. 
Case 9. Given a, n, and r, to find p. 
Since (A — DasssprA ; therefore p = ^—r 



INVESTIGATION OF THE RULES OF COMPOUND INTEREST. 

Case 10. Given m, n, and r; required p. 

c . . m m U(14-r)'=rf» in Logarithms 

SinceA = -; -P = -g - { P = M — n X L(l+r). 

Case 11. Given a, tn, and r, to find p. 
Since — ! — =— 5 •'• p*= 



a p * mr-f-a 

Case 12. Given a, m, and n, to find p. 

NowF-E = r,by3d,but(l+r)-=-; ...,,= _" 
Case 13. Given p, ra, and r, to find a. 
Since (A — \)a = prA; .*. gg , , 
Case 14. Given p, tft, and w, to find a. < 

Since A = (r+1)" = -;.-. r+ 1 = (-) \ Hence A — 1, 

ax> i i 1»X(B-1) 

and B — l = r, are known; .\ a = — r^ — - — . 

A — 1 

Case 15. Given m, n, and r, to find a. 

tut 
Since (A— l)a=#ir, therefore a= - — -. 

A X 

Case 16. Given p, m y and r, to find a. 

Wl 171T 

Since A = — , A — 1 is given, . • . a = -r — r-. 
p A — 1 

Case 17. Given m, p y and r, to find n. 

Put L for the logarithm, and L' for the arith. comp. of a log. 

«. ,* 1 v« flt 1 r L.m-4-L'.p M — p 

Since (1 + r) n = — , therefore 71 = T , = T , . . 
N ' p L.(r-f-l) L(l-r-r) 

Case 18. Given a, p, and r, to find the value of n. 

«. ,- 1 x- « L.a — L.(a — ©r) 

Since (1 + t) = » therefore ?i = j—, — r^\ • 

v ' a — pr L.(r-f-l) 

Case 19. Given a, p> and m, to find n. 

7ft 

Since A = (r-fl) n = -; then L.(r+l) n =L.w — L.p = L.A. 

Hence A, and A — 1, are known ; Also L.(A — l)-f-L.a-|- L'.m = 

L.(B — 1) hy Case I4th hence r = B — 1 and r-J-1, are known 

1 * L.A. 

therefore n = =— - — r-rr. 

L.(r+1) 

Case 20. Given a, m, and r, to find %. 



TABLES 07 COMPOUND INTEREST AND ANNUITIES. 

Present Value of$l for 21 years, discounting at Comp. Interest. 

jYrs.j at 3 per ct. | 3i per ct. I 4 per ct. | 4* per ct. | 5 per ct. | 6 per ct. | 



1 

2 
3 

4 
5 
6 
7 

8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 



.9708738 
.9425959 
.9151417 
.8884870 
.8626088 
.8374843 
.8130915 
.7894092 
.7664167 
.7440939 
.7224213 
.7013799 
.6809513 
.6611178 
.6418619 
.6231669 
.6050164 
.5873946 
.5702860 
.5536758 
.5375493 



.9061836 
.9335107 
.9019427 
.8714422 
.8419732 
.8135006 
.7859910 
.7594116 
.7337310 
.7089188 
.6849457 
.6617833 
.6391041 
.6177818 
.5968906 
.5767059 
.5572038 
.5383611 
.5201557 
.5025659 
.5855709 



.9615385 
.9245562 
.8889964 
.8548042 
.8219271 
.7903145 
.7599178 
.7306902 
.7025867 
.6755642 
.6495809 
.6245971 
.6005741 
.5774751 
.5552645 
.5339082 
.5133733 
.4936281 
.4746424 
.4566870 
.4388336 



.9569378 
.9157299 
.8762966 
.8385613 
.8024511 
.7678957 
.7348285 
.7031851 
.6729044 
.6439277 
.6161988 
.5896639 
.5642716 
.5399729 
.5167204 
.4944693 
.4731764 
.4528004 
.4433018 
.4146429 
.3967874 



.9523809 
.9070295 
.8638376 
.8227025 
.7835262 
.7462154 
.7106813 
.6768394 
.6446089 
.6139133 
.5846793 
.5568374 
.5303214 
.5050679 
.4810171 
.4581115 
.4362967 
.41,55207 
.3957340 
.3768895 
.3589424 



.943396 
.889996 
.839619 
.792094 
.747258 
.704961 
.665057 
.627412 
.591898 
.558395 
.526788 
.496969 
.468839 
.442301 
.417265 
.393646 
.371364 
.350344 
.330513 
.311805 
.294155 



Amount o/$l Annuity for 21 years, calculated at Comp. Interest. 

1.000000 

2.060000 

3. 183600 

4.374616 

5.637092 

6.975316 

8.393838 

9.897468 

11.491319 

13.180793 

14.791643 

16.S69941 

18.882138 

21.015066 

23.275970 

25.672528 

28.212880 

30.905653 

33.759892 

36.785591 

39.992727 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 



1.0000000 

2.0300000 

3.0909000 

4.1836270 

5.3091358 

6.4684099 

7.6624622 

8.8923361 

10.1591061 

11.4638793 

12.8077957 

14.1920296 

15.6177905 

17.0863242 

18.5989139 

20.1568813 

21.7615877 



25.1168684 



1.00000 

2.03500 

3.10623 

4.21494 

5.36247 

6.55015 

7.77941 

9.05169 

10.36880 

11.73139 

13.14199 

14.60196 

16.11303 

17.67699 



20.97103 



1.00000 

2-04000 

3.12160 

4.24646 

5.41632 

6.63298 

7.89829 

9.21423 

10.58280 

12.00611 

13.48635 

15.02581 

16.62684 

18.29191 



19.2956820.02359 



21.82453 



22.7050223.69751 



23.4144354 24.49969 25.64541 



26.35718 



26.8703745 28.27968 29.77808 



28.6764857 



30.26947 



27.67123 



31.96920 



1. 

2.04500 

3.13703 

4.27819 

5.47071 

6.71689 

8.01915 

9.38001 

10.80211 

12.28821 

13.84118 

15.46403 

17.15991 

18.93211 

20.78405 

22.71934 

24.74171 

26.85508 

29.06356 



1. 

2.05000 

3.15250 

4.31013 

5.52563 

6.80191 

8.14204 

9.54911 

11.02656 

12.57789 

14.20679 

15.91713 

17.71298 

19.59863) 

21.57856 

23.65749 

25.84037 

28. 13238 

30.53900 



31.3714233.06595 
33.7831435.71925 



TABLES OF COMPOUND INTEBEST AND AMITOnSSB, 

A TABLEof the present worth of $1 annuity for 21 yeart. 



y™i 3pcrci. , il,vr«. | 1 r .-i . •. 1- ( «- ct 


j |-.Ti'1 


"l'T«.| 


1 


U.!*70571i 0.9061-.I. U.96i.,:i9 o.95(i935 


0.1*52381 


0.1)521 


2 


1.913470 1.899694 


1.85<>095 1.572068 1.859410 


1.S334 


' 


2.82S611 


2.801637 


2.775091 


2.748964 


2.723248 


2.6730 


■" 


3.717098 


3.673079 


3.629B95 


3.587526 


3.545951 


3.4651 


•" 


1. 579707 


4.515052 


4.451822 


4.359977 


4.329477 


4.2124 


6 


5.417191 


5.328553 


5.242137 


5.157873 


5.075692 


4.9173 


7 


0.23025: 


6.114544 


6.002055 


5.S92701 


5.786373 


5.5S24 


6 


7.019692 


fi.873956 


6.732745 


6.595580 


6.463213 


6.2098 


9 


7.786109 


7.607687 


7.435332 


7.268791 


7.107822 


6.8017 


10 


8.530203 


8.316605 


S.ll 0596 


7.912718 


7.721735 


7.3601 


11 


9.252021 


9.001551 


8.760477 


8.525917 


8.306414 


7.8869 


12 


9.95W0-1 


9.663331 


9.3S5074 


9.118581 


8.803252 


8.3538 


13 


10.63495-5 


10.302739 


9.985647 


9.682852 


9.393573 


5.5527 


M 


11.296073 


H). 920520 


10.563122 


10.222825 


9.898641 


9.2950 


'.-" 


11.937935 


11.517411 


11.11S3S7 


10.739546 


10,379658 


9.7123 


16 


12.561102 


12.094117 


11.(152291 


11.234015 


10.837770 


lo.lor,9 


17 


13.166119 


12.651321 


12.163669 


11.707191 


11.274066 


10.4773 


18 


13.753513 


13.1S96S2 


12.659297 


12.159992 


U.6S95S7 


10.S276 


IV 


U. 32379! 


13.709837 


13.133939 


12.593294 


12.085321 


11.1581 


■2( 


14.S77475 


14.212403 


13.590326 


13.007937 


12. I622H 


11.1699 


SI 


15.415024 


14.697974 


14.0291 GO 


13.404724 


12.821153 


11.7641 



A TABLE of the amount of which SI will purchase for 21 years. 


1 


1.0300000 


1.0350000 


1.0400000 


1.045000 


1.0500000 


1.06000 


2 


.5226108 


1.5264005 


.5301961 


.5339976 


.5378049 


.54543 


3 


.3535304 


.3569342 


.3603485 


.3637734 


.3672086 


.37411 


4 


.2690271 


.2722511 


.2754901 


.2787437 


.2820118 


.28859 


6 


.2183546 


.2214814 


.2246271 


.2277916 


.2309748 


.23739 


6 


.1845975 


.18766S2 


.1907619 


.1938784 


.1970175 


.20336 


7 


.1605064 


.1635445 


.1666096 


.1697015 


.1728198 


.17913 


8 


.1424564 


.1454767 


.1485278 


.1516097 


.1647218 


.16103 


9 


.1284339 


.1314460 


.1344930 


.1375745 


.1406901 


.14702 


10 


.1172305 


.1202414 


.1232909 


.1263788 


,1295046 


.13586 


11 


.1080775 


.1110920 


.1141490 


.1172482 


.1203889 


.12079 


12 


.1004621 


.1034840 


.1065522 


.1096662 


.1128254 


.11927 


13 


.0940295 


.0970616 


.1001437 


.1032754 


.1064558 


.11296 


14 


.0885263 


.0915707 


.0946690 


.0978203 


.1010240 


.10758 


15 


.0837666 


.0868251 


.0899411 


.0931136 


.0963423 


.10299 


16 


.0796109 


.0S26848 


.0858200 


.0890154 


.0922699 


.09895 


17 


.0759535 


.0790431 


.0821985 


.0854176 


.0886991 -09544 


18 


.0727087 


.0758168 


.07S9933 


.0822369 


.0855462, .09235 


19 


.0698139 


.0729403 


.0761386 


.0794073 


.0827450 .08962 


20 


.0672157 


.0703611 


.0735818 


.0768761 


.0802426 .08718 


21 


.0648718 


.06803*56 


.0712801 


.0746006 


.07799611 .08500 




A 



